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Abstract

Inertia orbifolds homotopy-quotiented by rotation of geometric loops play a fundamental role not only in
ordinary cyclic cohomology, but more recently in constructions of equivariant Tate-elliptic cohomology and
generally of transchromatic characters on generalized cohomology theories. Nevertheless, existing discussion
of such cyclified stacks has been relying on ad-hoc component presentations with intransparent and unverified
stacky homotopy type.

Following our previous formulation of transgression of cohomological charges (“double dimensional reduc-
tion”), we explain how cyclification of ∞-stacks is a fundamental and elementary base-change construction over
moduli stacks in cohesive higher topos theory (cohesive homotopy type theory). We prove that Ganter/Huan’s
extended inertia groupoid used to define equivariant quasi-elliptic cohomology is indeed a model for this in-
trinsically defined cyclification of orbifolds, and we show that cyclification implements transgression in group
cohomology in general, and hence in particular the transgression of degree-4 twists of equivariant Tate-elliptic
cohomology to degree-3 twists of orbifold K-theory on the cyclified orbifold.

As an application, we show that the universal shifted integral 4-class of equivariant 4-Cohomotopy theory
on ADE-orbifolds induces the Platonic 4-twist of ADE-equivariant Tate-elliptic cohomology; and we close by
explaining how this should relate to elliptic M5-brane genera, under our previously formulated Hypothesis H.

Contents

1 Introduction and Overview 2

2 Cyclic inertia orbifolds 10

3 Transgression as cyclification 18

4 Integral 4-classes of equivariant 4-Cohomotopy 21

A Appendix: Technical background 24

1Mathematics, Division of Science; and
Center for Quantum and Topological Systems (CQTS),
NYUAD Research Institute,
New York University Abu Dhabi, UAE.

The authors acknowledge the support by Tamkeen under the NYU Abu Dhabi Research Institute grant CG008.

1



1 Introduction and Overview

Classical cyclic loop spaces. Topological spaces of free loops (e.g. [CO15]) in a given topological space X , but
homotopy-quotiented by the rigid rotation action of the topological circle group S1 on itself,

cyclic
loop space

Cyc(X ) := Map
( cir

cle

S1,

top
olo

gic
al

sp
ac

e

X
)︸ ︷︷ ︸

free loop space

� S1 homotopy quotient
by loop rotations

have a long tradition in the study of the elliptic cohomology (see eg. [Re15]) of X , at least in the extreme but
still surprisingly rich limit of restricting to those loops which are effectively constant, and traditionally perceived
through their S1-equivariant K-cohomology ([KM04, §5], review in [Do19, §6.2]).

In the generality where X = X �G is itself a homotopy quotient space, this goes back to [Wit88], where a
topological point-set model for Map

(
S1, X�G

)
is called a “twisted loop space” of X . There this is thought of as

a model for the configuration space of closed strings propagating on the orbifold X�G (whose non-trivial orbifold
transition functions are traditionally called their “twisted sectors” [DHVW85, p. 3], whence Witten’s terminology,
see also e.g. [St15]). Accordingly, some authors call Cyc(X ) the string space of X [Cha05, §4.8.1][BO05, p. 1].

However, this terminology is neither widely adopted nor quite appropriate, since not all free loop spaces arise
as configuration spaces of strings – not even in string theory; and even when they do one is going to be inter-
ested in their twisted cohomology in addition to, and in a sense different from, the string’s “twisted sectors”. But
Jones’ theorem ([Jo87, Thm. A], review in [Lo92, Cor. 7.3.14][Lo15, §3,4]) shows that the ordinary cohomol-
ogy of Cyc(X) for a simply-connected topological space X is its cyclic cohomology — which is meaningful and
standard mathematical terminology. Therefore we call Cyc(X ) the cyclification of X (following [FSS16TDl,
§3][BSS18, §2.2]), also in line with the modern terminology of cyclotomic spectra [BM15][NS18], obtained from
approximating the free loop S1-space Map(S1

coh, X) by its suspension spectrum.

Cyclic inertia orbifolds? In any case, when G ↷X carries the geometric structure of a G-manifold (as it certainly
does already in the motivating examples from string theory), one should expect a more fine-grained incarnation
of Cyc(X�G), lifting it from plain homotopy theory to the geometric homotopy theory (homotopy topos theory
[Lu09][Re10]) of orbifolds regarded (cf. [Le10][SS20Orb]) as stacks (useful background references for our pur-
poses are [Ho08][Ja15]), specifically topological stacks or differentiable stacks (cf., e.g., [Ca11]). Concretely,
one should expect to make sense of the cyclification of X�G regarded as a smooth orbifold, so that the orbifold
K-theory of the cyclic loop stack Cyc(X�G) would reflect the properly G-equivariant elliptic cohomology of X .

Finally, one should expect that such a cyclified orbifold may canonically be restricted to its “essentially con-
stant loops”, which in themselves ought to constitute the familiar “inertia stack” (recalled in §2.1) Λ(X �G) =
Map(BZ, X�G) of the orbifold. In conclusion then, one should expect that the “essentially constant”-cyclification
of an orbifold should be a homotopy quotient by the topological (“geometric”, “stacky”, “cohesive”) circle group
S1

coh (Ntn. A.48) of the inertia orbifold embedded inside the cyclified orbifold:

inertia orbifold︷ ︸︸ ︷
Map

(
BZ, X�G

)
�S1

coh
stacky

S1
coh-quotient

smooth loop stack︷ ︸︸ ︷
Map

(
S1

coh, X�G
)
�S1

coh
stacky

S1
coh-quotient

=:
cyclified orbifold

Cyc(X�G) .
include as essentially

constant loops
(1)

For a long time it had been unclear how to bear out these expectations, nor had they been approached with tools
from geometric homotopy theory. After crucial proposals in [Ga07, Def. 2.3 & 3.1][Ga13, Def. 2.6], and following
advice by C. Rezk, a candidate component model for the expected stack was finally given in [Hua18a, Def. 2.5,
2.9] – see (27) below – and justified by demonstrating that it does support a satisfactory notion of “quasi-elliptic”
cohomology (further discussed in [Hua18b][HS20][HY22]).

What has been left open is a proof that the component presentation (27) from [Hua18a] does present the abstract
stacky construction (1), hence does satisfy expected abstract properties. This is what we prove here – in Thm. 2.3.
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Embedding into cohesive homotopy theory. We approach this issue by embedding the situation into the “ex-
tremely convenient” (in the technical sense going back to [St67]) higher topos of smooth ∞-groupoids (∞-stacks
over a site of smooth manifolds), laid out1 in [SS20Orb][SS21EPB] (a reference list for our notations is given
below in Ntn. A.48).

(2)

As indicated by this homotopy-commutative diagram of ∞-categories (reproduced from [SS21EPB], where the
relevant proofs are given in §3.3.1), each stage in this sequence of ever more “convenient” categories of spaces
comes with its own notion of underlying homotopy types. All these notions are compatible and culminate in the
operation of sending a smooth ∞-groupoid X to its pure shape SX (cf. [SS21EPB, fn 1]), which generalizes
([BBP19][SS21EPB, pp. 144]) the traditional construction of singular simplicial complexes (thought of as higher
path ∞-groupoids) from topological spaces to smooth higher stacks:

η
S
X

shape unit
transformation

includes
constant paths into

: X −−−−−−−−!
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e of
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≃
am
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am
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−!
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of

Map
( sm
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th
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ce
s in

∆
n
smth,

th
e sm

oo
th

typ
e

X
)︸ ︷︷ ︸

n-dim. paths in X

(3)

One of the simplest non-trivial examples of the shape operation is already the most important one for the
purpose of cyclification: Namely, the shape of the smooth circle is equivalent to the groupoid with a single object
∗ (witnessing that the circle is connected) which has Z-worth of automorphisms (witnessing the winding number
of paths starting and ending at this point, see Lem. 2.8):

R1
smth ∗

the geometric
circle S1

coh SS1
coh ∗�Z ≃ BZ and its

pure shape

(pb)

η
S
S1
coh

≃
(4)

On general abstract grounds (33), this immediately induces the desired structure (1), by the following homotopy
pullback construction (which we explain below in §2.2):

Map(BZ, X )�BZ Map(BZ, X )�S1
coh Map(S1

coh, X )�S1
coh

B2Z BS1
coh BS1

coh

(pb)

include as
essentially constant loops

Map
(

η
S
S1
coh

,X
)
�S1

coh

Bη
S
S1
coh

(5)

1The articles [SS20Orb][SS21EPB] go further to the “singular-cohesive” homotopy theory of equivariant smooth stacks, ultimately
needed for their properly equivariant cohomology theory. For brevity, here we do not dwell on this further step, but our results immediately
make cyclified orbifolds available in this context of proper equivariant homotopy theory.
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As the terms colored in purple in (5) are meant to highlight, the problem (1) of forming S1
coh-cyclic inertia

orbifolds is abstractly solved by the shape unit (4) provided by cohesive homotopy theory: this is what knows
about “restriction to essentially constant loops” in a way compatible with their S1

coh-action.

With this good abstract conception of cyclification of orbifolds in hand, and having recovered from it the
existing component constructions via Thm. 2.3, we discover a wealth of interesting induced phenomena:

Transgression as cyclification of cocycles. One should expect that any kind of cohomology of orbifolds X �G
“transgresses to” (i.e.: functorially induces subject to degree shifts) cohomology of the cyclification – generalizing
the familiar notion of transgression in group cohomology, which is the special case where X = ∗. In particular, for
the purpose of twisted elliptic cohomology one imagines transgressing integral 4-cocycles on an orbifold to integral
3-cocycles on its cyclification, which there serve as twists for topological K-theory. Again, some component
formulas have been considered ([ARZ07, Def. 4.1][Wi08, §1.3.3], recalled as Def. 3.1 below), but a general
abstract formulation seems to have been missing.

However, we may observe that any decent generalized cohomology theory on orbifolds will be represented
by some (equivariant) moduli stack A (cf. [FSS20Cha, §II][SS20Orb, p. 6 & §5][SS21EPB, §4.3]), in that its
cocycles are maps of (equivariant) smooth ∞-stacks from the orbifold to this moduli ∞-stack:

differentiable stack
/ orbifold

X�G

differential
moduli
∞-stack
A

F

cocycle in
G-equivariant A -cohomology

F ′

cohomologous cocycle

homotopy/
coboundary (6)

For example [FSS20Cha, Ex. 2.2], in the simple case of ordinary cohomology in some degree n ∈ N with coeffi-
cients in an abelian group A, the moduli stack is the n-fold delooping stack BnA (we assume A to be discrete just
for the purpose of exposition):

ordinary
equivariant cohomology

Hn(X�G; A) ≃ π0

{
X�G F

−−! BnA
}
. (7)

But with cyclification of orbifolds identified as the abstract stacky construction (1), it immediately extends to
an ∞-functor on all ∞-stacks. This allows to readily define/construct the cyclic transgression of any generalized
orbifold cocycles (6) simply as the image formed under this ∞-functor:

cyclified
orbifold

Cyc
(
X�G

) cyclified
moduli ∞-stack

Cyc
(
A

)Cyc(F)

cyclified cocycle
in Cyc(A )-cohomology

Cyc(F ′)

∼ (8)

Moreover, in the example (7) of ordinary cohomology with coefficients in a torsion-free abelian group A (such
as the integers Z), one finds a retraction of the cyclification of the classifying stack in degree n+ 1 onto that in
degree n, which has the interpretation of “integrating cocycles along loops”:

A : AbGrp,
n : N≥2

⊢ BnA BnA × Bn+1A

Cyc(Bn+1A)︷ ︸︸ ︷(
BnA×Bn+1A

)
�S1

coh BnA
(id,0)

loop
integration∫

S1
coh

. (9)
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This may nicely be seen, due to the assumption that A is torsion-free, with tools from rational homotopy
theory (comprehensive review and further pointers are given in [FSS20Cha, §3.2]): Using the general formula for
Sullivan models (see particularly [Me15]) of cyclic loop spaces from [VPB85, Thm. A] (described in our context in
[FSS17Sph, Prop. 3.2][FSS16TDl, Rem. 3.1], and iterated and extended to the nilpotent case in [SV21]), we have
the following evident corresponding retraction of rational Sullivan dg-algebras (we are showing the polynomial
generators, with degrees in subscript, and their differential relations):

Retraction of cyclification of
torsion-free classifying space

onto its based loop space
BnZ BnZ×Bn+1Z Cyc

(
Bn+1Z

)
BnZ .

witnessed by the respective
Sullivan model dgc-algebras

(
d cn = 0

) (
d cn+1 = 0
d cn = 0

) d cn+1 = cn ∧ω2
d cn = 0
d ω2 = 0

 (
d cn = 0

)

∫
S1
coh

(10)

Now under this retraction, the cyclification operation (8) reproduces the traditional transgression formula in dis-
crete group cohomology (recalled as Def. 3.1 below) and shows that it descends from the free loop stack to the
cyclification:

G : Grp(Set),

G-orbi-
singularity
∗�G Bn+1A ⊢

inertia orbifold

ΛBG Map
(
S1

coh, ∗�G
)

Map
(
S1

coh, BnA
)

BnA×Bn+1A BnA

Cyc(∗�G)
cyclified orbifold

Cyc
(
Bn+1A

)
cyclified coefficient ∞-stack

(
BnA×Bn+1A

)
�S1

coh

F
cocycle in group cohomology

=
Map(S1

coh,F)

looped cocycle
≃ pr1

∫
S1
coh

loop integration
(9)

transgressed cocycle

Cyc(c)

cyclified cocycle
≃

(11)

This is Thm. 3.4 below, proving a suggestion in [Wi08, §1.3.3]. But notice that the construction (11) works for
∗�G = BG replaced by any ∞-stack X and hence defines transgression in this generality. In the special case
when X is at most an orbifold, transgression is considered in the literature as pullback in cohomology along the
evaluation map S1

coh ×Map
(
S1

coh, X
) ev
−!X (61) followed by suitable fiber integration over the S1

coh-factor (e.g.
[LU06, p. 2], following analogous discussion for manifolds [Br93, §3.5]). The proof of Thm. 3.4 brings out that
this is what (11) reduces to in these cases; see around (48) below.

Therefore, cyclification subsumes transgression in broad generality, but it retains more information. We next
see that this extra information is such as to recover the original cocycle:

Fiber integration via cyclification. In giving higher topos-theoretic meaning to the cyclification-construction of
orbifolds, a web of further structure surrounding the construction becomes manifest, related to the topic of higher
transformation groups and higher principal bundles (cf. [SS20Orb, §2.2][SS21EPB, §3.2.3]):

First (this is the content of §2 below), cyclification immediately generalizes from the circle group S1
coh to any

group ∞-stack T ∈ Grp
(
SmthGrpd∞

)
, since the mapping stacks of the form Map(T , X ) carry a canonical T -

action by precomposition with the multiplication action of T on itself. Moreover, the general theory of principal
∞-bundles shows that the resulting homotopy quotient projection is a T -principal bundle which is classified by
the homotopy quotient of the terminal map Map(T , X ), in that we have homotopy pullback squares of this form:

T Map(T , X ) ∗

∗ Map(T , X )�T︸ ︷︷ ︸
CycT

∗�T︸ ︷︷ ︸
BT

(pb) (pb)

c1

(12)
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In fact, these T -principal bundles over T -cyclic stacks have a fundamental universal property (31): their con-
struction is right adjoint (in the ∞-category theoretic sense of, e.g., [RV20, Def. 1.1.2]) to sending a T -principal
bundle to its total space (i.e.: total ∞-stack):

SmthGrpd∞ T PrncplBundl
(
SmthGrpd∞

)
SmthGrpd∞

total space

X 7!
(

Map(T ,X )!Map(T ,X )�T
)⊥

X 7!

=

CycT (X )

T -cyclification

base space
(13)

This adjunction means that if a domain X is a T -principal bundle over a base Y ≃ X �T (as such classified
by a cocycle Y −! BT ), then its A -cohomology (6) is equivalently the cohomology of Y with coefficients in
Cyc(A ) subject to identification of the underlying T -bundles on both sides:

T

T -principal
bundle
X

generalized cohomology
coefficients

A

Y CycT (A )

BT

F
cocycle on total space

oxidation

reduction↔

Cyc-adjoint cocycle on base
F̃

⊢X c1

∼
(14)

In the case (9) of ordinary cohomology of S1
coh-bundles, this yields the fiber integration of cocycles:

S1
coh

S1
coh-principal

bundle
X

ordinary cohomology
coefficients

Bn+1A

Y Cyc
(
Bn+1A

)
BnA

F
(n+1)-cocycle

fiber integration /
double dim-reduction

n-cocycle

F̃

∫
S1

coh

(15)

Double dimensional reduction. If in (15) we think of
• X as a spacetime-orbifold (e.g. as in [DHVW85][Ac99][SS20Tad]),
• Bn+1A as the coefficients of charges of some solitonic physical objects (“branes”) in higher generalization (cf.

[FSS20Cha, (2)]) of Dirac’s classical magnetic charge quantization (reviewed e.g. in [Al85, §2]),
• T = S1

coh as the “Kaluza-Klein compactification”-space (see [Du94] for traditional pointers and [Al20] for
discussion in our higher differential geometric contex)

then (14) captures the “double dimensional reduction” [DHIS87] of these brane charges ([FSS16TDl, §][Sc16, §4]
[BSS18]), namely their descent to charges of lower-dimensional branes in the lower-dimensional base spacetime:

S1
coh

1+(d+1)-dimensional
S1-fibered

spacetime orbifold

X Bd−pZ e.g.
1+(d +1) = 11 M-theory spacetime

p = 5 M5-brane
d − p−2 = 2 M2-brane

“KK-compactified”
1+d-dimensional
spacetime orbifold

Y Cyc
(
Bd−pZ

)
Bd−p−1Z e.g.

1+d = 10 type IIA spacetime
p = 5 NS5-brane

d − p−3 = 1 NS1-branes (string)

F
magnetic p-brane charge

coupling to electric d−p−2-branes

Cyc(F)

magnetic p-brane charge
coupling to electric d − p−3-branes

∫
S1
coh

(16)

Here on the right, we are indicating the example of the double dimensional reduction of M2-brane charge to NS1-
brane/string charge (see [MaSa04, §4]) for which we consider a more refined model further below, around (19).
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(In a different but related context, a dimensional reduction procedure for supersymmetric Euclidean field theories
over an orbifold is proposed in [Sto19].)

It is expected that if such dimensional reduction is carried out with due care, then it does not lose information
and may be reversed (“oxidized”, e.g. [LPSS95]). This is exactly what we find here, formalized by the cyclification
adjunction with its hom-isomorphism (14). Notice that this means (i.e.: proves) that brane charges on spacetimes
which are iterated principal fiber bundles may be reduced all the way down, possibly all the way to the point, by
iterated cyclification, without losing information; see [SV21].

Generalized T-duality. Notice the subtle distinction between the bare cyclification CycT (A ) ∈ SmthGrpd∞ and
its incarnation as the base of an T -principal bundle (50), Cyc(A ) ∈ (SmthGrpd∞)/BT . The reduction/oxidation-
equivalence (14) says that with this T -bundle data retained, maps from a base space Y into the cyclification of A
fully recover the A -valued cocycles on X . But it may happen that two in-equivalent moduli stacks A ̸= B have
equivalent bare T -cyclifications, CycT (A ) ≃ CycT (B) ∈ SmthGrpd∞.

In this case the two maps cA
1 ,c

B
1 to BT are necessarily in-equivalent, so that Cyc(A )-valued cocycles on Y

have two different interpretations as cocycles FA, FB on different T -bundles XA,XB. In such a situation, while
pairs of cocycles FA, FB are in general different (not even of the same type), they are essentially equivalent after
reduction along the T -fibers. As such it makes sense to call them T -dual to each other:

A ,B : SmthGrpd∞

T : Grp(SmthGrpd∞)

CycT (A )≃ CycT (B)

Y : SmthGrpd∞

F̃ : Y ! CycT (A /B)

⊢

∗

XA A A -cocycle on
T -fibration of cA

1

BT

CycT (A )
Y single Cyc-cocycle

on base space
CycT (B)

BT

XB B B-cocycle on
T -fibration of cB

1

∗

(pb)

FA

generalized
T

-duality

cA
1

≃

{
F̃

reduction/oxidation
with respect to cA

1

reduction/oxidation
with respect to cB

1
cB

1

FB

(pb)

(17)

In the approximation of (super-)rational homotopy theory2, this notion of T -duality has been shown ([FSS16TDl],
reviewed in [FSS19Rat, §9]) to reproduce the expected notion of (topological) T-duality from string theory: Here
A =

(
KU�B2Z

)Q and B =
(
ΣKU�B2Z

)Q are the rationalizations of the twisted complex K-theory spectra in
degree 0 and in degree 1, respectively. The full lift of this situation beyond the rational approximation remains
to be discussed elsewhere, but we may readily spell out the comparatively simple but crucial sector of just the
twisting: by passing along the projection

KU0�B2Z ∗�B2Z ≃ B3Z

Cyc
(
KU0�B2Z

)
Cyc(B3Z)

(i.e., focusing on the the “B-field” while ignoring the “RR-field” for the moment): From (10) and standard facts
about homotopy (co-)fibers of maps of Sullivan models (e.g. [FSS16WZW, Prop. 3.5]) one finds that the cycli-
fication of B3Z is the delooping of the shape of the T-duality 2-group [FSS12CS, §3.2.1] [FSS16TDl, Def. 7.1],

2Here super homotopy theory refers to the ∞-topos not just over the site of smooth manifolds, as considered in (2), but further embedded
into that over super-manifolds [Sc18][Gi23], where (super-)rational homotopy theory is modeled by super-dgc-algebras [HSS18, §3.2]
known in the supergravity literature as “FDA”s (see [FSS16WZW]). All our discussion here immediately passes to that context, but for
brevity we shall not further dwell on this point here.
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defined to be the homotopy fiber of the cup product on degree-2 cohomology:

cyclification of deg=3 cohomology is
classifying space for T-duality pairs

Cyc
(
B3Z

)
B2Z×B2Z B4Z

witnessed by homotopy (co)fiber
of cup product on deg=2

d c3 = c2 ∧ω2
d c2 = 0
d ω2 = 0

 (
d c2 = 0
d ω2 = 0

) (
d c4 = 0

)
.

fib(∪) ∪

hocofib c2∧ω2 [ c4

(18)

This homotopy fiber is known to be the classifying space for topological T-duality pairs ([BuSc05, Thm. 2.17]
[Ro09, §6.2][FSS16TDl, Rem. 7.2]); and from (17) we transparently see how this comes about: Given a Cyc

(
B3Z

)
-

valued cocycle φ on a base orbifold Y , then by iterative application of the pasting law (Fact A.46), we may extract
the following pasting diagram of homotopy cartesian squares which makes appear, on the left of the diagram, two
total spaces XA/B carrying “gerbes” GA/B (here incarnated as B2Z-principal ∞-bundles) subject to the constraint
that their pullback to the correspondence orbifold XA ×Y XB are both equivalent to the “Poincaré gerbe” G :

G ∗

XA ×Y XB B3Z ∗

XB B3Z×B2Z B2Z

XA B3Z×B2Z B2Z

Y Cyc(B3Z) B2Z×B2Z

∗ B4Z

(0,id)

(⊢GB, ···)

(0,id)

(
⊢GA, ···

)
(id,0)

(id,0)

φ (cA
1 ,c

B
1 )

∪

This recovers the basic axiomatics [BuSc05] of “topological T-duality” (going back to [BEM04], good review
is in [Wa22, §1]) in the familiar situation and generalizes it to orbifolds and higher stacks.

By way of further outlook, we close this overview by indicating the following concrete application, which
deserves to be discussed in more detail elsewhere:

Application to brane physics. While much of the interest in elliptic cohomology goes back to the suggestion
[Wit88] that the partition function of the heterotic string is an elliptic genus of the string’s target spacetime X ,
realized via S1-equivariant K-theory of its free loop space Map(S1

coh, X ), only a couple of authors ([KS04][KS05])
have investigated the idea that elliptic cohomology might relate to the widely expected hypothesis that the topologi-
cal K-theory of X itself measures the brane charges in (not heterotic but) type I/II string theories (a comprehensive
list of references for this classical hypothesis may be found in [BSS18, §1]).

One circumstantial hint for what may really be going on comes the fact that the elliptic genus of the heterotic
string is expected (at physics level of rigour) to really just be a special case of the general notion of elliptic genera
of toroidally compactified super-branes, notably of the M5-brane [GSY07][GY07][AHHKRW15] [GPPV21]. This
leads us to ask whether elliptic cohomology measures aspects of M-brane charges?

One coherent answer to what may be going on is suggested by Hypothesis H [FSS19HypH][SS20Tad][SS21MF]:
This postulates that the charges of branes in M-theory are measured in tangentially Sp(2) ≃ Spin(5)-twisted equiv-
ariant unstable 4-Cohomotopy (see [FSS20Cha] for details), i.e. in the non-abelian cohomology theory whose
plain moduli stack is the 4-sphere homotopy quotiented by its canonical Spin(5)! SO(5)-action, with the ordi-
nary cohomology charge shown in (16) being only a subtle integral characteristic class Γ̃4 ([FSS19HypH, Lem.
3.12][FSS22GS, (7)][FSS21Str, (4)]) of this twisted non-abelian cohomology theory:
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11d spacetime
orbifold X S4�Sp(2)

B4Z

BSp(2)

BSpin(8+n)

τ

Sp(2)-structure

cocycle in tangentially
twisted 4-Cohomotopy

= M-brane charges
(by Hypothesis H)

⊢Fr(X
)

fram
e bundle

pure M5-brane charge

Γ̃4 := 1
2

χ
4+

1
4 p1universal 4-classextracts G4-flux

(19)

If X is an S1
coh-principal bundle over a 10d spacetime orbifold Y , as usually assumed (starting with [DHIS87]

[Wi95, p. 10], see [MaSa04, p. 2]), then the Cyc-adjunction (13) says that such charges on X are equivalently
twisted equivariant Cyc(S4)-valued charges on Y . Curiously, these cyclic 4-sphere coefficients are close to the
twisted K-theory expected for D-brane charge ([FSS17Sph, Ex. 3.3][BSS18, Ex. 2.47]):

rational 6-truncation of
cyclified 4-sphere[

Cyc(S4)
]Q

6

rational 6-truncation of
twisted K-theory spectrum[(

Fred0
C�PU(H )

)]Q
6 .≃

This suggests that the pullback of the twisted ADE-equivariant quasi-elliptic cohomology of the 4-sphere
along twisted Cohomotopy cocycles produces good observables on M-brane charge in a Tate-elliptic enhancement
of D-brane charge in twisted equivariant K-theory (for which our notation follows [SS21EPB, Ex. 4.5.4]):

R4
cpt�G Ell�B2U(1)

M-theory
circle bundle S1 −!X

S4�Sp(2)

B4Z

GRH’s ext. inertia

ΛS1
coh

(
S4�G

)
Fred0

C�PU(H )
type II

spacetime orbifold Y

Cyc
(
S4�Sp(2)

)
B3Z

platonic 2-gerbe

(Prop. 4.6, Rem. 4.7)

hypothetical cocycle in

twisted equivariant elliptic cohom.

M-brane charges(by Hypothesis H)

consider: vicinity of

ADE-singularity

M-brane charge hypothetically seen in full elliptic cohomology

Γ̃4universal shifted 4-class
extracts G4-flux

(canonical??) cocycle on 4-sphere in

twisted equivariant quasi-elliptic cohom.

local coefficient bundle

for twiste
d equivariant K-theory

dim-reducedbrane charges(by Cyc-adjunction)

assume:

small M-circle

M-brane charge seen in quasi-elliptic cohomology

∫
S1 Cyc(Γ̃4)

extract H3-flux

(20)

We compute the relevant twisting 4-class below in §4, cf. Rem. 4.8. In order to further analyze (20), one
will need to first compute the equivariant quasi-elliptic cohomology of representation 4-spheres of finite subgroups
of SU(2) (Prop. A.42) twisted by the resulting transgressed 3-class

∫
S1 Cyc

(
Γ̃4

)
. Of course, this is just one

of the “twisted equivariant homotopy-groups” (rather: “-modules”, due to the non-trivial twist) of quasi-elliptic
cohomology, which are bound to be of fundamental interest in their own right. We leave their computation to the
quasi-elliptic community.

Outline.
In §2 we prove that the abstract cyclification construction (5) recovers GRH’s component model (Thm. 2.3).
In §3 we prove that the abstract transgression operation (11) recovers traditional component formulas (Thm. 3.4).
In §4 we compute the integral 4-class (transgressing to a 3-class) to be used in (20) for measuring M5-brane genera.
In appendix A we compile some technical background in simplicial & geometric homotopy theory, for reference.
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2 Cyclic inertia orbifolds

In §2.1 we recall the “extended” inertia orbifolds due to Ganter, Rezk & Huan (GRH);
in §2.2 we present a general abstract theory of cyclic intertia ∞-groupoids;
in §2.3 we prove that the GRH construction models the abstract definition.

2.1 GRH’s extended intertia orbifold

Smooth loop and inertia stacks. Given an orbifold or, more generally, any smooth ∞-grouoid X ∈ SmthGrpd∞

(see Nota. A.48) it is well-known (albeit not always stated in the following model-independent stack-theoretic
manner3) that:
(i) its smooth loop stack ([LU02, §3][BGNX07, §5]) is the mapping stack out of the smooth circle S1

coh ∈SmthMnfld
y

↪−! SmthGrpd∞:
smooth loop stack L X := Map

(
S1

coh, X
)

∈ SmthGrpd∞ (21)

(ii) its inertia stack (e.g. [LU04, §4]) is the mapping stack out of the delooping groupoid of the integers BZ ∈
Grpd∞

Disc
−−! SmthGrpd∞:

inertia stack ΛX := Map
(
BZ, X

)
∈ SmthGrpd∞ . (22)

Remark 2.1 (Components of inertia). In the special case of good orbifolds, or, more generally, of good diffeolog-
ical orbispaces [SS20Orb, §4],

X is good ⇔ ∃
G∈Grp(Set)

G ↷X ∈ GAct(DfflgSpc)

X ≃ X�G , (23)

the inertia stack is readily found (and well-known) to be equivalent to a disjoint union over the conjugacy classes
[g] ∈ G/adG of the corresponding fixed loci Xg ⊂ X by their residual action of the centralizer subgroups Cg ⊂ G, as
follows 4

G ↷X ∈ GAct
(
DfflgSpc

)
and X ≃ X�G ⇒

inertia orbifold

ΛX ≃
skeletal presentation
∏

[g]∈G/ad G
Xg�Cg . (24)

Remark 2.2 (Cohesion knows about essentially constant loops). The difference and the relation between these
two constructions (21) and (22) is brought out by the shape modality: The shape (107) of the cohesive circle is
(Lemma 2.8) equivalently the delooping groupoid of the integers

SS1
coh ≃ BZ ∈ SmthGrpd∞

so that we may understand the inertia stack (22) as being a loop stack itself, but for loops that are just the bare
shape of a smooth circle:

inertia stack

ΛX

SS1
coh-loop stack

Map
(
SS1

coh, X
) S1

coh-loop stack

Map
(
S1

coh, X
)] smooth loop stack

L X .≃

inclusion of cohesively constant loops

Map(η S
X ,S1

coh)

shape unit

≃ (25)

It is this cohesive relation that formalizes the traditional notion that the inertia stack is the restriction of the smooth
loop stack to the essentially constant loops: The “bare shape” of a loop cannot transverse any non-constant path
in a manifold, but it can still jump between the “twisted sectors” to which the point belongs that it is constantly
sitting on.

3Regarding S1
coh as an object of SmthGrpd∞ ensures that stacky maps out of it are modeled by simplicial maps out of any good open

cover (cf. [SS21EPB, Ex. 3.3.41]), which is what takes care of component constructions such as in [LU02, Def. 3.1.1]
4If G ↷X is a proper action on a smooth manifold, then the fixed loci Xg are themselves smooth manifolds, so that the inertia stack is

again a good orbifold. But the equivalence (24) holds more generally, as shown, for X ≃ X�G any good diffeological orbi-space, where
X may be any diffeological space with smooth G-action, faithfully subsuming finite-dimensional smooth manifolds as well as infinite-
dimensional Fréchet-manifolds. This is a convenient generalization, as the smooth loop stack construction (21) restricts to an endo-functor
(2-functor) on diffeological orbispaces, where it may hence be iterated.
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Cyclic loop spaces and cyclic homology. Closely related to (25) is the fact that for X = S(X) the shape (107) of

a topological space X ∈ TopSpc
Cdfflg
↪−−−! SmthGrpd∞ [SS20Orb, Ex. 3.18] its inertia ∞-stack (22) is the shape (by

the smooth Oka principle, cf. [SS21EPB, p. 7]) of the topological free loop space of X (e.g. [CO15]):

Λ SX ≃ SMaps(S1
coh,X) .

In this context it is a familiar idea ([Jo87, Thm. A], review in [Lo92, Cor. 7.3.14][Lo15, §3,4]) that associated
to the free topological loop space is what we call its cyclic loop space [FSS16TDl, §3][BSS18, §2.2], namely the
homotopy quotient (Borel construction) by the circle action which rigidly rotates the loops:

cyclic topological loop space

Cyc(X) := Maps
(
S1

coh, X
)
�S1

coh ≃
(

Maps
(
S1

coh, X

Borel construction)
×ES1

coh

)
/S1

coh ,

H•(Cyc(X)
)
≃

cyclic homology

HC•
(
C•(X)

)
,

whose ordinary cohomology (for any commutative coefficient ring R) is the cyclic homology of (the graded R-
algebra of R-chains of) X.

Cyclic loop stacks. Similarly, it is clear that the loop stack (21) carries a canonical smooth action of the circle
group S1

coh ≃ U(1) by rotation of loops (component constructions are given in [LU02, §3.6], the general abstract
construction follows by (31) below), so that, in view of (25), we may consider the further homotopy quotient by
this action, which we will denote as

cyclified stack
wrt smooth circle CycS1

coh
(X ) := Map

(
S1

coh, X
)
�S1

coh ∈ SmthGrpd∞ . (26)

This fundamental construction has not received much attention (it is alluded to in [Ga07, §2.1][St15, p. 2]) until
the recent introduction of modified orbifold loop groupoids in [Hua18a] (denoted “Loopext” in Def. 2.5, 2.9 there)
which we may understand as plausible models for the homotopy quotient in (26). Restricting these ad-hoc models
to cohesively constant loops leads to a definition ([Hua18a, Def. 2.14] in slight variation of [Ga07, Def. 2.3],
review in [Do19, p. 62][HS20, Def. 2.1]) of a variation of the inertia orbifold (24), as follows:

GRH inertia orbifold

ΛS1
coh

X :=
∏

[g]∈G/ad G
Xg�Λg , where 5 Λg :=

Cg ×R
⟨(g−1,1)⟩

. (27)

In [Hua18a] and followups ([Hua18b][HS20]), this definition is justified a posteriori by the fact that a completion
of the orbifold K-theory of GRH’s inertia orbifold (27) yields a good model of the equivariant elliptic cohomology
at the Tate curve of the original orbifold:

orbifold K-theory

KUorb
(
ΛS1

coh
X

GRH’s extended
inertia orbifold

)
⊗Z[q,q−1]Z((q)) ≃

orbifold Tate-elliptic cohomology

EllTate
orb (X ). (28)

2.2 Cyclic intertia ∞-Groupoids

A general theory of stacky transformation ∞-groups. Our starting point is the observation [NSS12a][SS20Orb,
§2.2] that the general theory of transformation groups, i.e. of geometric (topological-, Lie-, ...) groups acting as
symmetries of geometric spaces ([Br72][tD79][tD87]), not only has a good generalization to groupal ∞-stacks, but
becomes conceptually more transparent in this generalization, when regarded systematically topic in higher topos
theory ([TV05][Lu09][Re10]). Namely, [SS21EPB, Prop. 0.2.1]:
(i) for T ∈ Grp(H) a group object in any ∞-topos H (Ntn. A.45), the ∞-category of T -actions on ∞-stacks is

equivalent to the slice ∞-topos over the T -moduli ∞-stack BT ([SS21EPB, Prop. 3.2.76], going back to [NSS12a,
§4.1] and [DDK80], see also Prop. A.34 below),

(ii) for T1
φ
−! T2 any homomorphism of such ∞-groups, the constructions of restricted and of (co-)induced ∞-

actions along φ are equivalently given by the base change adjoint triple (106) along φ ([SS21EPB, Ex. 3.2.78]):

5The quotient group Λg in (27) may be motivated (as explained in [Do19, (6.5)]) as that which implements the “rotation condition”
proposed in [Ga13, Def. 2.6].
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∞-actions of
T1 on ∞-stacks T1 Act(H) T2 Act(H) ∞-actions of

T1 on ∞-stacks

∞-stacks over
T1-moduli H/BT1 H/BT2

∞-stacks over
T2-moduli

induced ∞-action

co-induced ∞-action

∼T1 ↷X7!

X�T1

hom
otopy

quotient

restricted ∞-action
⊥

⊥

∼ T2 ↷X7!

X�T2

hom
otopy

quotient(Bφ)!

left base change

(Bφ)∗
right base change

base change/pullback (Bφ)∗

⊥

⊥

(29)

Cyclic ∞-Stacks. Specializing (29) to the unique homomorphism from the trivial group 1 e
−!T , where Be = ptBT

is the base point inclusion into the T -moduli ∞-stack, we see that, in full generality, the construction of T -cyclic
∞-stacks

CycT (X ) := Map(T , X )�T ∈ H/BT

(pBT
)!

−−−−!H (30)

is equivalently the right base change along the point inclusion into the T -moduli ∞-stack (derived left base change
back to the global context, as desired):

∞-stacks H

∞-actions
of T

T Act(H) H

H H/BT
∞-stacks

over
T -moduli ∞-stack

H

∗ BT ∗

T ↷

(
T ×(−)

)free ∞-action

T ↷ [T ,−]
co-free ∞-action

underlying ∞-stack
⊥

⊥

∼T ↷X7!

X�T

hom
otopy

quotient

(−)T

homotopy co-invariants

(−)T

homotopy invariants

trivial ∞-action
⊥

⊥

CycT := (ptBT )∗
cyclification = right base change

ExtT := (ptBT )∗
extension = base change

⊥

(pBT
)!

left base change to absolute context

(pBT
)∗

right base change to absolute context

(pBT
)∗

⊥

⊥

ptBT

base point inclusion

pBT

projection to base point

(31)

In the top left and in many following diagrams we abbreviate our notation for mapping stacks to

[−,−] := Map(−,−) .

Notice how this ∞-group-theoretic adjunction (31) witnesses shaundamental aspects of loop stacks and their cycli-
fication:

Object in: Mapping ∞-Stack Theory Transf. ∞-Group Theory Slice ∞-Topos Theory

Map(T , X ) T -loop ∞-stack of X
underlying ∞-stack of
co-free T -∞-action
co-induced by X

comonadic descent
of X along base point
into T -moduli ∞-stack

Map(T , X )�T T -cyclic ∞-stack of X
homotopy quotient by
co-free T -∞-action
co-induced by X

right derived base change
of X along base point
into T -moduli ∞-stack

12



Inertia ∞-Stacks. Moreover, if H is cohesive (Ntn. A.48) and thus equipped with a shape modality (107), then with
T also its shape ST is canonically a group ∞-stack ([SS20Orb, Prop. 3.4]) and the shape unit T STη

S
T is

a homomorphism of group ∞-stacks, so that we may consider T -inertia ∞-stacks and their T -cyclification in full
generality:

T -inertia ∞-stack (ST ) ↷ Map
(
(ST ), X

)
T ↷ Map

(
(ST ), X

)

cyclic
T -inertia ∞-stacks Map

(
(ST ), X

)
�(ST ) Map

(
(ST ), X

)
�T

restricted ∞-action
along shape unit

hom
otopy

quotient

hom
otopy

quotient

(η
S
BT )

∗

(32)

Notice that we obtain a natural comparison morphism, as clained in (4), from any cyclic T -intertia stack (32)
to the full T -cyclification (30) by factoring the defining base change through the decomposition

∗ BT BST
ptBT

ptBST

Bη
S
BT

and invoking the counit ε : f ∗ f∗! id of the right base change adjunction (106):

CycST

(
X

)
CycT

(
X

)
Map

(
ST , X

)
�ST Map

(
ST , X

)
�T Map

(
T , X

)
�T

(
ptBST

)
∗(X )

(
Bη

S
T

)∗(ptBST

)
∗(X )

(
Bη

S
T

)∗(Bη
S
T

)
∗
(
ptBT

)
∗(X )

(
ptBT

)
∗(X )

BST BT BT

(pb)

≃
ε(ptBT )∗X

Bη
S
T

(33)

Theorem 2.3 (GRH’s extended inertia groupoid models the cyclified orbifold). For X ≃ X�G ∈ SmthGrpd∞ any
good orbifold (23), GRH’s inertia orbifold (27) is equivalently the T := S1

coh-cyclic inertia ∞-stack in the general
sense of (32): GRH’s inertia

orbifold

ΛS1
coh

X ≃ Map
(
SS1

coh, X
)
�S1

coh =:
(
η

S

BS1
coh

)∗
restrict action

from shape of circle
to full smooth circle

cyclification wrt
shape of circle

CycSS1
coh
(X ) .

Proof. In view of (29), this follows from Prop. 2.6, discussed in detail in §2.3 below.

Remark 2.4 (Subtleties). While the idea that Thm. 2.3 should be true possibly motivated the definition (27), its
proof requires some care (see the proof of Lemma 2.5 below). Notice that the approach via a shape modality on
higher stacks is crucial in bringing out this result: Our diagram (31) shows at once that the traditional way of
identifying the inertia stack inside the smooth loop stack as the S1

coh-fixed locus in a suitable groupoid presentation
(following [LU02, Thm. 3.6.4]) is not homotopy-meaningful, as the homotopy-fixed locus (e.g. [SS21EPB, Ex.
3.2.78]) of every T -loop ∞-stack is just the original ∞-stack:(

Map(T , X )
)T ≃ (pBT )∗(ptBT )∗(X ) ≃ (id)∗(X ) ≃ X , (34)

since, by (31), it ends up computing the right base change of X along the identity:

∗ BT ∗ptBT

id

pBT
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2.3 Reproducing GRH’s extended inertia orbifold

Here we prove Theorem 2.3, that GRH’s inertia orbifold construction is a model for an abstractly defined cyclic
inertia orbifold: ΛS1

coh
X ≃ Map

(
SS1

coh, X
)
�S1

coh.

Lemma 2.5 (Comparison morphism from GRH’s inertia orbifold to cyclic orbifold). For X ≃ X �G a good
orbifold, there is a comparison morphism, as shown in (37) and (38),

ΛS1
coh
(X )

compX−−−−−! CycSS1
coh
(X ) = Map

(
SS1

coh, X
)

� SS1
coh (35)

from GRH’s extended inertia orbifold (27) to the SS1
coh-cyclification (32) of the inertia orbifold.

Proof. Shown in (37) and (38) (on the next two pages) is a morphism of simplicial presheaves. We need to see
that:

(i) this is well-defined as a morphism in ∆PSh(CartSpc),
(ii) under localization it presents a morphism in SmthGrpd∞ of the claimed form (35).

Regarding (i): On both sides of (37) and (38) we show the diagonal quotient
(
(−)×WG

)
/G (108) of the Cartesian

product with a universal simplicial classifying space WG Def. A.20 by the diagonal action of a simplial group G ,
all extended to simplicial presheaves over CartSpc.

On the left of (37) and (38), the simplicial group G =Cg ×R×Z×•
is the cofibrant resolution (41) of GRH’s

centralizer group with its induced simplicial action on the fixed loci:

Xg ×
(
Cg ×R×Z×•) Xg(

x, (h,r, n⃗)
)

7−! x ·h

(−)·(−)

On the right of (37) and (38), the simplicial group is G = Z×•
, and its action is on the skeleton of the inertia

hom-complex via (43):[
BZ×∆[•], X�G

]
skel ×Z×• [

BZ×∆[•], X�G
]

skel((
x,(· · · ,h1,h0)

)
, (· · · ,n1,n0)

)
7−!

(
x,(· · · ,gn1 ·h1,gn0 ·h0)

) (36)

The bulk of the diagrams (37) and (38) shows the face maps – using (80) – and the degeneracy maps – using
(81) – of the resulting quotients on both sides, to check that the comparison morphism indeed respects these. For
illustration of how these maps are obtained, we spell out the computation of the one on the bottom left of (37):

Xg × (Cg ×R)

(Xg)1︷︸︸︷
Xg ×

W (Cg×R×Z×
•
)1︷ ︸︸ ︷

(Cg ×R×Z)× (Cg ×R)
Cg ×R×Z︸ ︷︷ ︸
(Cg×R×Z×•

)1

(Xg)0︷︸︸︷
Xg ×

W (Cg×R×Z×
•
)0︷ ︸︸ ︷

Cg ×R
Cg ×R︸ ︷︷ ︸

(Cg×R×Z×•
)0

Xg

(x,(h,r))
[
x,(e,0,0),(h,r)

] [
x,(e,0) · (h,r)

]
=
[
x ·h,(e,0)

]
x ·h .

∼

d0

dXg
0 ×dW (G )

0

dG
0 ∼

Proceeding this way, one checks (see the next two pages) that all parallel squares in (37) and (38) indeed commute.
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smooth
∞-stacks

GRH’s inertia

ΛS1
coh

(
X�G

)
:= ∏

[g]

(
Xg �

(
(Cg ×R)/⟨(g−1,1)⟩

)) [
SS1

coh, X�G
]
�SS1

coh =:
FSS-cyclification

CycSS1
coh

(
X�G

)
simplicial
sheaves

∏

[g]

((
Xg ×W (Cg ×R×Z×•

)
)
/(Cg ×R×Z×•

)
) ([

Z×•
, X ×G×•]

skel ×W (Z×•
)
)/

Z×•

deg 4
∏

[g]

(
Xg ×(Cg ×R×Z3)× (Cg ×R×Z2)

×(Cg ×R×Z)× (Cg ×R)

)
∏

[g]

(
Xg ×Cg ×Cg ×Cg ×Cg ×Z3 ×Z2 ×Z

)

deg 3
∏

[g]

(
Xg ×(Cg ×R×Z2)

×(Cg ×R×Z)× (Cg ×R)

)
∏

[g]

(
Xg ×Cg ×Cg ×Cg ×Z2 ×Z

)

deg 2
∏

[g]

(
Xg × (Cg ×R×Z)× (Cg ×R)

)
∏

[g]

(
Xg ×Cg ×Cg ×Z

)

deg 1
∏

[g]

(
Xg ×Cg ×R

) ∏

[g]

(
Xg ×Cg

)

deg 0
∏

[g]

(
Xg

) ∏

[g]

(
Xg

)

comparison morphism
compX�G

≃ S

fa
ce

m
ap

s


x,
(h3,r3,n3,2,n3,1,n3,0),
(h2,r2,n2,1,n2,0),
(h1,r1,n1),
(h0,r0)



7!

x·h3,
(h2,r2,n2,1,n2,0),
(h1,r1,n1),(h0,r0)



7!



x,
g−n3,2 ·h3·h2,
r3+n3,2+r2,
n3,1+n2,1,
n3,0+n2,0

,

(h2,r3,n2,1,n2,0),
(h1,r1,n1),
(h0,r0)




x,
(h3,r3,n3,2+n3,1,n3,0), g−n2,1 ·h2·h1,

r2+n2,1+r1,
n2,0+n1

,

(h0,r0)



7!


x,
(h3,r3,n3,2,n3,1+n3,0),
(h2,r2,n2,1+n2,0),
g−n1 ·h1·h0,r1+n1+r0



7!

x,(h3,r3,n3,2,n3,1),
(h2,r2,n2,1)
(h1,r1)



7!

x 7!x
h3 7!h3
h2 7!h2·g−n3,2 ,
h1 7!h1·g−n3,1−n2,1

h0 7!h1·g−n3,0−n2,0−n1

n(−) 7!n(−)


(x,h3,h2,h1,h0),
(n3,2,n3,1,n3,0),
(n2,1,n2,0),
n1



7!

(
x·h3,gn3,2 ·h2,
gn3,1 ·h1,gn3,0 ·h0

)
,

(n2,1,n2,0),(n1)



 x,h3·h2,h1,h0,
(n3,1+n2,1,n3,0+n2,0),
n1



7!


x,
h3,h2·h1,h0,
(n3,2+n3,1,n3,0),
(n2,0+n1)



7!


x,
h3,h2,h1·h0,
(n3,2,n3,1+n3,0),
(n2,1)



7!


x,
h3,h2,h1,
(n3,2,n3,1),
(n2,1)



7!
fa

ce
m

ap
s


x,
(h2,r2,n2,1,n2,0),
(h1,r1,n1),
(h0,r0)


7!

 x·h2,
(h1,r1,n1),
(h0,r0)



7!


x, g−n2,1 ·h2·h1,

r2+n2,1+r1,
n2,0+n1

,

(h0,r0)



7!


x,
(h2,r2,n2,1+n2,0),(

g−n1 ·h1·h0,
r1+n1+r0

)
 7!


x,

(h2,r2,n2,1),

(h1,r1)



x 7!x
h2 7!h2
h1 7!h1·g−n2,1

h0 7!h0·g−n2,0−n1

n(−) 7!n(−)

 (x,h2,h1,h0),
(n2,1,n2,1),
(n1)



7!

 x·h2,
gn2,1 ·h1,gn2,0 ·h0,
n1

  x,
h2·h1,h0,
n2,0+n1



7!

 x,
h2,h1·h0,
n2,1+n2,0



7!

 x,
h2,h1,
n2,1



fa
ce

m
ap

s

x 7!x
h1 7!h1
h0 7!h0·g−n

n 7!n

7!

(x·h1,(h0,r0))

(x,(h1,r1,n),(h0,n0))7!

(x,(g−n·h1·h0,r1+r0+n))

7!

(x,(h1,r1))

(x,h1,h0,n)7!

(x·h1,gn·h0)

(x,h1,h0,n)7!

(x,h1·h0)

(x,h1,h0,n)7!

(x,h1)

fa
ce

m
ap

s

x 7!x
h 7!h
n 7!n

(x,(h,r))7!

x

(x,(h,r))7!

x·h

(x,h)7!

x

(x,h)7!

x·h

x 7!x
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smooth
∞-stacks

GRH’s inertia

ΛS1
coh

(
X�G

)
:= ∏

[g]

(
Xg �

(
(Cg ×R)/⟨(g−1,1)⟩

)) [
SS1

coh, X�G
]
�SS1

coh =:
FSS-cyclification

CycSS1
coh

(
X�G

)
simplicial
sheaves

∏

[g]

((
Xg ×W (Cg ×R×Z×•

)
)
/(Cg ×R×Z×•

)
) ([

Z×•
, X ×G×•]

skel ×W (Z×•
)
)/

Z×•

deg 4
∏

[g]

(
Xg ×(Cg ×R×Z3)× (Cg ×R×Z2)

×(Cg ×R×Z)× (Cg ×R)

)
∏

[g]
(Xg ×Cg ×Cg ×Cg ×Cg ×Z3 ×Z2 ×Z)

deg 3
∏

[g]

(
Xg ×(Cg ×R×Z2)

×(Cg ×R×Z)× (Cg ×R)

)
∏

[g]
(Xg ×Cg ×Cg ×Cg ×Z2 ×Z)

deg 2
∏

[g]

(
Xg × (Cg ×R×Z)× (Cg ×R)

) ∏

[g]
(Xg ×Cg ×Cg ×Z)

deg 1
∏

[g]
(Xg ×Cg ×R) ∏

[g]
(Xg ×Cg)

deg 0
∏

[g]
(Xg)

∏

[g]
(Xg)

comparison morphism
compX�G

≃ S

de
ge

ne
ra

cy
m

ap
s

x 7!x
h3 7!h3

h2 7!h2·g−n3,2

h1 7!h1·g−n3,1−n2,1

h0 7!h0·g−n3,0−n2,0−n1

n(−) 7!n(−)

de
ge

ne
ra

cy
m

ap
s


x,
(h2,r2,n2,1,n2,0)
(h1,r1,n1),
(h0,r0)



7!


x,(e,0,0,0,0),

(h2,r2,n2,1,n2,0),

(h1,r1,n1)

(h0,r0)



7!


x,(h2,r2,0,n2,1,n2,0),

(e,0,0,0),(h1,r1,n1)

(h0,r0)



7!


x,(h2,r2,n2,1,0,n2,0),

(h1,r1,0,n1),(e,0,0),

(h0,r0)


7!


x,(h2,r2,n2,1,n2,0,0),

(h1,r1,n1,0),

(h0,r0),(e,0,0)



x 7!x

h2 7!h2

h1 7!h1·g−n2,1

h0 7!h0·g−n2,0−n1

n(−) 7!n(−)

(
(x,h2,h1,h0),
(n2,1,n2,0),n1

)

7!


(x,e,h2,h1,h0),

(0,0,0),(n2,1,n2,0)

n1



7!


(x,h2,e,h1,h0),

(0,n2,1,n2,0),

(0,0),n1



7!


(x,h2,h1,e,h0),

(n2,1,0,n2,0),

(0,n1),0



7!


(x,h2,h1,h0,0),

(n2,1,n2,0,0),

(n1,0),0



de
ge

ne
ra

cy
m

ap
s

 x,
(h1,r1,n),
(h0,r0)



7!


x,(e,0,0,0),

(h1,r1,n),

(h0,r0)




x,(h1,r1,0,n),

(e,0,0),

(h0,r0)



7!


x,(h1,r1,n,0),

(h0,r0,0),

(e,0)



7!

x 7!x
h1 7!h1
h0 7!h0·g−n

n 7!n

(x,h1,h0,n)

7!
 (x,e,h1,h0),

(0,0),n



7!

 (x,h1,e,h0),

(0,n),0



7!

 (x,h1,h0,e),

(n,0),0



de
ge

ne
ra

cy
m

ap
s

x 7!x
h 7!h
n 7!n

(x,(e,0,0),(h,r))

7!

(x,(h,r))

(x,(h,r,0),(e,0))

7!

(x,(h,r))

((x,e,h),0)

7!

(x,h)

((x,h,e),0)

7!

(x,h)

x 7!x

(x,(e,0))

7!

x

(x,e)

7!

x

(38)
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Regarding (ii): It remains to show that the morphism of simplicial presheaves shown on the previous two pages,
in (37) and (38), indeed represents a morphism of SmthGrpd∞ of the form (35). That the action on the right is the
correct one is the content of Lemma 2.9. The simplicial Borel constructions on both sides of (37) and (38) present
the respective homotopy quotients by [NSS12a, §3.5] (recalled as [SS21EPB, Lem. 3.2.73]).

Proposition 2.6 (Comparison morphism is pullback of shape unit). The comparison morphism from Lemma 2.5
sits in a homotopy-Cartesian square as follows (thus implying Thm. 2.3):

ΛS1
coh
(X�G) CycSS1

coh
(X�G)

BS1
coh SBS1

coh

compX�G

(pb)

η
S

S1
coh

⇔ ΛS1
coh
(X�G) ≃

(
η

S

S1
coh

)∗CycSS1
coh
(X�G) . (39)

Proof. A glance at the component maps in (37) and (38) reveals that the comparison morphism fails to be a
degreewise isomorphism of simplicial presheaves only in that the elements r ∈R on the left hand side are forgotten.
Since pullbacks of simplicial diagrams are computed objectwise, this means that the presentation of comp on
simplicial presheaves factors through a dashed isomorphism of simplicial presheaves in the following diagram:

∏

[g]

((
Xg ×W (Cg ×R×Z×•

)
)
/(Cg ×R×Z×•

)
)

([
Z×•

, X ×G×•]
skel ×W (R×Z×•

)
)/

(R×Z×•
)

([
Z×•

, X ×G×•]
skel ×W (Z×•

)
)/

Z×•

W (R×Z×•
) W (Z×•

)

compX�G∼

(pb) ∈Fib

W ((r,⃗n) 7! n⃗)

(40)

Here:
(i) the morphism on the right is a fibration, since

[
Z×•

,X ×G×•]
skel is the nerve of a groupoid and hence a Kan

complex (over each U ∈ CartSpc) and because
(
(−)×W (Z×•

)
)/

(Z×•
) is a right Quillen functor (by Prop.

A.34) and hence preserves Kan fibrations;
(ii) the object in the bottom left represents the delooping BS1

coh, by Lemma 2.8;
(iii) the morphism on the bottom represents the shape unit on BS1

coh by the same argument as in Prop. 2.8.
This implies that the diagram exhibits the claimed homotopy pullback (39).

We conclude by proving the remaining Lemmas used in the above arguments.

Lemma 2.7 (Cofibrant resolution of circle group). For g ∈ G, we have the following cofibrant replacements of the
Lie group Λg (27) in ∆PSh(CartSpc) proj

loc
:

∅ R×Z×• R
×•

S1
coh S1

coh ,

(r, n⃗) 7−!
(
r,(r+n1),(r+n1 +n2), · · ·

)

∅ Cg ×R×Z×•
(Cg ×R)×

•
Λg Λg .

(h,r,−⃗n) 7−!
(
(h,r),(gn1 ·h, r+n1),(gn1+n2 ·h, r+n1 +n2), · · ·

)

∈Cof ∼ ∈W

∈Cof ∼ ∈W

(41)

Proof. The first statement is Example A.56 and the second follows analogously.

Lemma 2.8 (Shape unit of the smooth circle). A presentation for the shape unit of the smooth circle is given by

smooth
∞-stacks S1

coh SS1
coh ≃ BZ ∈ SmthGrpd∞

simplicial
presheaves R×Z×• Z×• ∈ ∆PSh(CartSpc) proj

loc

η
S

S1
coh

(r,⃗n) 7! n⃗

LocW (42)
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Proof. By Prop. 2.7, the simplicial presheaf R×Z×•
is a cofibrant resolution of the circle, and by Prop. A.53 its

image under shape is given by

lim
−!

(R×Z×•
) ≃ Z×• ∈ (∆SetQu)fib

const
−−−−!

(
∆PSh(CartSpc) proj

loc

)
fib .

This being fibrant means that the (lim
−!

⊣ const)-adjunction unit, which is as shown in (42), is already the derived
unit.

Lemma 2.9 (Canonical SS1
coh-action on inertia orbifold). The canonical action (by Prop. A.41) of SS1

coh ≃ BZ on
any inertia stack (25) – in particular on the inertia orbifold (24) of a good orbifold X ≃ X �G – is presented
(under Prop. A.34) by the following simplicial action of BZ ≃ Z×•

:

Map
(
BZ×∆[•], X

)
×Z×•

Map
(
BZ×∆[•], X

)((
x,(hk, · · · ,h2,h1)

)
, (nk, · · · ,n2,n1)

)
7−!

(
x,(gnk ·hk, · · · ,gn2 ·h2,gn1 ·h1)

)
.

(43)

Proof. We show the case k = 1; the general case is directly analogous. Here we unwind formula (102) as follows:

BZ×∆[1] BZ×∆[1]×∆[1] BZ×BZ×∆[1] BZ×∆[1] X�G(
(0,1), [0,1,1]

) (
(0,1), [0,1,1] [0,1,1]

) (
(0,1), (n,0), [0,1,1]

) (
(n,1), [0,1,1]

)
x
g

gn·h
□(

(1,0), [0,0,1]
) (

(1,0), [0,0,1] [0,0,1]
) (

(1,0), (0,n), [0,0,1]
) (

(1,n), [0,0,1]
)

id×diag id×n×id +×id 1
[0,1]

□ 7!
x
g

h

□

7! 7! 7!
7−!

7! 7! 7! 7−!

(
•, [0]

) (
•, [1]

)

(
•, [0]

) (
•, [1]

)

(0,[0,1])

(1,[0,0])
(1, [0,1])

(1,[1,1])

((1,0), [0,0,1])

((0,1), [0,1,1])

(0,[0,1])

7−!

(
•, [0]

) (
•, [1]

)

(
•, [0]

) (
•, [1]

)

(n,[0,1])

(1,[0,0])

(1+n, [0,1])
(1,[1,1])

((1,n), [0,0,1])

((n,1), [0,1,1])

(n,[0,1])

7−!
x h · x

x h · x

g

gn·h

g′

gn·h

On the left above we show the non-degenerate 2-cell in the Cartesian product (Ex. A.5) whose image will pick
up the generating data in the 1-cell of the hom-complex. Chasing this 2-cell through the formula (102) yields the
result, as shown.

3 Transgression as cyclification

A simple but archetypical special case of orbifold cohomology is group cohomology, which may be understood
as given by homotopy classes of maps of ∞-groupoids of the form BG −! BnA (Ex. A.17). Here we discuss
the technical detail of how cyclification of orbifolds leads to transgression in group cohomology, by proving the
equivalence expressed by the top horizontal arrow in the diagram (3).

The following component Definition 3.1 is (up to an irrelevant global sign which we omit) due to [ARZ07,
Def. 4.1], and maybe independently due to [Wi08, §1.3.3] where it is motivated by a geometric picture similar
to that made precise by Thm. 3.4 below. Notice that it is tedious (albeit straightforward) to explicitly check that
the component formula (44) really makes sense, in that it satisfies the cocycle condition; but this is implied by our
more abstract characterization in Thm. 3.4 below.

Definition 3.1 (Transgression formula for discrete group cocycles). For A ∈ AbGrp, n ∈ N and c : G×n+1 −! A a
group cocycle [c] ∈ Hn+1

grp (G; A), obtain an n-cocycle on the inertia groupoid ΛBG (Ntn. 3.3)

[tr(c)] ∈ Hn(
ΛBG; A

)
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by setting:

tr(c)
(

γ
gn−1
−−! Adn−1(γ)

gn−2
−−! · · · g1−! Ad1(γ)

g0−! Ad0(γ)
)

:= ∑
0≤ j≤n

(−1) j · c
(

gn−1, · · · ,gn− j,Ad j(γ),gn− j−1, · · · ,g0

)
,

(44)

where we abbreviate
Ad j(γ) := Ad(gn−1···g j)(γ) := (gn−1 · · ·g0)

−1 · γ · (gn−1 · · ·g0) . (45)

Remark 3.2 (Group cohomology). Since the inertia groupoid of the delooping of a finite group decomposes as a
disjoint union of delooped centralizer groups Cg indexed over the conjugacy classes [g] ∈ G/adG

ΛBG ≃
∏

[g]∈Gad/G
BCg ≃ BG ⊔

∏

[g] ̸=[e]
BCg , (46)

the formula (44) restricts to transgression maps to the group cohomology of all these groups, in particular to
Ce = G itself – as highlighted on the right of (46). Often only this leading component of the full transgression map
is considered (e.g., implicitly so in [DW90, p. 14]).

We now prove (Thm. 3.4) below, that the transgression formula (44) abstractly arises from looping/cyclification
according to (3). (Something similar is alluded to in [Wi08, §1.3.3].) First, we record the following Lemma 3.3
in simplicial homotopy theory, which is elementary but requires some care; in stating this we make heavy use of
constructions and facts in simplicial homotopy theory that are recalled/introduced in appendix A.1:

Lemma 3.3 (Evaluation map on nerve of inertia groupoid). On non-degenerate cells (cf. Prop. A.4), the evaluation
map (61) on the inertia function complex (Ntn. A.26) is given by(

S1
min

)
n+1 ×Hom

(
S1

min ×∆[n+1],WG
)

(WG)n+1(
s
(0,··· ,̂k,··· ,n)ℓ, sk

(
γ; gn−1, · · · , g0

))
7−!

(
gn−1, · · · ,gn−k, Adk(γ), gn−(k+1), · · · , g0

)
.

ev

(47)

Here, on the left, ℓ ∈
(
S1

min

)
denotes the non-degenerate cell in the minimal simplicial circle (Ntn. A.24) and

(γ;gn−1, · · · ,g0) (Ntn. A.26) denotes a sequence of n composable morphisms in the inertia groupoid.

Proof. Using formula (70) for the components of the evaluation map, and then unwinding as in Ntn. A.26:(
s
(1,··· ,̂k,··· ,n+1)ℓ, ιn+1

)
(
S × ∆[n+1]

)
n+1

(
WG

)
n+1

∈

sk

(
γ; gn−1, ··· ,g0

)
=(

γ; gn−1, ··· ,gn−k,e,gn−(k+1), ··· ,g0

)

(∗, 0) (∗, 1) · · · (∗,k) (∗,k) · · · (∗,n)

(∗,0) (∗,1) · · · (∗,k) (∗,k) · · · (∗,n)

(id∗, [0,1])

(ℓ, id0) (id∗, [0,1])

(id∗, [1,2])

(id∗, [0,1]) (ℓ, idk)

id(∗,k)

(ℓ, idk)

(id∗, [n−1,n])

· · · (ℓ, idn)

(id∗, [0,1]) (id∗, [1,2]) id(∗,k) (id∗, [n−1,n])

7!

• • · · · • • · · · •

• • · · · • • · · · •

gn−1

γ

gn−2

Ad1(γ)

gn−k

Adk(γ)
Ad

k (γ)

e gn−(k+1)

Adk(γ) · · ·

g0

Adn(γ)

gn−1 gn−2 gn−k e gn−(k+1) g0

Theorem 3.4 (Transgression in discrete group cohomology via looping). The transgression formula of Def. 3.1
expresses equivalently the operation of applying the free homotopy loop functor Map(BZ,−) to group cocycles
understood as maps BG! Bn+1A (cf. Ex. A.17), composed with projection onto the resulting shifted coefficients
(via Ex. A.40):
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Hn+1
grp (G; A) π0Map

(
BG, Bn+1A

)
π0Map

(
ΛBG,

by Ex. A.40︷ ︸︸ ︷
BnA × Bn+1A

)
π0Map(ΛBG, BnA) Hn(ΛBG; A)

π0Map(BG, BnA) Hn
grp(G; A) .

≃ Map(BZ,−)

transgression pr1

≃

π0Map(BG↪!ΛBG,BnA)

≃

Proof. In outline, this follows by regarding (62) the functor Map(BZ,−) as pre-composition with the evaluation
map and further precomposing this, under the free abelian group functor, with the Eilenberg-Zilber map (Prop.
A.19): the component formula for the evaluation map, from Lemma 3.3, fed through the Eilenberg-MacLane
formula (78) produces the signed summands that appear in (44). In detail, we have the following sequence of
natural transformations between homotopy classes6 of morphisms:

Hn+1
grp (G; A) = π0Map(BG, Bn+1A) Ex. A.17

≃ Ho(∆Set)
(

WG; DK
(
A[n+1]

)) Ex. A.22
& Ex. A.16

Map(BZ,−)
−−−−−−! Ho(∆Set)

(
Map

(
S1

min,WG
)
, Map

(
S1

min, DK
(
A[n+1]

)))
Ex. A.25

≃ Ho(∆Set)
(

S1
min ×Map

(
S1

min,WG
)
, DK

(
A[n+1]

))
(59)

≃ Ho
(
Ch≥0(AbGrp)

)(
N• ◦Z

[
S1

min ×Map
(
S1

min,WG
)]
, A[n+1]

)
(76)

≃ Ho
(
Ch≥0(AbGrp)

)(
N•

(
Z
[
S1

min

]
⊗Z

[
Map

(
S1

min,WG
)])

, A[n+1]
)

(77)

∼
−!
∇∗

Ho
(
Ch≥0(AbGrp)

)(
N•

(
Z
[
S1

min

])
⊗N•

(
Z
[
Map

(
S1

min,WG
)])

, A[n+1]
)

(78)

≃ Ho
(
Ch≥0(AbGrp)

)(
N•

(
Z
[
Map

(
S1

min,WG
)])

, Map
(

N•
(
Z
[
S1

min

])
, A[n+1]

))
(59)

≃ Ho
(
Ch≥0(AbGrp)

)(
N•

(
Z
[
Map

(
S1

min,WG
)])

, A[n]⊕A[n+1]
)

(79)

pr1−! Ho
(
Ch≥0(AbGrp)

)(
N•

(
Z
[
Map

(
S1

min,WG
)])

, A[n]
)

= π0Map
(
ΛBG, BnA

)
= Hm

(
ΛBG; A

)
(76) .

Noticing here (see (62)) that the composite of the application of the functor Map(BZ,−) with the adjointness
relation is equivalent to pre-composition with the evaluation map, the net effect of this composite of transformations
in degree n+1 is the pre-composition of the cocycle map in that degree, regarded as a homomorphism of abelian
groups

c̃n+1 : Z[Gn+1]≃ Z[(WG)n+1] A ,

with the composite of the Eilenberg-Zilber- and the evaluation map:

Z
[(

S1
min

)
1

]
⊗Z

[
Hom

(
S1

min ×∆[n],WG
)]

Z
[(

S1
min

)
n+1 ×Hom(S1

min ×∆[n+1],WG)
]

Z[(WG)n+1]

ℓ ⊗
(
γ; gn−1, · · · , g0

)
∑

0≤ j≤n
(−1) j ·

(
s
(0,··· ,̂k,··· ,n)ℓ, sk

(
γ; gn−1, · · · , g0

))
∑

0≤ j≤n
(−1) j ·

(
gn−1, · · · , gn−k, Adk(γ), gn−(k+1), · · · , g0

)
∇ Z[ev]

(78)
7−!

Lem. 3.3
(48)

followed by restriction to the coefficient of ℓ (86) on the left. This manifestly yields the formula (44).

6The collection of facts from model category theory needed for the routine verification that the underlying naive sequence of natural
transformations passes to homotopy classes in each step (on p. 20) may be found reviewed [FSS20Cha, §A].
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4 Integral 4-classes of equivariant 4-Cohomotopy

Here we prove that the integral 4-class Γ̃4 which underlies any tangentially twisted 4-Cohomotopy cocycle at an
ADE-singularity is that which classifies the “Platonic” 2-group extensions of [EG17]. These 4-classes (equiva-
lently in their incarnation as 3-classes after cyclification) are the twists of quasi-elliptic cohomology which are
“predicted” by Hypothesis H in the sense explained at the end of §1.

Notation 4.1 (Canonical representation 4-sphere of finite subgroup of Sp(1)). Given a finite subgroup G
i

↪−! Sp(1)
(Prop. A.42), we write

G ↷ H := resi
(
Sp(1) ↷ H

)
∈ GAct(VectorSpacesR)

for the linear representation which is the restriction along i of the defining linear action of Sp(1) on the real vector
space H≃R R4 underlying the algebra of quaternions. Accordingly, we write

G ↷ SSH ∈ GAct(TopSpc)
Sing
−−! GAct(∆Set)

for the shape of the corresponding representation sphere.

Theorem 4.2 (Equivariant integral characteristic classes of ADE-equivariant 4-Cohomotopy). For G
i

↪−! Sp(1) ≃
SU(2) ≃ Spin(3) a finite subgroup (Prop. A.42), the group of equivariant integral characteristic 4-classes of
ADE-equivariant 4-Cohomotopy is

H4
G
(
SH, Z

)
≃ Z ⊕ Z|G| .

Proof. By Lemma 4.3 with Lemma 4.4.

The following Lemma 4.3 may be taken to be the definition of ordinary equivariant cohomology, or alse of a
standard fact of Bredon cohomology with invariant coefficients. We include the following proof just to showcase
how this fits into the singular-cohesive formalism of [SS20Orb][SS21EPB]:

Lemma 4.3 (Equivariant integral characteristic classes of equivariant Cohomotopy). The equivariant integral
characteristic classes of equivariant Cohomotopy are naturally identified with the ordinary cohomology of the
homotopy quotient of the sphere.

Proof. We have the following sequence of natural equivalences of hom-∞-groupoids:S ≺

(
SV �G

)

≺

(
B4Z�G

)

≺BG

 ≃

 S ≺

(
SV �G

)

≺

(
B4Z×BG

)

≺BG

 trivial action on coefficients

≃

 S ≺

(
SV �G

) (

≺B4Z
)
×
(

≺BG
)

≺BG

 since ≺ is right adjoint

≃
{

S ≺

(
SV �G

)
B4Z

}
by base change (106)

≃
{

⊂ S ≺

(
SV �G

)
B4Z

}
by singular cohesion ⊂ ⊣ ≺

≃
{

S ⊂ ≺

(
SV �G

)
B4Z

}
by [SS20Orb, Lem. 3.67]

≃
{

S ⊂

(
SH�G

)
B4Z

}
by singular cohesion

≃
{

S
(
SV �G

)
B4Z

}
since SV �G is smooth.

21



Lemma 4.4 (Integral 4-cohomology of homotopy quotient of 4-sphere by ADE-group). Let G
i

↪−! Sp(1) be a finite
subgroup (Prop. A.42). Then the integral 4-cohomology of the homotopy quotient of its canonical representation
sphere (Nota. 4.1) is

H4((SSH)�G, Z
)
≃ Z⊕ (Z/ |G|) , (49)

where the first summand is the cohomology of the fiber, and the second is the group cohomology of G, in that we
have a split short exact sequence in cohomology

0

Z︷ ︸︸ ︷
H4(S4; Z

)
H4

(
SSH�G; Z

) Z|G|︷ ︸︸ ︷
H4(BG; Z) 0

SS4 S
(
SH�G

)
BG

q∗ ρ∗

q ρ

(50)

induced by the homotopy fiber sequence of the Borel construction (Lem. 4.3), shown at the bottom in (50).

Proof. Observe that the fundamental group π1(BG) ≃ G of the base space of the fibration (50) acts trivially on the
cohomology

Hn(SS4,Z
)
≃

{
Z for n ∈ {0,4}
0 otherwise

of the fiber space. This is because:
• we have a G-equivariant isomorphism between the representation sphere of H and the unit sphere in R⊕H

(by stereographic projection, e.g. [MP04, p. 2]): SH ≃G S(R⊕H) ;
• the action of Sp(1) on H≃R R4 is through the defining action of SO(4) (since the quaternions are a normed

division algebra, so that left multiplication by unit-norm quaternions q ∈ Sp(1) = S(H) preserves the norm),
whence the action of Sp(1) on R⊕H≃R is through SO(5) (e.g. [HSS18, Rem. A.8]);

• by the Hopf degree theorem and the de Rham theorem, the generator of Z≃ H4(S4,Z) is represented by the
standard volume form on S4, which is evidently preserved by the SO(5)-action (e.g. [BSS18, p. 31]).

Therefore (e.g. [HatSS, Thm. 1.14]), we have a cohomological Serre spectral sequence of the form

E p,q
2 = H p(BG; Hq(S4,Z)

)
⇒ H p+q(SH�G; Z

)
. (51)

From Prop. A.43 with Ex. A.17, it follows that its second page looks as follows:

E•,•
2 =

...
...

...
...

...
...

...
...

0 0 0 0 0 0 0 0 · · ·

Z 0 Gab 0 Z|G| 0 Gab 0 · · ·

0 0 0 0 0 0 0 0 · · ·

0 0 0 0 0 0 0 0 · · ·

0 0 0 0 0 0 0 0 · · ·

Z 0 Gab 0 Z|G| 0 Gab 0 · · ·
BG

S4

This shows that every differential on this and on every following page has zero domain or zero codomain, so that
the spectral sequence collapses already on this page: E•,•

∞ ≃ E•, •
2 . By its convergence (51), this means that we

have a short exact sequence of the form (50). Since Ext(Z,−) = 0, the claim (49) follows.

Proposition 4.5 (Shifted integral characteristic 4-class for equivariant 4-Cohomotopy ([FSS19HypH, §3.4])).
There exists an integral class

Γ̃4 := 1
2
χ4 +

1
4 p1 ∈ H4(SSH�Sp(2); Z

)
(52)
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whose rational image is the sum of half the Euler class with 1/4th of the Pontrjagin class, hence whose restriction
to the 4-sphere fiber is the volume class

H4
(
SS4; Z

)
∋ [volS4 ]

H4
(

S
(
SH�Sp(2)

)
; Z

)
∋ Γ̃4

(53)

Proposition 4.6 (Universal shifted integral 4-flux restricts to generator on ADE-singularity). For a finite subgroup
of Sp(1) (Prop. A.42), embedded as the left diagonal entry into Sp(2)

G Sp(1) Sp(1)×Sp(1) Sp(2)

q 7−! q 7−! (q,1) 7−!
(

q 0
0 1

)i

j

l

(54)

the pullback of Γ̃4 (52) along S(SH � j) is the element (1, [1]) according to Lem. 4.4:

Z⊕Z|G| H4
(
SSH �G; Z

)
H4

((
SSH �Sp(2)

)
; Z

)
.

(1, [1]) Γ̃4

≃ B j∗

(55)

Proof. Consider the corresponding morphism of Borel constructions (96) and observe the following pullbacks of
cohomology generators through this diagram:

(1, [0]) [volS4 ]

S4 S4

(0, [1]) S
(
SH�G

)
S
(
SH�Sp(1)

)
Γ̃4

BG BSp(1)
[1] 1

4 p1

Lem. 4.4

S(SH�j)

(53)

BiLem. 4.4

Prop. A.44

(56)

Remark 4.7 (Background integral 4-flux at flat ADE-singularity). Noticing that G ↷ SH has a fixed point (in fact
two), hence that SH�G

ρ
−! BG has a section, this means that in the vicinity of any G-orbifold-singularity X ≃

Rn�G, hence with SX ≃ ∗�G, there is integral background C-flux of value [1] ∈ H4(BG;Z)

∗�G SH�Sp(2) B4Z

BG BSp(2)

unique cocycle in
equivariant 4-Cohomotopy∼

(0, [1])

ρ

Γ̃4

(57)

This is hence the background value of “M-theoretic discrete torsion”, in the terminology of [Sh03][Se01], see
also [dB+02, §4.6]. The 2-gerbe over ∗�G classified by this background 4-flux is (the delooping of) the uni-
versal Platonic 2-group-extension of G, in the terminology of [EG17]. However, the proper definition of brane
charge localized at a singularity (i.e. disregarding charges that are “escaping to infinity”) is given by the co-
homology/cohomotopy of the one-point compactification of the transverse space Rn�G to the brane [SS20Tad,
(8)][SS22Conf, §2.1][SS21MF, (12)]. For flat M5-branes at an ADE-singularity this is again the 4-sphere orbifold
SH�G [SS20Tad], and the unit integral brane charge of a single one of these is (55):

SH�G SH�Sp(2) B4Z

BG BSp(2)

unit cocycle in
equivariant 4-Cohomotopy

(1, [1])

ρ

Γ̃4

(58)
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Remark 4.8 (Conclusion.). With this we have finished compiling the ingredients for the construction/application
indicated at the end of §1: The unit integral background 4-flux in M-theory localized at an ADE-singularity, as
predicted by Hypothesis H, is (58); and its double dimensional reduction (16) to 3-flux according to (16) is, by
(11), the corresponding trangression class. This is the twist for ADE-equivariant quasi-elliptic cohomology to be
used in (20) for measuring M-brane charge in equivariant quasi-elliptic cohomology and thus potentially relating
to the elliptic genus of the M5-brane.

A Appendix: Technical background

For use in the main text, here we recall and reference some technical background:
- on basic facts of simplicial homotopy theory (appendix A.1)
- on basic notions in cohesive ∞-topos theory (appendix A.2).

A.1 Some simplicial homotopy theory

After recalling the combinatorics of products of simplicial sets in streamlined form, here we compile some tech-
nical background on simplicial groups and their actions and prove some useful facts that do not seem to be easily
citable from the literature. For more along these lines see [SS21EPB, §3.1.2], whose notation we follow. For
general background on simplicial homotopy theory see [GJ99][Re22, §1].

Categories and simplicial sets. Just to set up our notation:

Notation A.1 (Mapping objects).
– Generally, Hom(−,−) is to denote hom-sets in a given category, while Map(−,−) denotes internal hom-

objects (for cartesian closed categories), defined to yield natural bijections:

Hom
(
X ×Y, Z

) (̃−)
 −!

∼
Hom(X , Map(Y, Z)) . (59)

– In particular, for a pair of (small) categories7 X ,Y ∈ Cat, the notation Hom(C , D) denotes the plain set of
functors between them, while Map(X , Y ) denotes the category of such functors with natural transformations
between them, schematically:

Hom(X , Y ) =
{
X

F
−−−! Y

}
, Map(X , Y ) =

{
X Y

F

F ′

φ

}
. (60)

– We write
evA

X := ˜idMap(X ,A) : X ×Map(X , A)−−! A (61)

for the evaluation map on these mapping objects, i.e. the adjunct (59) of the identity on Map(X , A).
Notice that the naturality of (59) implies that adjunct of the application of the mapping object functor to a
morphism equals the pre-composition of that morphism with the evaluation map:

f : A! B ⊢ ˜Map(X , f ) = f ◦ evA
X : X ×Map(X , A)−−! B . (62)

Notation A.2 (Notation for simplicial sets). We write, essentially as usual:
– [n] := {0! 1! · · ·! n} for the category free on a sequence of n composable morphisms, for n ∈ N;

so that functors [n]−! C may be identified with paths of n composable morphisms in C ;

– • di
n : [n]−! [n+1] 0 1 · · · i−1 i i+1 · · · n n+1 ,

7To be pedantic, in the present context by a “category” we mean, as is usual, a strict category, i.e. with a fixed set of objects (which is
more information than retained in the equivalence class). It is (only) on these strict categories that the simplicial nerve (Ntn. A.2) is defined.
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• si
n+1 : [n+1]−! [n]

0 1 · · · i

i · · · n−1 n ,

• ιn : [n] ∼
−! [n] 0 1 · · · n−1 n ,

for the co-face-, the co-degeneracy-, and the identity-functors between these categories, shown on the right as
paths of composable edges in the respective codomain (as such used around Lem. 3.3, cf. Figure NDS);

– ∆ ↪−! Cat for the full subcategory of the 1-category of (strict) categories on those of the form [n], n ∈ N;

– ∆Set = PSh(∆) = Hom(∆op, Set) for the category of simplicial sets;

– N : Catsmll C 7!([n] 7!Hom([n],C ))
−−−−−−−−−−−−−! ∆Set for the simplicial nerve functor;

– ∆[n] := N[n] ∈ ∆Set for the standard simplicial simplices.

Example A.3 (Product categories). For C , D a pair of small categories, their product category C ×D has mor-
phisms forming commuting squares as follows, for f any morphism in C and g any morphism in D :

(c1,d1) (c2,d1)

(c1, d2) (c2, d2)

( f , idd1 )

(idc1 ,g)
( f ,g) (idc2 ,g)

( f ,idd2 )

This implies that natural transformations between functors C −!D are in bijection to functors C × [1]−!D , hence
that the simplicial nerve of functor categories (60) is given by:

NMap(C , D) : [n] 7−! Hom(C × [n], D) . (63)

Products and mapping complexes of simplicial sets. Famously, the cartesian product of simplicial sets, despite
its evident component-wise construction,

X ,Y ∈ ∆Set ⊢


X ×Y ∈ ∆Set(
X ×Y

)
n = Xn ×Yn

sX×Y
k =

(
sX

k , sY
k

)
, dX×Y

k =
(
dX

k , dY
k

)
,

(64)

has a remarkably rich combinatorics, which we briefly recall as Prop. A.4. The phenomena dually induced on the
mapping complexes (these we recall as Prop. A.6 below and use as Lemma 3.3 in the main text) may not have
received comparable attention yet; in any case this is what drives the proof of Thm. 3.4 in the main text.

The content of the following Prop. A.4 is classical (it is at least implicit in the “Eilenberg-MacLane formula”
[EML53, (5.3)], as reviewed for instance in [Fr20, §5.2.1 & §B.6], with exposition in [Fr12, §5]) but we will have
need for the following concise formulation (cf. also [Kerodon, Ntn. 2.5.7.2]):

Proposition A.4 (Non-degenerate simplices in products product simplicial sets). For p,q ∈ N, the non-degenerate
p+q-simplices in the Cartesian product of the standard p-simplex with the standard q-simplex,

∆[p+q] ∆[p]×∆[q]
(σhor,σver)

are precisely (cf. Figure NDS):
– as pairs of paths of edges

(
σhor[k,k+ 1], σver[k,k+ 1]

)
, those for which at each step precisely one of the two

edges in the pair is degenerate and the other a generating edge;
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– equivalently, the sequences of step numbers at which one or the other is non-trivial, these being the “(p,q)-
shuffles” (µ,ν) of elements (0,1,2, · · · , p+q−1):

steps k at which
σhor is non-trivial: σver is non-trivial:

µ0 < · · ·< µp−1 ν0 < · · ·< νq−1 ,
(65)

– from which the given non-degenerate cell
(
σhor, σver

)
is recovered as:

σhor = sν
p+q := [p+q]

s
ν0
p+q
−−−! [p+q−1]

sν1
p+q−1
−−−−−! [p+q−2]−! · · ·−! [p+1]

s
νq−1
p+1
−−−−! [p]

σver = sµ := [p+q]
s

µ0
p+q
−−−! [p−1+q]

sµ1
p−1+q
−−−−−! [p−2+q]−! · · ·−! [1+q]

s
µp−1
1+q
−−−−! [q] .

(66)

For X ,Y ∈ ∆Set, the non-degenerate p+q-simplices in X ×Y (64) are of the form

(
sX

ν (xp), sY
µ(yq)

)
:

∆[p+q] ∆[p] X
∆[p+q] × × ×

∆[p+q] ∆[q] Y

sν
p+q xp

diag

sµ

p+q
yq

(67)

for xp ∈ Xp and yq ∈ Yq non-degenerate cells and (µ,ν) a (p,q)-shuffle.

Proof. Generally, since the degeneracy maps in a product X ×Y of simplicial sets are the pairs of the separate
degeneracy maps, sX×Y

k =
(
sX

k ,s
Y
k

)
(64), a cell in the product is non-degenerate precisely if its two components are

not both in the image of some sk, for the same k. This implies generally that non-degenerate paths in products are
those that do not have steps where both components are degenerate. On the other hand, since the particular paths in
question have length p+q, a moment of reflection shows that if they had a step with both components non-trivial,
then the previous constraint could not be satisfied in all other steps. This implies the first claim above. From this,
the next two formulations follow by inspection.

Figure NDS. The non-degenerate simplices in the product
∆[p]×∆[q] (seen as in Ex. A.3) are (according to Prop. A.4)
given by those paths of (p+ q) steps for which each step is a
unit step either horizontally or vertically. The lists of steps
(counted starting at 0) going horizontally, µ = (µ0 < µ1 <
· · · ,µp−1), or going vertically, ν = (ν0 < ν1 < · · · ,νp−1) form
jointly a (p,q)-(un-)shuffle permutation of (0,1, · · · , p − q),
which bijectively encodes the respective non-degenerate cell
according to the formula (66).

(Beware that the dashed diagonal arrow shown on the right is a
stand-in for any remaining zig-zag path and not for any actual
diagonal steps.)

· · ·
(0,0) (1,0) (2,0) (p,0)

(0,1) (1,1) (2,1) (p,1)

(0,2) (1,2) (2,2) (p,2)

...

(0,q) (1,q) (2,q) (p,q)

µ0 = 0 µ1 = 3

ν0 = 1

ν1 = 2

Example A.5. The complete set of non-degenerate cells in the simplicial square ∆[1]×∆[1] is the following, with
the paths (according to Figure NDS) highlighted which correspond to the two non-degenerate 2-simplices:

(
[0]
[0]

) (
[0]
[1]

)

(
[1]
[0]

) (
[1]
[1]

)

(
[0,0]
[0,1]

)

(
[0,1]
[0,0]

) (
[0,1]
[0,1]

) (
[0,1]
[1,1]

)
(
[0,0,1]
[0,1,1]

)
(
[0,1,1]
[0,0,1]

)
(
[1,1]
[0,1]

)

The following makes explicit the solution to the universal property (59) of mapping objects in simplicial sets.

Proposition A.6 (Simplicial mapping complexes, e.g. [GJ99, §I.5]). For X ,A ∈ ∆Set:
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(i) their mapping complex Map(X , A) ∈ ∆Set is

Map(X , A) : [n] 7−! Hom(X ×∆[n], A) (68)

in that with this formula we have, for S ∈ ∆Set, the required natural isomorphisms (cf. Ntn. A.1)

Hom(S×X , A) ≃ Hom
(
S, Map(X , A)

)
; (69)

(ii) the corresponding evaluation map (61) is given by naive evaluation on given cells σn but paired with the
identity n-cell ιn: (

S×Map(S, A)
)

n Sn ×Hom
(
S×∆[n], A

)
An

(σn, f ) 7−! f (σn, ιn) .

≃
(68)

(evA
S )n

(70)

Remark A.7 (Self-enrichment of simplicial sets). By (69), the construction of simplicial mapping complexes is
functorial in both arguments:

Map(−,−) : ∆Setop ×∆Set ∆Set

and has a natural, associative and unital composition operation

Map(X , Y )×Map(Y, Z) Map(X , Z) ,◦

which on 0-cells reduces to the ordinary composition of morphisms. This gives ∆Set the structure of an ∆Set-
enriched category (e.g. [Ke82][Hir02, §9.1.1]).

Proposition A.8 (Properties of the simplicial nerve). The simplicial nerve N : Catsmll −! ∆Set (Ntn. A.2)
(i) is fully faithful:

Hom(C , D) Hom(NC , ND) ;
NC ,D

∼ (71)

(ii) sends product categories (Ex. A.3) to products (64) of their nerves

N(C ×D) ≃ (NC )× (ND) ; (72)

(iii) sends functor categories (60) to simplicial function complexes (68):

NMap(C , D) ≃ Map(NC , ND) (73)

(all these being natural isomorphisms).

Proof. The first statement is classical, the (elementary) proof is spelled out e.g. in [Re22, Prop. 4.10] [Kerodon,
Prop. 1.2.2.1]. The second statement is immediate from the two definitions, as both are given by pairs of all
structure morphisms. From this the third statement is obtained as the following sequence of natural isomorphisms,
for n ∈ N: (

NMap(C , D)
)

n ≃ Hom(C × [n], D) by (63)

≃ Hom
(
N(C × [n]), ND

)
by (71)

≃ Hom
(
NC ×∆[n], ND

)
by (72)

≃
(
Hom

(
NC , ND

))
n by (68) .

Homotopy theory of simplicial Sets. We make use of basic (simplicial) model category theory. A standard
account is [Hir02], a concise overview of all the ingredients that we need is in [FSS20Cha, §A].

Notation A.9 (Homotopy theory of simplical sets, e.g. [GJ99, §I.11]). We write

∆SetQu ∈ MdlCat (74)

for the classical Kan-Quillen model category structure on simplicial sets.
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Notation A.10 (Homotopy theory of reduced simplicial sets, e.g. [GJ99, §V Prop. 6.12]). We write

∆Set≥1,inj ∈ MdlCat (75)

for the model category of reduced simplicial sets (those S ∈ ∆Set with a single vertex, S0 = ∗) whose weak equiv-
alences and cofibrations are those of the underlying ∆SetQu (74).

Lemma A.11 (Fibrant reduced simplicial sets are Kan complexes [GJ99, §V, Lem. 6.6]). While the forgetful
functor from (75) to (74)

∆Set≥1,inj ∆SetQu
undrlng

does not preserve all fibrations, it does preserve fibrant objects.

Simplicial Groups.

Notation A.12 (Homotopy theory of simplicial groups, e.g. [Qu67, §II 3.7][GJ99, §V]). We write

Grp(∆Set)proj ∈ MdlCat

for the model category of simplicial groups ([May67, §17][Cu71, §3]), whose weak equivalences and fibrations
are those of the underlying ∆SetQu (74).

Lemma A.13 (Simplicial groups are Kan complexes, e.g. [Mo54, Thm. 3][May67, Thm. 17.1][Cu71, Lem. 3.1]).
The underling simplicial set of any simplicial group is a Kan complex.

Proposition A.14 (Quillen equivalence between simplicial groups and reduced simplicial sets [GJ99, §V, Prop.
6.3]). The simplicial classifying space construction (Def. A.20) is the right adjoint of a Quillen equivalence
between the projective model structure on simplicial groups (Nota. A.12) and the injective model structure on
reduced simplicial sets (Nota A.10):

Grp(∆Set)proj (∆Set≥1)inj .
W (−)

≃Qu

Abelian simplicial groups and chain complexes.

Notation A.15 (Dold-Kan correspondence – e.g. [GJ99, §III.2][SS03, §2]). We write:
–
(
AbGrp(∆Set),⊗

)
for the category of simplicial abelian groups equipped with the degree-wise tensor product

of abelian groups;
–
(
Ch≥0(AbGrp),⊗

)
for the category of connective chain complexes of abelian groups, equipped with its natural

tensor product;
– the Dold-Kan correspondence (reviewed in our context in [FSS20Cha, A.63]):

Ch≥0(AbGrp) AbGrp(∆Set) ∆Set ,
N•

Γ

⊥∼

DK

Z[−]

undrlng

⊥ (76)

where N•(−) forms (“normalized”) chain complexes of non-degenerate cells, and
where Z[−] denotes the (degreewise) free abelian group functor;

– notice here that N•(−) respects the tensor product only up to homotopy (this is the content of Prop. A.19
below), while Z[−] is strong monoidal:

X ,Y : ∆Set ⊢ Z[X ×Y ] ≃ Z[X ]⊗Z[Y ] ; (77)

– the Eilenberg-MacLane formula [EML53, (5.3)] for the Eilenberg-Zilber map [EZ53] (review in [Lo92, §1.6]):

A,B ∈ AbGrp(∆Set) ⊢
N•(A)⊗N•(B) N•(A⊗B)

ap ⊗bq 7−! ∑
(µ,ν)

sgn(µ,ν) ·
(
sν(ap)

)
⊗
(
sµ(bq)

)
,

∇A.B

(78)

where the sum is over all (p,q)-shuffles (µ,ν) from (65) and
(
sν(−),sµ(−)

)
is according to (67).
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Example A.16 (Shifted abelian groups). For A ∈ AbGrp(Set) and n ∈ N, the image under the Dold-Kan con-
struction (76) of the chain complex that is concentrated on A in degree n is a model for the n-fold delooping of
A:

BnA ≃ DK
(
A[n]

)
∈ Ho

(
∆SetQu

)
.

Example A.17 (Incarnations of group cohomology). For G,A ∈ Grp(Set) ↪−! Grp(∆Set)
LocW−−−! Grp(Grpd∞) with

A abelian, the following abelian groups are all naturally isomorphic, for all n ∈ N:

group cohomology

Hn+1
grp

(
G, A

)
≃ π0

homotopy classes of homs
of delooped simplicial groups

∆Set
(

WG, DK(A[n])
)

≃

cohomology of
classifying space

Hn+1(BG,A) ≃ π0

homotopy classes of homs
of delooped ∞-groups

Grpd∞

(
BG, Bn+1A

)
.

Example A.18 (Normalized chains on minimal simplicial circle). The normalized chains complex of the free
simplicial abelian group (76) on the minimal simplicial circle (Ntn. A.24) is

N•
(
Z
[
S1

min
])

= N•


Z[{∗, ℓ}]

Z[{∗}]
s0

 =

Z[{ℓ}]

Z[{∗}]
∂=0 = Z ⊕ Z[1] . (79)

Proposition A.19 (Eilenberg-Zilber/Alexander-Whitney deformation retraction). The Eilenberg-Zilber map ∇A,B

(78) on normalized chain complexes is a homotopy equivalence, in fact, it has a deformation retraction (given by
the Alexander-Whitney map ∆A,B):

N•(A)⊗N•(B) N•(A⊗B) N•(A)⊗N•(B) N•(A⊗B) .∇A,B

id

∆A,B

id

∇A,B

For the case of unnormalized chain complexes (where we have just an homotopy equivalence) this is due to
[EZ53], the case for normalized chain complexes is due to [EML54, Thm. 2.1a], both are reviewed in [May67,
Cor. 29.10]. Explicit description of the homotopy operator is in [GDR99].

Universal principal simplicial complex.

Definition A.20 (Universal principal simplicial complex [Kan58, Def. 10.3][GJ99, p. 269]). Let G ∈ Grp(∆Set).
(i) Its standard universal principal complex is the simplicial set

WG ∈ ∆Set

whose
• component sets are

(WG )n := Gn ×Gn−1 ×·· ·×G0 ,

• face maps are given by

di
(
γn, γn−1, · · · , γ0

)
:=

{(
di(γn), di−1(γn−1), · · · , d0(γn−i) · γn−i−1, γn−i−2, · · · , γ0

)
for 0 < i < n(

dn(γn), dn−1(γn−1), · · · , d1(γ1)
)

for i = n ,
(80)

• degeneracy maps are given by

si
(
γn, γn−1, · · · , γ0

)
:=

(
si(γn), si−1(γn−1), · · · , s0(γn−i), e, γn−i−1, · · · , γ0

)
, (81)

• and equipped with the left G -action (Ex. A.29) given by

G ×WG WG(
hn, (γn,γn−1, · · · ,γ0)

)
7−!

(
hn · γn, γn−1, · · · , γ0

)
.

(82)
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(ii) Its standard simplicial delooping or simplicial classifying complex WG is the quotient by that action (82):

WG
qWG−−−!WG :=

(
WG

)
/G . (83)

Example A.21 (Low-dimensional cells of universal simplicial principal complex). Unwinding the definition (80)
of the face maps of WG (Def. A.20) shows that its 1-simplices are of the form

(WG )1 =

{
d1(g1) d0(g1) ·g0

(g1,g0)
∣∣∣∣ g0 ∈ G0

g1 ∈ G1

}
and its 2-simplices are of this form:

(WG )2 =



d0d2(g2) ·d1(g1) = d1d0(g2) ·d1(g1)

d1d2(g2)
=d1d1(g2)

d0d0(g2)·d0(g1)·g0
=d0d1(g2)·d0(g1)·g0

(d0 (g2 )·g1 ,g0 )

(d1(g2),d0(g1)·g0)

(d 2(
g 2)

,d 1(
g 1)

)

(g2,g1,g0)

∣∣∣∣∣∣∣∣∣∣∣∣∣
g0 ∈ G0,
g1 ∈ G1,
g2 ∈ G2


.

Example A.22 (Universal principal simplicial complex for ordinary group G). If

G ∈ Grp ↪−! Grp
(
∆Set

)
is an ordinary discrete group, regarded as a simplicial group (hence the functor constant on G on the opposite
simplex category), then the standard model of its universal principal complex (Def. A.20) is isomorphic to the
nerve of the action groupoid of the right multiplication action of G on itself:

WG = N
(
G×G ⇒ G

)
. (84)

(WG)2 =



g2g1

g2 g2g1g0

(g2 g1 ,g0 )(g 2,
g 1)

(g2,g1g0)

(g2,g1,g0)

∣∣∣∣∣∣∣∣∣∣∣∣
g0,g1,g2 ∈ G


Accordingly, the standard simplicial delooping (83) of an ordinary group is isomorphic to the simplicial nerve of
its delooping groupoid:

WG ≃ N
(

G ⇒ ∗︸ ︷︷ ︸
=:BG

)
∈ ∆Set . (85)

Proposition A.23 (Basic properties of standard simplicial principal complex [GJ99, §V, Lem. 4.1, 4.6, Cor. 6.8]).
For G ∈ Grp(SimplSets), its standard universal principal complex (Def. A.20) has the following properties:

(i) WG is contractible;
(ii) WG and WG are Kan complexes;

Proof. That WG is Kan fibrant follows as the combination of Lem. A.13, Prop. A.14, and Lem. A.11. This
implies that WG is Kan fibrant since WG

q
−!WG is a Kan fibration (99) (by Prop. A.14, see Ex. A.35).

Inertia groupoids.

Notation A.24 (Minimal simplicial circle). We write

S1
min := ∆[1]/∂∆[1] ∈ ∆Set ,

and denote its unique non-degenerate 1-cell by

ℓ := [0,1] ∈ ∆[1] ↠ S1
min . (86)
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Example A.25 (Minimal model of free loop space). The classifying space WZ (85) is a Kan fibrant replacement
of the minimal simplicial circle (Ntn. A.24) and both are models for the homotopy cofiber product of ∗⊔∗ −! ∗
with itself:

∗∏∗ ∆[1] ∗

∗ S1
min WZ ∗
ℓ 1

∈Cof

(po)

∈W

∈W ∈Fib

7−!

∈ ∆SetQu ⇒
∗∏∗ ∗

∗ BZ
(hpo) ∈ Grpd∞ .

This implies that for any X ∈ Grpd∞, the free loop ∞-groupoid is equivalently the homotopy fiber of its diagonal
map with itself:

Map
(
BZ, X

)
≃ Map

(
∗
∏

∗⊔∗
∗, X

)
≃ X ∏

X ×X

X , where
X ∏

X ×X
X X

X X ×X

(hpb) diagX

diagX

∈ Grpd∞ .

It also implies that for fibrant X ∈ ∆Set the following comparison map is a simplicial weak equivalence; but direct
inspection reveals that it is even an isomorphism (regarding Z as the free group generated by one element ℓ):

Map
(
NBZ, X

)
Map

(
S1

min, X
)Map(ℓ 7!1,X)

∼ (87)

Notation A.26 (Nerves of inertia groupoids). For G ∈ Grp(Set), its inertia groupoid is the functor groupoid (60)

ΛBG := Map(BZ, BG) ,

hence under the simplicial nerve – and using Prop. A.8 with Ex. A.22 – is the simplicial mapping complex

NΛBG = Map(NBZ, NBG) ≃ Map(WZ,WG)

In view of (68) and (87) we denote by(
γ; gn−1, gn−2, · · · , g0

)
∈ Hom

(
S×∆[n],WG

)
≃

(87)

(
NMap(BZ, BG)

)
n (88)

the n-cell in the nerve of the inertia groupoid which corresponds to the sequence of natural transformation that start
at the functor

γ ∈ G ≃ HomGrp(Z,G) ≃ Hom(BZ,BG)

and successively have components gn−• ∈ G. Using Prop. A.8, one sees that this is characterized as mapping

non-degenerate (n+1)-cells in S×∆[n] (according to Prop. A.4) as follows (where “Ad j(−)” is as in (45)):

( ℓ◦s(0,··· ,̂k,··· ,n)n+1︷ ︸︸ ︷
sS1

min

(0,··· ,̂k,··· ,n)
ℓ, sk

n+1

)
(
S × ∆[n]

)
n+1

(
WG

)
n+1

∈

(
γ; gn−1,gn−2, ··· ,g0

)

(∗, 0) (∗, 1) · · · (∗,k) · · · (∗,n)

(∗,0) (∗,1) · · · (∗,k) · · · (∗,n)

(id∗, [0,1])

(ℓ, id0) (id∗, [0,1])

(id∗, [1,2])

(id∗, [0,1]) (ℓ, idk)

(id∗, [n−1,n])

· · · (ℓ, idn)

(id∗, [0,1]) (id∗, [1,2]) (id∗, [n−1,n])

7!

• • · · · • · · · •

• • · · · • · · · •

gn−1

γ

gn−2

Ad1(γ)

gn−k

Adk(γ)

gn−(k+1)

· · ·

g0

Adn(γ)

gn−1 gn−2 gn−k gn−(k+1) g0
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Simplicial group actions.

Notation A.27 (Simplicial group actions). For G ∈ Grp
(
∆Set

)
, we denote

(i) by
BG ∈ ∆SetEnrCat , BG (∗,∗) := G , (89)

the simplicial groupoid with a single object ∗, with G as its unique hom-object and with composition “◦” given by
the reverse of the group product “·”

G ×G G
(gn,hn) 7−! hn ·gn ;

◦
(90)

(ii) the category of G -actions on simplicial sets by:

G Act(∆Set) := Fnctr∆(BG , ∆Set) , (91)

identified with the category of ∆Set-enriched functors from the delooping (89) of G to ∆Set (via Rem. A.7).

Remark A.28 (Simplicial group actions are from the left). The convention (90) for the delooping BG (89) implies
that the simplicial G -actions (91) are left actions:

BG ∆Set

• X

• X

• X

G ↷X

g1

g
1 ◦

g
2

:=
g

2 ·g
1

g1·(−)

(g
2 ·g

1 )·(−
)g2 g2·(−)

G ×X X
(gn,xn) 7−! gn · xn .

(−)·(−)

Example A.29 (Universal principal simplicial complex in G -actions). For G ∈ Grp(∆Set), the universal principal
simplicial complex WG (Def. A.20) becomes an object of (91) by the formula (82).

G ↷ WG ∈ G Act(∆Set) . (92)

Making explicit the following elementary Ex. A.30 serves to straighten out a web of conventions about (sim-
plicial) group actions.

Example A.30 (Simplicial group canonically acting on itself). Any G ∈ Grp(∆Set) becomes an object of the
category of simplicial G -actions (91) in three canonical ways:

G ×G G ,
(gn,hn) 7−! gn ·hn

left
multiplication action

G ×G G ,
(gn,hn) 7−! hn ·g−1

n

right inverse
multiplication action

G ×G G .
(gn,hn) 7−! gn ·hn ·g−1

n

adjoint/conjugation
action

(93)

The first two are isomorphic in G Act(∆Set) via the inversion operation:
(gn,hn) gn ·hn

G ×G G

G ×G G

(gn,h−1
n ) h−1

n ·g−1
n

left
multiplication

id×(−)−1 ∼

(−)−1∼

right inverse
multiplication

(94)
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Homotopy theory of simplicial group actions.

Notation A.31 (Model category of simplicial group actions ([DDK80, §2][Gui06, §5][GJ99, §V Thm. 2.3])). For
G ∈ Grp

(
∆Set

)
, we have on the category of G -actions (91) the projective model structure (the coarse- or Borel-

equivariant model structure) whose fibrations and weak equivalences are those of the underlying ∆SetQu (Ntn.
A.49), which we denote as:

G Act(∆Set)proj := Fnctr∆(BG , ∆Set)proj . (95)

Lemma A.32 (Cofibrations of simplicial group actions [DDK80, Prop. 2.2 (ii)][Gui06, Prop. 5.3][GJ99, §V Lem.
2.4]). The cofibrations of G Act

(
∆Set

)
proj (95) are the monomorphisms such that the G -action on the simplices not

in their image is free.

Lemma A.33 (Equivariant equivalence of simplicial universal principal complexes). For H
i

↪−! G a simplicial
subgroup inclusion, the induced inclusion

WH WG
W (i)

∈W
∈ H Act(∆Set)proj

of their standard simplicial principal complexes (Def. A.20) equipped with their canonical H -action (82) is a
weak equivalence in the Borel-equivariant model structure (95)

Proof. The underlying simplicial sets of both are contractible, by Prop. A.23, so that underlying any equivariant
morphism between them is an simplicial weak homotopy equivalence.

The following Prop. A.34 is the model category theoretic avatar of the slice characterization of ∞-group actions
in (31):

Proposition A.34 (Quillen equivalence between Borel model structure and the slice over classifying complex).
For any G ∈ Grp

(
∆Set

)
there is a simplicial adjunction

homotopy fiber

(−)×WG WG ⊣
Borel construction(

(−)×WG
)
/G (96)

between the Borel model structure (95) and the slice model structure of ∆SetQu (74) over the simplicial classifying
complex WG (83), hence a natural isomorphism of hom-complexes

G Act(∆Set)
(
(−)×WG WG , (−)

)
≃ ∆Set/WG

(
(−),

(
(−)×WG

)
/G

)
∈ ∆Set , (97)

which is a Quillen equivalence:

G Act
(
∆Set

)
proj

(
∆SetQu

)
/WG

.
((−)×WG )/G

≃Qu

(−)×WG WG

(98)

Proof. The plain adjunction in (98) is [DDK80, Prop. 2.3]. The simplicial enrichment (97), hence the natural
bijections

Hom
((

(−)×WG

)
×∆[k], (−)

)
≃ Hom

(
(−)×∆[k],

(
(−)×WG

)
/G

)
∈ Set ,

are left somewhat implicit in [DDK80, Prop. 2.4], but follows readily from the plain adjunction via the natural
isomorphism (

(−)×WG WG
)
×∆[k] ≃

(
(−)×∆[k]

)
×WG WG ,

which, in turn, follows from the pasting law (Fact A.46):

(X ×WG WG)×∆[k] ≃ (X ×∆[k])×WG WG X ×∆[k]

X ×WG WG X

WG WG .

(pb)
pr1

(pb)
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Example A.35 (Coprojections out of Borel construction are Kan fibrations). For G ↷X ∈ G Act(∆Set) such that
the underlying simplicial set X is a Kan complex, hence such that

G ↷X
∈ Fib
−−−! ∗ ∈ G Act(∆Set)proj ,

the projection from the Borel construction (96) to the simplicial classifying space (Def. A.20) is a Kan fibration,
due to the right Quillen functor property (98):

X (WG ×X)/G

WG

fib(q)

∈Fibq =

(
WG ×

(X
#
∗

))/
G .

The fiber of this fibration, hence the homotopy fiber, is clearly X .
In the special case where G ↷X = G ↷GL is the multiplication action of the simplicial group on itself (Exp.

A.30), this construction reduces to the universal principal simplicial bundle (83):

G WG

WG

q ∈Fib =

(
WG ×

(
GL
#
∗

))/
G (99)

Notation A.36 (Homotopy quotient of simplicial group actions). For G ∈ Grp(∆Set), we denote the right derived
functor of the Borel construction right Quillen functor (98) by:

(−)�G := R
(
((−)×WG )

/
G
)

: Ho
(
G Act(∆Set)proj

)
−−−! Ho

(
∆SetQu

)
.

Applied to the point G ↷ ∗ we also write
BG := ∗�G . (100)

As an example:

Proposition A.37 (G-Sets in the homotopy theory over BG). For G ∈ Grp(Set) ↪−! Grp(∆Set), we have an equiv-
alence between G-actions on sets and 0-truncated objects in the homotopy theory slice over BG:

GAct(Set) ((Grpd∞)/BG)≤0
(
Grpd∞

)
/BG

G ↷X 7−!
(
X�G−! BG

)≃

Proof. Since
(
X ×G ⇒ X

)
−! (G ⇒ ∗) is clearly a Kan fibration with fiber X , the latter is the homotopy fiber of

X�G B
−! G. With this, the statement follows by Prop. A.34.

Free loop space of classifying spaces.

Proposition A.38 (Free loop space of simplicial classifying space). For G ∈ Grp(∆Set), the function complex
from the simplicial classifying space (Def. A.20) of the additive group of integers to that of G is equivalent to the
homotopy quotient (Nota. A.36) of the conjugation action of G on itself (Ex. A.30)

Map
(
WZ,WG

)
≃ G �ad G ∈ Ho

(
∆SetQu

)
.

For topological groups this statement is folklore but rarely argued in detail. A point-set topology argument is
spelled out in [Gr07, §A], and the idea of the following abstract argument is in [KSS09, Lem. 9.1], which we adapt
to simplicial groups:
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Proof. Consider the following commuting diagram in ∆Set:
WG
G ×WG

WG×Gad

G
WG×WG×Gad

G×G
WG
G

WG
G

WG×WG
G×G

pr1∈W

(pb)

∼[⃗g,(⃗g
′ ,h)]7!

([⃗g], (⃗
g−

1 ·(h·⃗g
′ )))

∈FibW (G×G )×

Gad
#
∗


G×G

diag

∈W

[⃗g,(⃗g,e)] [ [⃗g]

diag

(101)

where
Gad ∈ (G ×G )Act(∆Set)

resdiagG−−−−! G Act(∆Set)

denotes the conjugation action on G = undrlng(Gad)

Gad ×
(
G ×G

)
Gad(

gk,(h′k,hk)
)

7−! h′k ·gk ·h−1
k

and its restriction along the diagonal to h′ = h. Here
• the right vertical morphism is a Kan fibration by Lemma A.13 and Prop. A.34 (see Ex. A.35);
• all objects are fibrant (are Kan complexes), by Prop. A.23 and by the previous item;
• the horizontal morphism on the top right is a weak equivalence, by 2-out-of-3, as it is the left inverse to the

triangular composite of morphisms, which is a weak equivalence by Prop. A.23.
Therefore (as recalled in [FSS20Cha, Def. A.24]), the pullback diagram in (101) represents the homotopy pullback
that characterizes

[
WZ,WG

]
, according to Example A.25.

As an immediate consequence:

Proposition A.39 (Free loop space of classifying space of simplicial abelian group).
Let A ∈ AbGrp(∆Set)

Disc
↪−−! Grp(SmthGrpd∞) be a simplicial abelian group. Then

Map(BZ, BA ) ≃ A ×BA and CycSS1
coh

(
BA

)
≃ B2Z×A ×BA .

Proof. This is given by the following sequence of equivalences:

Map
(
BZ, BA

)
≃ Aad×WA

A by Prop. A.38

≃ Atriv×WA
A since each An is abelian

≃ A × WA
A

≃ A ×WA by (83)

≃ A ×BA by (100) .

Example A.40 (Free loop space of Eilenberg-MacLane space). For A ∈ AbGrp(Set) with BnA ≃ K(A,n) for n ∈N
(Ex. A.16), Prop. A.39 yields:

Map(BZ, Bn+1A) ≃ BnA × Bn+1A .

Free and co-free simplicial actions.

Proposition A.41 (Free and co-free simplicial actions). For G ∈ Grp(∆Set), the forgetful functor that sends G -
actions (91) to their underlying simplicial set has both a left adjoint (“free action”) and a right adjoint (“co-free
action”), both of which are Quillen adjunctions with respect to the classical model structure on ∆Set and the
projective model structure on G Act(∆Set) (95):

∆SetQu G Act(∆SetQu)proj .

G×(−)

[G ,−]

undrlng
⊥Qu

⊥Qu
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Here the underlying object of the co-free action on X ∈ ∆Set is the simplicial function complex (68)

Map(G , X) = Hom(G ×∆[•], X)
)

∈ ∆Set

and its G -action
G ×Map(G , X)

(−)·(−)
−−−−−! G

in degree m ∈ N is the function Hom
(
∆[n], G

)
×Hom

(
G ×∆[n], X

)
−! Hom

(
G ×∆[n], X

)
given by(

∆[n]
gn−! G , G ×∆[n]

φ
−! X

)
7!

(
G ×∆[n]

id×diag
−−−−! G ×∆[n]×∆[n]

id×gn×id
−−−−−! G ×G ×∆[n]

(−)·(−)×id
−−−−−−! G ×∆[n]

φ
−! X

)
. (102)

Proof. The undrlng-functor preserves fibrations and weak equivalences by definition of the projective model struc-
ture (95), and it preserves cofibrations by Lemma A.32. Therefore it is both a left and a right Quillen adjoint as
soon as it is a left and a right adjoint functor at all.

The left adjoint free action is straightforward. Also the right adjoint cofree action follows the same idea as that
of the cofree action on topological G-spaces, only that for simplicial sets one cannot argue point-wise as in point-
set topology, but needs the more abstract formula (102). The structure of this formula manifestly gives a simplicial
homomorphism, and by focusing on its images of the unique non-degenerate top-degree cell, ιn ∈ (∆[n])n (Ntn.
A.2), right-adjointness is seen essentially by the standard argument:

It is sufficient to check that we have a hom-isomorphism of the form{
P

φ(−)
−−−! [G ,X ]

}
(̃−)
 −−!

{
undrlng(P)

φ̃(−)
−−−! X

}
(103)

as a bijection natural in P ∈ G Act(∆Set) and X ∈ ∆Set. So, for

φ(−) : pn 7−!
(
φpn : G ×∆[n]−! X

)
on the left in (103), define its candidate adjunct to be

φ̃(−) : pn 7−! φpn(en, pn) ∈ Xn , (104)

where en ∈Gn denotes the neutral element in degree n∈N. It is clear that this assignment is a natural transformation
in P and X , hence it remains to show that φ̃ uniquely determines φ(−).

To that end, observe for any gn ∈ Gn the following sequence of identifications:

φpn(gn, ιn) = φpn(en ·gn, ιn) by the unit law in Gn

= (gn ·φpn)(en, ιn) by (102)

= φgn·pn(en, ιn) by equivariance of φ

= φ̃gn·pn by (104) .

This shows that the morphsims φ(−) and φ̃(−) uniquely determine each other, establishing the bijection (103), and
hence the claimed adjunction.

A.1.1 Group cohomology

Proposition A.42 (Finite subgroups of Sp(1) [Klein1884]). The finite subgroups G
i

↪−! Spin(3)≃ SU(2)≃ Sp(1)
are given, up to conjugacy, by the following classification (where n ∈ N):

Label Finite subgroup
of SU(2)

Name of
group

An Zn+1 Cyclic
Dn+4 2Dn+2 Binary dihedral
E6 2T Binary tetrahedral
E7 2O Binary octahedral
E8 2I Binary icosahedral

For pointers to modern proofs, see [HSS18, Rem. A.9].
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Proposition A.43 (Integral group cohomology of finite subgroups of SU(2)). The integral group cohomology (Ex.

A.17) of the finite subgroups G
i

↪−! SU(2) (Prop. A.42) is as follows:

Hn
grp(G, Z) ≃


Z for n = 0

G/[G,G] for n = 2mod4
Z/ |G| for n = 0mod4, n ≥ 1;

0 otherwise .

This is summarized in [EG17, p. 12]. Detailed computation for the three exceptional cases is given in [TZ08, §4].
The vanishing of H3

grp(G,Z)≃ H2
grp(G,U(1)) is also made explicit in [FHHP00, Cor. 3.1].

Proposition A.44 (Pullback of 2nd Chern class to ADE-subgroup). For G
i

↪−! SU(2) ≃ Spin(3) a finite subgroup
(Prop. A.42) the induced pullback in degree-4 integral group cohomology (Ex. A.17) takes the generator (e.g.
[MiSt74][CV98, Lem. 2.1])

c2 = 1 ∈ Z ≃ H4(BSU(2); Z
)

equivalently 1
4 p1 = 1 ∈ Z ≃ H4(BSpin(3); Z

)
to a generator (via Prop. A.43)

[1] ∈ Z/ |G| ≃ H4(G; Z
)

in that the pullback is the quotient projection Z q
−! Z/ |G|:

H4
grp

(
Sp(1); Z

)
H4

(
BSp(1)l; Z

)
Z 1

2 p1

H4
grp

(
G; Z

)
H4

(
BG; Z

)
Z/ |G| [1]

≃
i∗

≃
Bi∗

∋
q

≃ ≃ ∋
(105)

Proof. This is essentially the statement of [EG17, Prop. 4.1], whose proof is analogous to Lemma 3.1 there, where
the analogue of (105) is the top left square of the commuting diagram on p. 11.

A.2 Notions of cohesive ∞-topos theory

In the main text we make free use of basic notions from ∞-topos theory ([TV05][Lu09][Re10]), and of cohesive
∞-topos theory [SSS12, §3.1][Sc13] as laid out and developed in [SS20Orb][SS21EPB]. For reference, here we
list some key notation and facts.

We first list abstract notions in ∞-toposes and then recall, in some cases, their presentation by model categories
of simplicial presheaves.

Notation A.45 (∞-Toposes). Given any ∞-topos H, we write:
• (−)�G : G Act

(
H
)
−!H

for the homotopy quotient construction by ∞-actions of smooth ∞-groups G ∈ Grp
(
H
)

• BG ≃ ∗�G ∈ H
for the delooping (“moduli stack”) of any group ∞-stack G ∈ Grp(SmthGrpd∞);

• Bn+1A = B
(
BnA

)
for the iterative delooping of (n+1)-fold commutative ∞-groups

We denote homotopy Cartesian squares by putting the label “(pb)” at their center.

Fact A.46 (Homotopy pasting law, [Hir02, Pro. 13.3.15][Lu09, Lem. 4.4.2.1]). Given a pasting diagram of
homotopy commutative squares

(pb)

where the right square is homotopy cartesian (is a homotopy pullback), then the left square is so if and only if the
total rectangle is. (NB: In 1-categories this restricts to the pasting law for plain Cartesian/pullback squares.)
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Fact A.47 (Fundamental theorem of ∞-topos theory, [Lu09, §6.3.5]). Given an ∞-topos H, then:
(i) for every object X ∈ H the slice ∞-category H/X is again an ∞-topos;

(ii) for every morphism X
f
−! Y in H there is an induced base change adjoint triple:

H/X H/Y ,

f!

f ∗

f∗

⊥

⊥
(106)

where, in terms of H, f ∗ is given by pullback along f and f! by postcomposition with f .

Notation A.48 (Cohesive/smooth ∞-toposes). We write:
• SmthGrpd∞ := Sh∞(CartSpc)

for the ∞-topos over the site of Cartesian spaces (equivalently over all smooth manifolds) with smooth func-
tions between them and with respect to differentiably good open covers, presented by the projective local model
structure on simplicial presheaves over this site (cf. Def. A.50).

• SmthMnfld ↪−! SmthOrbfld ↪−! SmthGrpd∞

for the full inclusion of the (2,1)-category of orbifolds regarded as differentiable stacks,
among these the good orbifolds are the global homotopy quotients X�G ∈ SmthGrpd∞,
for G ↷X a smooth action of a discrete group on a smooth manifold X .

• Map
(
X , A

)
∈ SmthGrpd∞

for the stack of maps between X ,A ∈ SmthGrpd∞ (their internal hom).
•

SmthGrpd∞ SmthGrpd∞

Grpd∞

S
shape modality

∥−∥ Disc
(−) S(−)

η
S
(−)

shape unit

,

shape idempotency

S◦ S ∼
−−! S (107)

for the shape monad sending any stack to the homotopy type of its fat geometric realization [SS20Orb, Ex.
3.18], re-embedded as a geometrically discrete ∞-stack.

• S1
coh ∈ DTopSp ↪−! DfflgSpc ↪−! SmthGrpd∞ .

for the cohesive circle, i.e. the circle with its usual structure of a topologogical space8, so that
SS1

coh ≃ BZ ∈ Grpd1 ↪! Grpd∞

Disc
↪−−! SmthGrpd∞

denotes the homotopy type underlying the circle (cf. Lemma 2.8).

Simplicial presheaves. The possibly earliest reference on the homotopy theory of simplicial presheaves is [Br73],
which is still highly recommended reading. A comprehensive modern monograph is [Ja15]. The cohesive example
over the site CartSpc originates with [FStS12, App.]. All facts that we need here are concisely reviewed and
referenced in [FSS20Cha, §A] and [SS21EPB, §3.2].

Notation A.49 (Model categories of simplicial presheaves). Given a simplicial site (C ,J), i.e. a small simplicially
enriched category (Rem. A.7) equipped with a Grothendieck pre-topology (coverage) on its homotopy category,
we write:
(i) ∆PSh(C ) ∈ Cat∆ for the simplicial category of simplicial presheaves on C ;
(ii) ∆PSh(C ) inj/

proj
∈ CombMdlCat∆,prop for the global injective or projective model category structure, respectively;

(iii) ∆PSh(C ,J) inj/
proj,loc

∈ CombMdlCat∆,prop for the J-local injective or projective model category structure, whose

weak equivalences are the J-stalk-wise weak equivalences in ∆SetQu (the “hypercomplete” local model structure).

Definition A.50 (Smooth ∞-groupoids). We write

SmthGrpd∞
:= LocW

(
∆PSh(CartSp) proj

loc

)
≃ LocWloc

(
∆PSh(SmthMnfld) proj

loc

)
∈ 2Ho

(
Topos∞

)
.

8We may alternatively regard S1
coh ∈ SmthMnfld ↪! DfflgSpc ↪! SmthGrpd∞ with its standard structure of a smooth manifold. All

constructions in the main text remain valid, only that in this case they pass through differentiable stacks instead of topological stacks.
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for the ∞-topos presented by the local model structure (Nota. A.49) with respect to differentiably good open covers
of Cartesian spaces.

The point of working over the site CartSpc instead of over the (hypercompletely) equivalent site of all smooth
manifolds is that it allows for more efficient computations (ultimately related to the fact that smooth manifolds are
themselves already glued from Cartesian spaces, hence that the inclusion CartSpc ↪! SmthMnfld exhibits a dense
subsite). Namely, over CartSpc

(i) the simplicial delooping W (Def. A.20) of every homotopy-sheaf of simplicial groups is itself a homotopy-
sheaf, in that it is fibrant in the local model structure (Ntn. A.31);
([SS21EPB, Prop. 3.3.30][Pa22, Prop. 4.13])

(ii) cofibrant replacement is still nicely tractable, namely given by (differentiably) good open covers.
In the main text we mainly appeal to this second fact, and so in the remainer we spell this out further:

Proposition A.51 (Dugger’s cofibrancy recognition [Du01b, Cor . 9.4]). Let S be a 1-site. A sufficient condition
for X ∈ SimplPSh(S ) proj

loc
(Nota. A.49) to be projectively cofibrant is that in each simplicial degree k, the component

presheaf Xk ∈ PSh(S ) is
(i) a coproduct Xk ≃

∏

ik
Uik of representables Uik ∈ S

y
↪−! PSh(S );

(ii) whose degenerate cells split off as a disjoint summand: Xk ≃ Nk
∏ im(σ) for some Nk.

Example A.52 (Basic examples of projectively cofibrant simplicial presheaves). Let S be a 1-site. Examples of
projectively cofibrant simplicial presheaves over S include:

(i) every representable U ∈ Y
y

↪−! SimplPSh(S );

(ii) every constant simplicial presheaf S ∈ SimpSets
const
↪−−! SimplPSh(S );

and in joint generalization of these two cases:
(iv) every product U ×S of a representable with a simplicial set.

In all cases, the defining lifting property is readily checked. Alternatively, these follow with Prop. A.51.

Proposition A.53 (Quillen functor for shape modality on smooth ∞-groupoids). The shape-monad (107) on smooth
∞-groupoids (Def. A.50)

SmthGrpd∞ Grpd∞

Shp
⊥

Disc
is equivalently the left derived functor of the colimit operation on simplicial presheaves over Cartesian spaces,
regarded as functors CartSpcop −! S∆Set, in that the following is a Quillen adjunction:

∆PSh(CartSpc) proj
loc

∆SetQu

lim
−!

⊥Qu

const
(108)

Moreover, on a simplicial presheaf satisfying Dugger’s cofibrancy condition (Prop. A.51)

∅ ∏

i•∈I•
Rni• X∈Cof ∈W ∈ ∆PSh(CartSpc) proh

loc
(109)

the shape is given by the simplicial set obtained by contracting all copies of Cartesian spaces to the point:
SX ≃

∏

i•∈I•

∗ ∈ ∆SetQu .

Proof. First observe that the colimit over a representable functor is the point (e.g. [SS20Orb, Lem. 2.40])

lim
−!

Rn := lim
−!

y(Rn) ≃ ∗ ∈ Set ↪−! ∆Set , (110)

so that the colimit of a simplicial presheaf of the form (109) is the simplicial set obtained by replacing all copies
of Cartesian spaces by a point:

lim
−!

(
∏

i•∈I•
Rni•

)
≃

(
lim
−!

Rni•
)

since colimits commute with coproducts

≃ ∏

i•∈I•
∗ by (110) .

(111)
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Next, it is clear that (108) is a simplicial Quillen adjunction for the global projective model structure. To show
that it is also Quillen for the local model structure it is hence sufficient, by [Lu09, Cor. A.3.7.2], to see that
the right adjoint preserves fibrant objects. By adjunction this is equivalent to the statement that for

{
Ui ↪! X

}
a

differentiably good open cover, with U := ∏

i
Ui, we have a simplicial weak homotopy equivalence

lim
−!

y(U×•
X )

∈W
−−! ∗ . (112)

But, by (111), the left hand side of (112) is the simplicial set obtained by contracting summands of the Cech nerve
of the good cover to the point. Therefore, since any Cartesian space is contractible, the nerve theorem ([MC67,
Thm. 2], review in [HatAT, Prop. 4G.3]) implies (112). With this, the last statement follows from the fact that left
derived functors may be computed on any cofibrant resolution:

SX ≃ (Llim
−!

)(X) by (108)

≃ lim
−!

(
∏

i•∈I•
Rn

)
by Prop. A.51

≃ ∏

i•∈I•
∗ by (111) .

Example A.54 (Good open covers are projectively cofibrant resolutions of smooth manifolds).
Any X ∈ SmthMnfld

y
−! ∆PSh(CartSpc) admits a differentiably good open cover ([FStS12, Prop. A.1]), namely

an open cover such that all non-empty finite intersections of patches are diffeomorphic to an open ball, and hence
to Rdim(X): {

Ui ≃ Rdim(X) ↪−! X
}

i∈I , s.t. ∀
k∈N

i0 ,i1 ,··· ,ik∈I

Ui0 ∩Ui1 ∩·· ·∩Uik ≃
diff

Rdim(X) if non-empty . (113)

By Dugger’s recognition (Prop. A.51) this means that the corresponding Cech nerve is projectively cofibrant;
moreover, its canonical morphism to X is clearly a stalkwise weak equivalence, so that it provides a cofibrant
resolution of X in the local model structure (Def. A.50):

∅ U×•
X X∈Cof ∈Wloc ∈ ∆PSh(CartSpc) proj

loc
, for U :=

∏

i
Ui .

Proposition A.55 (Shape of smooth manifolds is their homotopy type). For X ∈ SmthMnfld
y

↪−! SmthGrpd∞ (Def.
A.50) their shape is their standard homotopy type.

Example A.56 (Standard cofibrant resolution of the smooth circle). Considering the smooth circle as the quotient
of the real numbers by the integers

Z R S1i p ∈ SmthMnfld
y

↪−! ∆PSh(CartSpc) proj
loc

,

Dugger’s recognition (Prop. A.51) shows that the Cech nerve of p constitutes a cofibrant resolution of the circle in
the projective local model structure (Def. A.50)

∅ R×Z×• R×•
S1 S1 .

(r, n⃗) 7−!
(
r,(r+n1),(r+n1 +n2), · · ·

)∈Cof ∼ ∈W

Proposition A.57 (Presentation of ∞-topos by simplicial presheaves). Let C be a 1-site. Then the Čech/stalk-
local injective or projective model category structure on simplicial presheaves over C presents the topologi-
cal/hypercomplete ∞-topos over C in that there is an equivalence of homotopy categories

Ho
(

∆PSh(C ) inj/
proj ,loc

)
Ho

(
Sh∞(C )

)
∼

Ho(L)

and for all cofibrant X and fibrant A in ∆PSh(C ) an equivalence of hom-∞-groupoids

∆PSh(C )(X ,A) ≃ Sh∞

(
L(X),L(A)

)
. (114)

Proposition A.58 (∞-Yoneda lemma). For S ∈ Categories∞ we have a fully faithful embedding

S PSh∞(S )

U 7−! S (−,U)

y
(115)

and a natural equivalence for U ∈ C and X ∈ PSh∞(S ):

PSh∞

(
y(U), X

)
≃ X(U) . (116)
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