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Syllabus

Essential course information

Course title Introduction to Homotopy Type Theory
Instructor Egbert Rijke

Department of Philosophy

Carnegie Mellon University
Course number 80-518, 80-818

Semester Spring 2018

Website http://www.andrew.cmu.edu/user/erijke/hott/
Lecture room Baker Hall 150

Meeting time Tue/Thu 12:00 - 1:20

Email erijke@andrew.cmu.edu

Instructor’s office  Baker Hall 148

Office Hours Mon/Wed 5:00 - 6:00, or by appointment

Course description

Homotopy Type Theory (HoTT) is an emerging field of mathematics and
computer science that extends Martin-Lof’s dependent type theory by the
addition of the univalence axiom and higher inductive types. In HoTT we think
of types as spaces, dependent types as fibrations, and of the identity types as
path spaces. We start the course by introducing type theory as a deductive
system, and once the basic ingredients of homotopy type theory are in place
we will mainly focus on synthetic homotopy theory, i.e. the development of
homotopy theory in type theory.


http://www.andrew.cmu.edu/user/erijke/hott/
mailto:erijke@andrew.cmu.edu

vi SYLLABUS

Course material

We will roughly follow the book Homotopy Type Theory: Univalent foundation
of mathematics [2], of which a PDF is freely available.

Some of the later results of synthetic homotopy theory can only be found in
recent research papers. We will also use the PhD thesis of Guillaume Brunerie
[1] as a resource.

Organization

Each session will consist of two parts: a 50 minute lecture and 30 minutes
in which students present solutions to exercises provided with the previous
lecture. These presentations are intended to be short (roughly 5 minutes) and
focused to the problem at hand. Problem sets will be posted below with the
lecture synopses.

Students are expected to:

(i) Present a solution when they are asked to do so (usually a week in
advance). Graduate students will be asked to present more often than
undergraduate students.

(ii) Per lecture, either correct a somewhat substantial mistake made by the
instructor, or hand in a written solution for one exercise of their choice.
Written solutions are to be handed in at the start of the next lecture for
an A, or at the start of the next lecture after that for a B. Collaborations
are encouraged, but solutions must be handed in individually. Presenting
students hand in a written solution for the exercise they are asked to
present.

Hints for the exercises will be presented by the instructor during office
hours, a day before they have to be handed in.



Lecture 1

Dependent type theory

1.1 The primitive judgments of type theory

The theory of type dependency is formulated as a deductive system in which
derivations establish that a given construction is well-formed. In any dependent
type theory there are four primitive judgments:

(i) ‘A is a well-formed type in context T'.
(ii) ‘A and B are judgmentally equal types in context T".
(iii) ‘a is a well-formed term of type A in context T'.
(iv) ‘a and b are judgmentally equal terms of type A in context I'.’
The symbolic expressions for these four primitive judgments are as follows:

'+ A type I' - A= B type
I'Fa:A I'Fa=b:A.

A context is an expression of the form

xq Al, xIo Ag(xl), N I An(xl, e ,xn_l),
which we often simply write as x1 : A1, xo: As, ..., T, : Ay, satisfying the
condition that for each 1 < k < n we have that A is a well-formed type in
context x1 : Al,.l‘g : AQ, ooy L1 ¢ Ak—la i.e.

11 A, X0 Ao, 1 s A1 B A type.

1



2 LECTURE 1. DEPENDENT TYPE THEORY

We say that a context x1 : A1, ..., x,, : A, declares the variables 1, ..., z,.
We may use variable names other than x1,...,x,, as long as no variable is
declared more than once.

In the special case where n = 0, the list 21 : A1, 20 : Ao, ..., 2, : Ay i8S
empty, which satisfies the well-formedness condition vacuously. In other words,
the empty context is well-formed. A well-formed type in the empty context
is also called a closed type, and a well-formed term of a closed type is called
a closed term.

When B is a type in context I',z : A, we also say that B is a family of
types over A (in context I').

1.2 Renaming variables

In some situations one might want to change the name of a variable in a context.
This is allowed, provided that the new variable does not occur anywhere else in
the context, so that also after renaming no variable is declared more than once.
The inference rules that rename a variable are sometimes called a-conversion
rules.

If we are given a type A in context I', then for any type B in context
I,z : A A we can form the type B[z’/z] in context I', 2’ : A, A[z'/x], where
Blz'/x] is an abbreviation for

/
B(xlv' -y Tn—1,T, Tp41,-- 'axn+mfl)

This definition of renaming the variable z by z’ is understood to be recursive
over the length of A. The first variable renaming rule postulates that the
renaming of a variable preserves well-formedness of types:

Ix: A AF B type

/
I,2': A, Al2'/x] - Bl /x] type v/

Similarly we obtain for any term b : B in context I',x : A, A a term
b’ /x| : B[z'/x], and there is a variable renaming rule postulating that the
renaming of a variable preserves the well-formedness of terms. In fact, there is
variable renaming rule for each of the primitive judgments. To avoid having
to state essentially the same rule four times in a row, we postulate the four
variable renaming rules all at once using a generic judgment J.

T,o:AAFJ

T A A 2l Ty 2"




1.3. INFERENCE RULES GOVERNING JUDGMENTAL EQUALITY 3

where J may be a typing judgment, a judgment of equality of types, a term
judgment, or a judgment of equality of terms. We will use generic judgments
extensively to postulate the rest of the rules of dependent type theory.

1.3 Inference rules governing judgmental equality

Both on types and on terms, we postulate that judgmental equality is an
equivalence relation. That is, we provide inference rules for the reflexivity,
symmetry and transitivity of both kinds of judgmental equality:

'+ A type 'FA=A"type T A=A type Tk A = A" type
'FA=Atype TFA =Atype '~ A= A" type

I'a:A I'Fa=d : A I'Fa=ad:A I'Fa'=a": A
'Fa=a:A l'Fad =a:4 T'Fa=ad": A

Apart from the rules postulating that judgmental equality is an equivalence
relation, there are also variable conversion rules. Informally, these are rules
stating that if A and A’ are judgmentally equal types in context I', then any
valid judgment in context I', z : A is also a valid judgment in context I,z : A'.
In other words: we can convert the type of a variable to a judgmentally equal
type. We state this with a generic judgment J

I'-A=A type Ne: A AFT
Ta:AAFJ

A'JA

An analogous term conversion rule stated in Exercise 1.1, converting the type
of a term to a judgmentally equal type, is derivable.

1.4 Structural rules of type theory

We complete the specification of dependent type theory by postulating rules
for weakening and substitution, and the variable rule:

(i) If we are given a type A in context I', then any judgment made in a
longer context I'; A can also be made in the context I';z : A, A, for a
fresh variable z. The weakening rule asserts that weakening by a type
A in context preserves well-formedness and judgmental equality of types
and terms.

I'F A type | VAN 4

To:AAFT Wa




(iii)

LECTURE 1. DEPENDENT TYPE THEORY

This process of expanding the context by a fresh variable of type A is
called weakening (by A). The type family W4 (B) over A is also called
the constant family B, or the trivial family B.

If we are given a type A in context I', then x is a well-formed term of
type A in context I', x : A.

' A type
Te:AFz: A

04

This is called the variable rule. It provides an identity function on the
type A in context I'.

If we are given a term a : A in context I', then for any type B in context
Iz : A, A we can form the type Bla/z] in context I', Ala/x], where
Bla/x] is an abbreviation for

B(xlv cee )l‘n*l’a(xlv s 7$n71)7$n+17 cee 7$n+m71)

This definition of substituting a for x is understood to be recursive over
the length of A. Similarly we obtain for any term b : B in context
I,z : A A aterm bla/x] : Bla/x]. The substitution rule asserts that
substitution preserves well-formedness and judgmental equality of types
and terms:

T'rFa:A z:AAHT
[, Ala/z] = Jla/x]

Sa

Furthermore, we postulate that substitution by judgmentally equal terms
results in judgmentally equal types

F'Fa=d:A Ix: A AF B type
I, Ala/z] b Bla/z] = Bld'/x] type

and it also results in judgmentally equal terms

l'Fa=dad:A I'z:AA+Fb: B
I, Ala/z| b bla/x] = bld’/z] : Bla/x]

When B is a family of types over A and a : A, we also say that Bla/z]
is the fiber of B at a. Often we write B(a) for Bla/x].
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FEzample 1.4.1. To give an example of how the deductive system works, we
give a deduction for the interchange rule

I' - B type x:Ay:B, AT
Ny:B,x: A AT

In other words, if we have two types A and B in context I', and we make a
judgment in context I';z : A,y : B, then we can make that same judgment in
context I,y : B,z : A. The derivation is as follows:

'+ B type Nx:Ay:B,ART y
I A (SB . !/, ! / y y
Ty:BFy:B ", Loz Ay B A /yl = T /Y]
T,y:Ba:Ary:B " T y:Ba:Ay:BAY/yr I/ SWB
Ty Bz AAFJ a)
Exercises

1.1 Give a derivation for the following conversion rule:

' A=A type ka:A
Fta:A







Lecture 2

Dependent function types
and the natural numbers

2.1 Dependent function types

Dependent function types are formed from a type A and a type family B
over A, i.e. the II-formation rule is as follows:

I'x: AF B(z) type
I [ (y:a) B(z) type

' A=A type Iyz: Ak B(x) = B'(x) type
' [Ty B(x) = 11 (z.a) B'(2) type

Il-eq

Furthermore, when z’ is a fresh variable, i.e. which does not occur in the
context I,z : A, we also postulate that

Ix: AF B(z) type
I+ [1g:a) B(®@) = 1.4y B(2') type

The idea of dependent function types is that their terms are functions of which
the type of the output depends on the input. In other words, they consist
of constructions that provide for every x : A a term b(x) : B(x). Dependent
functions are formed from terms b(x) of type B(z) in context I,z : A, i.e. the
A-abstraction rule is as follows:

-2’ Jx

Iz: At b(z): B(x)
' Az b(z) : [(;.4) B()

Aa

7



8 LECTURE 2. 1II-TYPES AND THE NATURAL NUMBERS

Coz: AbFb(z) =V (z) : B(x)

A a-
I Az b(z) = Az V (2) : [],.4) B(2) Aamed

Furthermore, when 2’ is a fresh variable, we also postulate that

Iz: At b(z): B(x)
[ Az b(z) = A2’ b(2') : [ (5.a) B()

A2’ [x

There are also rules providing a way to use dependent functions. This is
determined by the evaluation rule, which asserts that given a dependent
function f : [],.4) B(z) in context I' we obtain a term f(z) of type B(z) in
context I',z : A. More formally:

L f o Tlgea) B(2)
z: Ak f(x): B(x)

ev s

In other words, every term of type B(z) in context I', z : A determines a term
of type H(w: 2B () in context T', and vice versa. The A-abstraction rule and
the evaluation rule are mutual inverses: we impose the S-rule

Dix: AFb(z): B(x)
Iz AF (Ay.b(y))(x) = b(x) : B(x)

B
and the n-rule

DXz f(z) = f: [ Bl2)

This completes the specification of dependent function types.

Ui

Remark 2.1.1. Types of dependent functions with multiple arguments can be
obtained by iterating the II-construction.

Remark 2.1.2. Some authors write
(x: A) — B(x)

for the dependent function type [ ,.4) B(z).
Remark 2.1.3. By the derivation

I'x: A B type

I'F T1(g:a) B(x) type
Ly f o lpay Bx) E f Tl a) B(2) o
U, f i lgay Blx),z: AF f(z) : B(x)

it follows that one can also evaluate variables of type [](,.4) B().
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2.2 Function types

In the case where both A and B are types in context I', we may first weaken
B by A, and then apply the formation rule for the dependent function type:

I' F A type I' - B type
I'x: A+ B type
I'ET1(y.a) B type

The result is the type of functions that take an argument of type A, and return
a term of type B. In other words, terms of the type H(x:A) B are ordinary
functions from A to B. We write A — B for the type of functions from A
to B.

I' - A type I' - B type
%
' A— B type

'+ B type Fx:AFb(z): B
'-Xx.b(z): A— B

'+f:A— B
Dx:AF f(z): B

ev

I' - B type Iz:AFb(z): B
Fz:AF (Ay.b(y))(z) =b(z) : B

T-f:A—> B
'FXe. f(x)=f:A— B

Ui

Remark 2.2.1. We also use the exponent notation B for the function type
A — B. Furthermore, we maintain the convention that the — associates to
the right, i.e. when we write A - B — C, we mean A — (B — C).

Remark 2.2.2. Similar to Remark 2.1.3, we can derive

I' - A type I' - B type
I,f:B4z:AF f(z): B




10 LECTURE 2. 1II-TYPES AND THE NATURAL NUMBERS

Definition 2.2.3. For any type A in context I', we define the identity
function id4 : A — A using the ‘variable rule’:

' A type
Fx:AFx: A
Thidg =X r.z: A— A

Definition 2.2.4. For any three types A, B, and C in context I', there is a
composition operation

comp: (B—=C)—= ((A— B) = (A— (),
i.e. we can derive

' A type I' F B type 'k C type
I'Fcomp:(B—C)— ((A—B)— (A—=C))

We will write g o f for ev(ev(comp, g), f).

Construction. We give the following derivation to define the composition
operation:

'+ B type ' C type
'k A type I+ B type F,g:CB,y:BFg(y):C
I,f:BAxz: A f(z): B L,g:CB,f:B%y:Btgy):C
Ig:CB f:BAx:AF f(z): B L,g:CB, f:BAx:Ay:BFgy):C
L,g:CB f:BA x: Ak g(f(2)):C
[,g:CB f:BAF \v.g(f(z)): CA
Ig:B—CFM. Mz g(f(z)): BA = CA
I'F comp := Ag. Af. M. g(f(x)) : CB — (BA — C4)

O]

Lemma 2.2.5. Composition of functions is associative, i.e. we can derive

'rf:A— B 'g:B—>C 'h:C—D
I'(hog)of=ho(gof):A—D

Proof. In the following derivation we prove that composition of functions is
associative.



2.3. THE NATURAL NUMBERS 11

T-f:A—B I'kg:B—C
F,x:Al—ev(f,x):B F,y:BFEV(g,y)IC I'th:C—>D
Iyz: At ev(g,ev(f,z)): C I'yz:Ckev(h,z): D

Ix: Ak ev(h,ev(g

[,z: AFev(h,ev(g,ev(f,z)))
Ix: Al—ev(hog,ev(f, 7))
)

ev(f,z))): D
ev(h,ev(g,ev(f,x))) : D
ev(h,ev(go f,x)):
=ev(ho(gof)z):
(gof):A—D

D
| Al—ev((hog) D
'k (hog)o

O]

Lemma 2.2.6. Composition of functions satisfies the left and right unit laws,
i.e. we can derive

'rf:A—B
TFidgof=/:A—B

and

'rf:A—B
TFfoidi=f:A— B

Proof. The derivation for the left unit law is

I' - B type
'-f:A—B Iy:Btev(dp,y)=y:B
yz:Atev(f,z): B Iz:Ay:Btev(idp,y) =y:B
[ x: Abev(idp,ev(f,z)) =ev(f,z): B
Iz:AbFev(idgo f,z) =ev(f,z): B
I'idgof=f:A— B
The right unit law is left as Exercise 2.1. O

2.3 The natural numbers

The archetypal example of an inductive type is the type of natural numbers.
The type of natural numbers is defined to be a closed type N equipped with
closed terms for a zero term and a successor function

0:N and S:N—=N,

To prove properties about the natural numbers, we postulate an induction
principle for N. In dependent type theory, however, the induction principle for
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the natural numbers provides a way to construct dependent functions of types
depending on the natural numbers.

The induction principle for N states that for every type P in context
I',n : N one can infer

I'Fpo: P(0)

I'Eps = [T P(n) = P(S(n))

I F indy(po, ps) : H(n:N) P(n)
Furthermore we require that the dependent function indy (P, po, ps) behaves as

expected when it is applied to 0 or a successor, i.e. with the same hypotheses
as for the induction principle we postulate the computation rules for N

N—Ind

_ N—Comp(0
' = indy(po, ps,0) = po : P(0) )

_ — _ N—Comp(S)
I',n: NFindn(po, ps, S(n)) = ps(n, indn(po, ps,n)) : P(S(n))
Using the induction principle of N we can perform many familiar construc-
tions. For instance, we can define the addition operation

add : N — (N —N)

by induction.
Informally, the definition of addition is as follows. By induction it suffices
to construct a function addy : N — N, and a function

adds(f) : N = N,

assuming n : N and f: N — N. The function addy : N — N is of course taken
to be idy, since it has to add nothing. Given a function f : N — N we define
addg(f) to be Am. S(f(m)), simply adding one to f pointwise.

The derivation for the construction of adds looks as follows:

FS:N—>N
- N type F N type n:NkFS(n):N
NV m:NF f(m):N NN m:Nn:NFSn):N
F N type f NV m :NF S(f(m)):N

n:N,f: N\ m:NFS(f(m)):N
Fadds := M. Af. Adm. S(f(m)) : N — NN — NN
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We combine this derivation with the induction principle of N to complete the
construction of addition:

F addy := idy : NN Faddg : N — NN — NN
I add : indy(addy, addg) : N — NN

Usually we will write n + m for add(n, m). By the computation rules we have

O+m=m
S(n) +m= S(n+m)

for any n,m : N.

Remark 2.3.1. The rules that we provided so far are not sufficient to also
conclude that n+ 0 =n and n+ S(m) = S(n + m). However, once we have
introduced the identity type we will nevertheless be able to identify n + 0 with
n, and n 4+ S(m) with S(n 4+ m).

Exercises

2.1 Give a derivation for the right unit law of Lemma 2.2.6.
2.2 In this exercise we generalize the composition operation of non-dependent
function types:

(a) Define a composition operation for dependent function types

L f i Iga) Bo) Loz Abg: .5 C,y)
'k go f : H(.’L’:A) C(IIZ‘, ev(f, JI))
and show that this operation agrees with ordinary composition when
it is specialized to non-dependent function types.
(b) Show that composition of dependent functions is associative.
(¢) Show that composition of dependent functions satisfies the right
unit law:

T f e T ga) B(2)
TF foida=/:lpB)

(d) Show that composition of dependent functions satisfies the left unit
law:

I'iidgo f= 1] B@)
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2.3 (a) Construct the constant function

I' F A type
I''y: Bk consty: A— B

(b) Show that

I'f:A—>B
I'z:Ckconst,o f=const, : A — C

(c) Show that

' A type I'g:B—C
Iy : B goconsty = conste(g,): A= C

2.4 (a) Given two types A and B in context I', and a type C in context
I',x: A,y : B, define the swap function

I'Fo: (H(I:A)H(y:B)C(x,y)) — (H(y:B)H(x:A)C(JC,y)>

that swaps the order of the arguments.
(b) Show that

TFooo=id: (H(x:A)H(y:B)C(x, y)) = (H(QC:A)H(y:B)C’(x, y)).

2.5 (a) Define the multiplication operation mul : N — (N — N).

(b) Define the power operation n,m — m™ of type N — (N — N).
(c) Define the factorial function n — nl.

2.6 Define the binary min and max functions min, max : N — (N — N).

2.7 Construct a function
ind : P(0) = (T P(0) = P(S())) = Tjnary P (),

in context I', for every type P in context I';n : N, and show that the
computation rules

indn(po, s, 0) = po
indx(po, ps, S(n)) = ps(n,indn(po, ps,n))

hold. Note: this is more an exercise in type theoretical bookkeeping than
an exercise about the natural numbers.



Lecture 3

Inductive types and the
universe

From this chapter on we will use a more informal style of reasoning. Keeping
in mind that formal deductions can be given, we will reason in prose.

3.1 Inductive types

Many other types can also be specified as inductive types, similar to the natural
numbers. The unit type, the empty type, and the booleans are the simplest
examples of this way of defining types. Just like the type of natural numbers,
other inductive types are also specified by their constructors, an induction
principle, and their computation rules:

(i) The constructors tell what structure the inductive type comes equipped
with. There may be multiple constructors, or no constructors at all in
the specification of an inductive type.

(ii) The induction principle specifies the data that should be provided in
order to construct a section of an arbitrary dependent type over the
inductive type.

(iii) The computation rules assert that the inductively defined section agrees
on the constructors with the data that was used to define the section.
Thus, there is a computation rule for every constructor.

The induction principle and computation rules can be generated automatically
once the constructors are specified, but it goes beyond the scope of our course
to describe general inductive types.

15
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Table 3.1: Many types can be defined as inductive types.

name type constructors
natural numbers N 0:N
S:N—-N
empty type 0
unit type 1 *: 1
booleans 2 0p:2
12 12
coproduct A+ B inl:A—>A+B
infr:B—A+B
product AxB (-,-):A— (B— AxB)
2-type Dy B@) () yay (By) = Xpa) B@))

A straightforward example of an inductive type is the unit type, which has
just one constructor. Its induction principle is analogous to just the base case
of induction on the natural numbers.

Definition 3.1.1. We define the unit type to be a closed type 1 equipped
with a closed term
*: 1,

satisfying the induction principle that for any type family I,z : 1 = P(z) type,
there is a term

indy : P(x) = [[,.)P (@)

in context I" for which the computation rule
indl (p7 *) =p
holds. Sometimes we write A x . p for indy(p).

The empty type is a degenerate example of an inductive type. It does
not come equipped with any constructors, and therefore there are also no
computation rules. The induction principle merely asserts that any type family
has a section. In other words: if we assume the empty type has a term, then
we can prove anything.

Definition 3.1.2. We define the empty type to be a type 0 satisfying the
induction principle that for any type family P : 0 — Type, there is a term
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Using the empty type we can also define negation. The idea is that if A is
false (i.e. has no terms), then from A follows everything.

Definition 3.1.3. For any type A, we define -4 := A — 0.

Unlike set theory, in most type theories every term has a wunique type.
Therefore we annotate the constructors of 2 with their type, to not confuse
them with the terms 0 and 1 of the natural numbers.

Definition 3.1.4. We define the booleans to be a type 2 that comes equipped
with

Og:2
12:2

satisfying the induction principle that for any type family P : 2 — Type, there
is a term

ind : P(03) = (P(12) = [0 () )
for which the computation rules
ind2(po, p1,02) = po
ind2(po, p1, 12) = p1
hold.

Definition 3.1.5. Let A and B be types. We define the coproduct A + B
to be a type that comes equipped with

inl:A—- A+ B
infr:B—- A+ B

satisfying the induction principle that for any type family P : (A+ B) — Type,
there is a term

ind, - (H(M)P(inux))) = (H(y:B)P(inr(y))> — Hnss P(2)
for which the computation rules

indJr(fag? mI(x)) = f(:E)
inr+(f, g,inr(y)) = g(y)

hold. Sometimes we write [f, g] for ind(f,g).
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The coproduct of two types is sometimes also called the disjoint sum.
When one thinks of types as propositions, then the coproduct plays the role of
the disjunction. To construct a term of type A + B you first have to decide
whether it is of the form inl or inr, and then you construct a term of A or
B accordingly. Of course, this is to be contrasted with the double negation
translation of the disjunction, which is read as ‘not neither A nor B’.

The dependent pair type (or X-type) can be thought of as a ‘type indexed’
disjoint sum. However, this intuition for the dependent pair type can be
counterproductive once we start to do homotopy theory in type theory. It is
better to think of the X-type as the total space of a family of types depending
continuously on a base type, just like one can have a family of spaces depending
continuously on a base space (i.e. a fibration).

Definition 3.1.6. Let A be a type in context I', and let I,z : A+ B(x) type
be a type family over A. The dependent pair type is defined to be the
inductive type Z(m: 4B (z) in context I' equipped with a pairing function

(77 7) : H(x:A) (B(:B) — Z(yA)B(y)) .
The induction principle for Z(x: 4B (x) asserts that for every type family

L,p: 3 .aB@) F P(p) type

one has

indy; : (H(m:A)H(y:B(z))P((x7y))) - (H(p;z(m:A) B(m))P<p))'
satisfying the computation rule

indE(f, (fﬁ, y)) = f(:l:a y)
Most of the time we write A\(z,y). f(x,y) for inds(Az. Ay. f(x,y)).

Remark 3.1.7. Some authors write (z : A) x B(z) for the dependent pair type
> (a:n) B(2).

Definition 3.1.8. Given a type A and a type family B over A, the first
projection map

pry: <Z(I;A)B($)) — A

is defined by induction as
pri := A(z,y). z.
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The second projection map is a dependent function
Hps o BenBPri(p)

defined by induction as
pry == A(z,y). y.

By the computation rule we have

prl ([L‘, y) =T
pray(z,y) = y.

When one thinks of types as propositions, then the Y-type has the role of
the existential quantification.

A special case of the Y-type occurs when the B is a type in context I
weakened by A (i.e. B is not actually depending on A). In this case, a term of
E(I:A) B is given as a pair consisting of a term of A and a term of B. Thus,
2 (z:a) B is the (cartesian) product) of A and B. Since the cartesian product
is so common (just like A — B is a common special case of the dependent
product), we provide its definition.

Definition 3.1.9. Let A and B be types in context I'.  The (cartesian)
product of A and B is defined as the inductive type A x B with constructor

(-,—):A— (B— AxB).

The induction principle for A x B asserts that for any type family P over
A x B, one has

inds : (T [Ty P 0)) = (Trans P9))
satisfying the computation rule that
indx (f, z,y) = f(z,y).
The projection maps are defined similarly to the projection maps of X-types.

When one thinks of types as propositions, then A x B is interpreted as the
conjunction of A and B.
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3.2 The universe

The induction principle for inductive types can be used to prove universal
quantifications. However, it would also be nice if we could construct new type
families over inductive types, using their induction principles. To be able to
do this, we introduce a universe, a type of which the terms represent types.
The idea is that the universe U comes equipped with a type family El, so that
for each X : U we have an associated type EI(X), the type of elements of X.

We assume there is a closed type U called the universe, and a type family
El over U called the universal family.

FU type X : U+ EI(X) type

We postulate that the universe is closed under the type constructors, by
the following rules:

(i) The universe is closed under II-types

r-A:u I'-B:El(A) - U
I'FII(A,B): U

I'A:U4 THFB:E(A)—>U

'+ EI(II(A, B)) = [1z:may) EIB(2)) type

(ii) The type of natural numbers is in the universe

FN:U

- EI(N) = N type

(iii) Similarly we postulate that the universe contains the empty type, the unit
type, the booleans, coproducts, products, and Y-types. These closure
properties of the universe are given concisely in Table 3.2.

Definition 3.2.1. We say that a type A in context I' is small if it occurs in the

universe, i.e. if there is a term A : U in context I" such that I' - E1(A) = A type.

In particular, if A is a small type in context I' and B is a small type in
context I',z : A, then H(x:A) B(x) is again a small type in context I'.
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Table 3.2: Closure properties of the universe

Premises Type encoding in 4  Type of elements El(—)
A:U,B:EI(A) » U TI(A B) [ (z:E10a)) ENB(2))
N N
0 0
1 1
2 2
AB:U A+B El(A) + EI(B)
AB:U AX B El(A4) x EI(B)

Definition 3.2.2. Let A be a type in context I'. A family of small types
over A is defined to be a map

B:A—U

Remark 3.2.3. If A is small, we usually write simply A for A and also A for

El(A). In other words, by A : Y we mean that A is a small type.

Ezample 3.2.4. One important way to use the universe is to define types of
structured types. We give some examples:

(i) The type of small pointed types is defined as
Uy = Z(A:L{)A7
(ii) The type of small graphs is defined as the type
Gphy =2 (aand — (A= U),
(iii) The type of small reflexive graphs is defined as the type
rGphyy = - aa0) 2o (ria—s (asu)) L (a:a) R(a, @)
Once we have introduced the identity types we will also be able to state the
types of groups, rings, and many other structured types. However, when doing

so one has to be cautious to make sure that the underlying type is in the level
of sets, in the hierarchy of homotopical complexity of types.
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Another important way to use the universe is to define new type families
by induction. For example, we can define the finite types as family over the
natural numbers.

Definition 3.2.5. We define the type family Fin : N — U of finite types by
induction on N, taking
Fin(0) :=0
Fin(n +1) :==Fin(n) + 1
A second example of this kind is the notion of observational equality on

the natural numbers.

Definition 3.2.6. We define the observational equality on N as binary
relation Eqy : N — (N — i) satisfying
Eqy(0,5(n)) =0 Eqy(S(n), S(m)) = Eqy(n, m).
Construction. We define Eqy by double induction on N. By the first application
of induction it suffices to provide
Ey: N—->U
Es:N— (N—=U)— (N=>U)

We define Fy by induction, taking Fyy := 1 and Egg(n, X,m) := 0. The
resulting family Ej satisfies

Ey(0)
Eo(S(n))

We define Eg by induction, taking Eso := 0 and Eso(n, X, m) := X (m). The
resulting family Eg satisfies

0.

Es(n,X,0)=0
Es(n, X, S(m)) = X (m)
Therefore we have by the computation rule for the first induction that the
judgmental equality
Eqy(0,m) = Ep(m)
EQN(S(n)a m) = ES(”? EqN(n)v m)

holds, from which the judgmental equalities in the statement of the definition
follow. ]
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3.3 The type of integers

Definition 3.3.1. We define the integers to be the type Z := N+ (1 + N),
and we write

neg := inl N—=Z
—1:=neg(0) 1 Z
0 :=inr(%) Y/
pos :=inroinr N> Z
1 := pos(0) : Z.

In the following lemma we derive an alternative induction principle for Z,
which makes it easier to make definitions.

Lemma 3.3.2. For any ',k : Z+ P(k) type we have

I'Ep_y:P(-1)

' pos : [(na) P(neg(n)) — P(neg(S(n)))
I'Fpo : P(0)

I'kEpi: P(1)

I'p_s : [Ty Ppos(n)) — P(pos(S(n)))
I'Findz(p—1,p-s,p0, 1, ps) * [ (1:2) P (k)

The term indz(p—1,p—s,Po, P1,Ps) furthermore satisfies the following computa-
tion rules:

indz(p—1,p—s,P0,P1,Ps, —1
indz(p—1,p—s,Po, 1, Ps, neg(S(n)

) -1
)
indz(p-1,p-s,P0, P1,Ps,0) =
1)
)

S(n indz(p-1,p—s, Po, P1, ps, neg(n)))
Po
P
ps(n,indz(p—1,p—s,po, p1, Ps, pos(n))).

indz(p—1,p—s,P0,P1,Ds,
indZ(p—lap*S7p07p17pS7pos( ( ))

As an application we define the successor function on the integers.

Definition 3.3.3. We define the successor function on the integers Sz :
Z — 7.

Construction. We apply the induction principle of Lemma 3.3.2, taking

0

Sz(-1)
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Sa(neg(S(n)) = neg(n)

Sz(0) :=1

S2(1) = pos(S(1))
Sz(pos(5(n))) := pos(S(S(n)))

Exercises

3.1 For any type A, show that (A + —A) — (-—A4 — A).
3.2 Construct a function

I : [T a0 (BI(A) = U) = U
such that
EI(II(A, B)) = [1 (414 ENB(2))
holds for every A : U and B : EI(A) — U.
A similar exercise can be posed for ¥ and 4+ (and for — and x as special
cases of Il and %).
3.3 Show that observational equality on N is an equivalence relation, i.e. con-
struct terms of the following types:
H(n:N) EqN(na n)
H(n,m:N)EqN(na ’I?’L) - EQN (’I’)’L, n)
H(n,m,l:N)EqN(n7 m) - (EqN(ma l) - EQN(TL’ l))
3.4 Let R be a reflexive binary relation on N, i.e. R is of type N — (N — Uf)
and comes equipped with a term p : H(H:N) R(n,n). Show that
H(n,m:N)EC{N(nv m) - R(”? m)

3.5 Show that every function f : N — N preserves observational equality in
the sense that

H(n,m:N)EQN (n7 m) - EqN(f(”)? f(m))

Hint: to get the inductive step going the induction hypothesis has to be
strong enough. Construct by double induction a term of type

H(n,m:N)H(f:NaN)EqN(n7 m) - EQN(f(n)7 f(m))a

and pull out the universal quantification over f : N — N by Ezercise 2./.
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3.6 (a) Define the order relations < and < on N.
(b) Show that < is reflexive and that < is anti-reflexive, i.e. that
-(n <n).
(c) Show that both < and < are transitive, and that n < S(n).
3.7 Use the observational equality of the natural numbers to define the
divisibility relation d | n.
3.8 (a) Define observational equality Eqq on the booleans.
(b) Show that Eqq is reflexive.
(c) Show that for any reflexive relation R : 2 — (2 — U) one has

H(z,y:2)Eq2($7 y) — R(.f, y)
3.9 Show that 1 + 1 satisfies the same induction principle as 2, i.e. define

to:1+1
t1:1+1,

and show that for every I';t : 1 + 1 - P(t) type there is a dependent
function of type

ind1i1 : Plto) = (P(t1) = Tasn) P(0)
satisfying
ind14+1(po, p1,t0) = po
ind141(po, p1,t1) = p1-

In other words, type theory cannot distinguish between 2 and 1 + 1.
3.10 (a) Define the order relations < and < on and Z.
(b) For k : Z, consider the type Z>j :=_,.zyn = k. Construct
bk . ZZk
Sk - ZZ’C — Z2k7

and show that Zx>, satisfies the induction principle of the natural
numbers:

indz., : P(by) — (H(n:ZZk)P(n) = P(sk(n))) = (H(n:ZZk)P(n»

3.11 Define the predecessor function pred : Z — Z.
3.12 Define operations k,l — k+1:7Z - 7Z — Z and k — —k : Z — 7.






Lecture 4

Identity types

From the perspective of types as proof-relevant propositions, how should we
think of equality in type theory? Given a type A, and two terms x,y : A, the
equality x = y should again be a type. Indeed, we want to use type theory to
prove equalities. Dependent type theory provides us with a convenient setting
for this: the equality type x = y is dependent on x,y : A.

Then, if x = y is to be a type, how should we think of the terms of x = y.
A term p : r = y witnesses that  and y are equal terms of type A. In other
words p : x =y is an identification of x and y. In a proof-relevant world, there
might be many terms of type x = y. L.e. there might be many identifications
of x and y. And, since x = y is itself a type, we can form the type p = ¢ for
any two identifications p,q : x = y. That is, since x = y is a type, we may also
use the type theory to prove things about identifications (for instance, that
two given such identifications can themselves be identified), and we may use
the type theory to perform constructions with them. As we will see shortly,
we can give every type a groupoid-like structure.

Clearly, the equality type should not just be any type dependent on =,y : A.
Then how do we form the equality type, and what ways are there to use
identifications in constructions in type theory? The answer to both these
questions is that we will form the identity type as an inductive type, generated
by just a reflexivity term providing an identification of z to itself. The
induction principle then provides us with a way of performing constructions
with identifications, such as concatenating them, inverting them, and so on.
Thus, the identity type is equipped with a reflexivity term, and further possesses
the structure that are generated by its induction principle and by the type
theory. This inductive construction of the identity type is elegant, beautifully
simple, but far from trivial!

27
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Table 4.1: The homotopy interpretation

Type theory Homotopy theory
Types Spaces
Dependent types Fibrations
Terms Points
Dependent pair type Total space
Identity type Path fibration

The situation where two terms can be identified in possibly more than one
way is analogous to the situation in homotopy theory, where two points of a
space can be connected by possibly more than one path. Indeed, for any two
points x, ¥ in a space, there is a space of paths from x to y. Moreover, between
any two paths from x to y there is a space of homotopies between them, and
so on. This leads to the homotopy interpretation of type theory, outlined in
Table 4.1. The connection between homotopy theory and type theory been
made precise by the construction of homotopical models of type theory, and it
has led to the fruitful research area of synthetic homotopy theory, the subfield
of homotopy type theory that is the topic of this course.

4.1 The inductive definition of identity types

Let A be a type in context I'. The identity type of A at a : A is the inductive
type family
Dx:Ay: A x =4y type

with constructor
To:Abrefl,: x =4 x.

The induction principle that for any type family
Dx:Ay:Aa:z=4yt P(x,y,a) type
there is a term
indg= : P(z, z,refly) = [Ty ) (aewe o P (@, 45 @)
in context I', x : A, satisfying the computation rule

ind,—(p, z, refl,) = p.
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A term of type x =4 y is also called an identification of » with y, and
sometimes it is called a path from z to y. The induction principle for identity
types is sometimes called identification elimination or path induction.
We also write Id 4 for the identity type on A.
We also assume that the universe i is closed under identity types, i.e. that
there is a map
Id : [T 440 E(A) = EI(4) — U

satisfying 3
El(Id(A, z,y)) = = =gi4) ¥-

In the following lemma we show that the identity type on A is contained
in any reflexive relation on A.

Lemma 4.1.1. Let Iz : A,y : A+ R(z,y) type, and suppose that R is
reflexive in the sense that there is a term

P H(:p;A)R(%fC)
Then there is a term of type
[iya) (@ =ay) = R(z,y)
in context I',x : A.
Construction. By weakening the reflexive relation R we obtain
Dx:Ay:Aa:xz=4yt R(z,y) type,

on which the induction principle is applicable. Thus we see that by the
induction principle for identity types we have a term

ind,— : R(z,2) = [1(,.a)(x =a y) = R(z,y)

so it suffices to construct a term of type R(x,x), which we have by reflexivity

4.2 The groupoid structure of types

We show that identifications can be concatenated and inverted, which corre-
sponds to the transitivity and symmetry of the identity type.

Furthermore, we observe that we can iteratively take identity types, i.e. we
can take identity types of identity types,

D =(@=ay) &
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and so on. In other words, for any two identifications p,q : £ =4 vy, there
is a type of identifications of p with y. One way to think about this is that
the identifications p,q : © =4 y are paths in the type (space) A, and an
identification of p with ¢ is a higher path from p to g, i.e. a homotopy.

Using the observation that identity types can be iterated we show that
concatenation is associative, satisfies the left and right unit laws, and satisfies
the left and right inverse laws. These are the groupoid operations on the
identity type.

Definition 4.2.1. Let A be a type. We define the concatenation operation
concat: [[,, .4 (z=y) > (y=2) = (z=2).

We will write p+ ¢ for concat(p, q). Also, we will associate to the right, i.e. by
prq r wemean p+ (q*r).

Construction. We construct the concatenation operation by path induction.
It suffices to construct

concat(refly) : [](,. 4 (z = 2) = (z = 2).

Here we take concat(refl;), = id(,—.). Explicitly, the term we have constructed
is

Az recs=(A2.id(u=2)) : [T (1) (@ =) = Tloay(y = 2) = (2= 2).

To obtain a term of the asserted type we need to swap the order of the
arguments p: z =y and z : A, using Exercise 2.4. O

Definition 4.2.2. Let A be a type. We define the inverse operation
inv : H(x,y:A) (z=y) > (y=21).
Most of the time we will write p~! for inv(p).

Construction. We construct the inverse operation by path induction. It suffices
to construct
inv(refl,) : z =z,

for any x : A. Here we take inv(refl,) := refl,. O

Definition 4.2.3. Let A be a type. We define the associativity operation,
which assigns toeach p:x =1y, g:y = z, and r : 2 = w the associator

assoc(p,q,r) : (prq)*r=pr(q*7).
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Construction. By identification elimination it suffices to show that

H(Z:A)H(q:x:z)H(Z,ZA)H(T:Z:w)(reﬂx . q) = reflm . (q . 7“)-

Let g: x = z and r : z = w. Note that by the computation rule refl, * ¢ = ¢, so
(refl, = ¢) = r = ¢+ r. Similarly we have refl, * (¢*r) = ¢+ r. Therefore we can
simply take refl,. . O

Definition 4.2.4. Let A be a type. We define the left and right unit opera-
tions, which assigns to each p: z = y the terms

left_unit(p) : refl, *p=1p
right_unit(p) : p = refl, = p,
respectively.

Construction. By identification elimination it suffices to construct

left_unit(refl,) : refl, = refl, = refl,
right_unit(refl;) : refl, = refl, = refl,.
In both cases we take refl.eq, . ]

Definition 4.2.5. Let A be a type. We define left and right inverse opera-
tions

left_inv(p) : p L+ p= refl,

L — refl,.

right_inv(p) : p=p~
Construction. By identification elimination it suffices to construct

left_inv(refl,) : reﬂ;1 * refl, = refl,
right_inv(refl,) : refl, » reﬂ;1 = refl,.
Using the computation rules we see that
refl;1 » refl, = refl, = refl, = refl,,

so we define left_inv(refl,) := refl,e,. Similarly it follows from the computation
rules that
refl, = refl ;! = refl ! = refl,

so we again define right_inv(refl;) := refl e, . O]
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4.3 The action on paths of functions

Using the induction principle of the identity type we can show that every func-
tion preserves identifications. In other words, every function sends identified
terms to identified terms. Note that this is a form of continuity for functions
in type theory: if there is a path that identifies two points x and y of a type
A, then there also is a path that identifies the values f(x) and f(y) in the
codomain of f.

Definition 4.3.1. Let f: A — B be a map. We define the action on paths
of f as an operation

apy : H{m,y;A}(x =y) = (f(@) = f(y)).
Moreover, there are operations
ap.idfuny = [T, y.ay Il (piamyyP = aPia, (P)
ap.comp(f, 9) : [Tz a1 L (pamy)aPg (aPs () = aPgos () -
Construction. First we define ap; by identity elimination, taking
aps(refly) := refly .
Next, we construct ap.idfun 4 by identity elimination, taking
ap.idfun 4 (refl;) := refleq,, .
Finally, we construct ap.comp(f, g) by identity elimination, taking
ap.comp(f, g, refl,) = refly(5(,)). O
Definition 4.3.2. Let f: A — B be a map. Then there are identifications
ap.refl(f,z) : apy (refl,) = refl;(z)
ap.inv(f,p) :ap; (p) =ap; (p) "
ap.concat(f,p,q) : apy (p* q) = apy (p) * aps (q)
forevery p:x =y and q: x=y.

Construction. To construct ap.refl(f,z) we simply observe that ap (refl,) =
refls(x), so we take

ap.refl(f, x) := reﬂreﬂf(z).
We construct ap.inv(f, p) by identification elimination on p, taking
ap.inv(f,refl,) := reflapf(reﬂz).
Finally we construct ap.concat(f, p, ¢) by identification elimination on p, taking

ap.concat(f,refl,, q) := reflap - (g)- O
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4.4 'Transport

Dependent types also come with an action on paths: the transport functions.
Given an identification p : x =y in the base type A, we can transport any term
b: B(z) to the fiber B(y). The transport functions have many applications,
which we will encounter throughout this course.

Definition 4.4.1. Let A be a type, and let B be a type family over A. We
will construct a transport operation

tr Ty (@ = 1) = (B(@) = B(y)).
Construction. We construct trp(p) by induction on p : & =4 y, taking
trp(refl,) := idp(y). O

Thus we see that type theory cannot distinguish between identified terms
x and y, because for any type family B over A one gets a term of B(y) as soon
as B(x) has a term.

As an application of the transport function we construct the dependent
action on paths of a dependent function f : H(m: 2B (x). Note that for such a
dependent function f, and an identification p : x =4 y, it does not make sense
to directly compare f(x) and f(y), since the type of f(x) is B(x) whereas the
type of f(y) is B(y), which might not be exactly the same type. However, we
can first transport f(x) along p, so that we obtain the term trz(p, f(z)) which
is of type B(y). Now we can ask whether it is the case that trg(p, f(z)) = f(v).
The dependent action on paths of f establishes this identification.

Definition 4.4.2. Given a dependent function f : [](,.4) B(a) and a path
p:xz =1y in A, we construct a path

apd(p) : tre(p, f(z)) = f(y).

Construction. The path apd f(p) is constructed by path induction on p. Thus,
it suffices to construct a path

apd(refly) : trp(refly, f(z)) = f(z).

Since transporting along refl, is the identity function on B(z), we simply take
apd ;(refl,) := refly(y). O
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Exercises

4.1 Let B be a family over a type A. Construct for any two identifications
p:x=ayand q:y =4 2z and any b: B(z) an identification

trp(q, tre(p,x)) = trp(p+ q, ).

4.2 Let p:x =y and q : y = z. Construct an identification
inv_assoc(p,q): (prq) ' =q '+ p L.
4.3 Consider two types A and B, and let p:x =y in A, and b: B.

(a) Construct an identification

trtriv(p, b) : tryy, () (P, b) = b

where W4 (B) is the family B weakened by A.
(b) Construct for any f: A — B, an identification

apd(p) = tr_triv(p, f(z)) * ap;(p),

witnessing that the triangle

tryy () (0, f(2) =B LED g
apd;(p) /Pf(l’)
f(y)

commutes.
4.4 Let f: A — B be a map, and consider p: x =y in A.

(a) Construct for any ¢ : f(x) = b in B an identification

trap(p, q) : trpy—p(p, @) = ap; (p) '+ q.

(b) Similarly, construct for any ¢’ : b = f(z) in B an identification

trap'(p,q') : tr—p()(0,0) = ¢ aps (p) -

4.5 Forany p:x =y, q:y =z, and r : x = z, construct maps

inv_con(p,q,7): (p*q=

=r) = (g=p'r)
con_inv(p,q,7) : (prq=

r) = (p=r-q").
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4.6 Let A be a type, and let B be a type family over A. Construct the path
lifting operation

IiftB : H{x,y:A}H(p:x:y)H(bZB(JI))(1:’ b) = (ya trB(pv b))

In other words, a path in the base type A lifts to a path in the total
space ). 4) B(x) for every term over the domain.

4.7 Show that the operations of addition and multiplication on the natural
numbers satisfy the following laws:

m+(n+k)=(m+n)+k m-(n-k)y=(m-n) -k
m+0=m m-1=m
O0+m=m 1-m=m
m-+n=n-+m m-n=mn-m

m-(n+k)=m-n+m-k.






Lecture 5

Equivalences

5.1 Homotopies

In homotopy type theory, a homotopy is just a pointwise equality between two
functions f and g.

Definition 5.1.1. Let f,g : H(m:A) P(x) be two dependent functions. The
type of homotopies from f to g is defined as

[~ 9= aaf (@) = g(2).

Since we formulated homotopies using dependent functions, we may also
consider homotopies between homotopies, and further homotopies between
those higher homotopies. Explicitly, if H, K : f ~ g, then the type H ~ K of
homotopies is just the type

[y (2) = K(2).

In the following definition we define the groupoid-like structure of homo-
topies. Note that we implement the groupoid-laws as homotopies rather than
as identifications.

Definition 5.1.2. For any dependent type B : A — Type there are operations

htpy.refl : H(f:H(z;A) B(I))f ~ f
htpy.inv : H{f,g:H(z:A) By ~9) = (g~ f)
htpy.concat : H{f7g’h:1_[(acu4) Bay(f ~9) = (g~h) = (f~h).

We will write H~! for htpy.inv(H), and H + K for htpy.concat(H, K).

37
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Furthermore, we define

htpy.assoc(H, K, L) :(H*K)*L~H+(K*+L)
htpy.left_unit(H) : htpy.refl,« H ~ H
htpy.right_unit(H) : H « htpy.refl, ~ H
htpy.left_inv(H) cH ' H ~ htpy.refl,
htpy.right_inv(H) cHH '~ htpy.refl;

forany H: f ~¢g, K:g~hand L:h ~ i, where f,qg,h,i: H(x:A)B(a:).
Construction. We define

htpy.refl(f) := Ax. refly ()
htpy.inv(H) := \z. H(x) ™!
htpy.concat(H, K) := \z. H(z) » K(x),

where H : f ~ g and K : g ~ h are homotopies. Furthermore, we define

htpy.assoc(H, K, L .assoc(H(x), K(x), L(x))
(

)=z
htpy.left_unit(H) := \z. left_unit(H (z))
htpy.right_unit(H) := Az. right_unit(H (z))
htpy.left_inv(H) := Az. left_inv(H (x))
htpy.right_inv(H) := Az. right_inv(H (z)). O

Apart from the groupoid operations and their laws, we will occasionally
need whiskering operations.

Definition 5.1.3. We define the following whiskering operations on homo-
topies:

(i) Suppose H : f ~ g for two functions f,g: A — B, and let h: B — C.
We define

hH := Az.apy, (H(x)):ho f ~hog.

(ii) Suppose f: A — B and H : g ~ h for two functions g,h : B — C. We
define

Hf:=)a. H(f(x)):hof~gof.
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5.2 Bi-invertible maps

Definition 5.2.1. Let f : A — B be a function. We say that f has a section
if there is a term of type

sec(f) :

Dually, we say that f has a retraction if there is a term of type

retr(f) = D ah o S~ ida.

If f has a retraction, we also say that A is a retract of B. We say that a
function f : A — B is an equivalence if it has both a section and a retraction,
i.e. if it comes equipped with a term of type

is_equiv(f) := sec(f) x retr(f).
We will write A ~ B for the type > ;.4_, ) is_equiv(f).

2(g:Bsayf 09 ~idp.

Remark 5.2.2. An equivalence, as we defined it here, can be thought of as
a bi-invertible map, since it comes equipped with a separate left and right
inverse. Explicitly, if f is an equivalence, then there are

g:B— A h:B— A
G:fog~idp H:hof~idya.

Clearly, if f is invertible in the sense that it comes equipped with a function
g: B — Asuchthat fog~idg and go f ~ idy4, then f is an equivalence. We
write

is_invertible(f) :=3_ .5, 4)(fog ~idp) x (go f ~ida).

Definition 5.2.3. Any equivalence can be given the structure of an invertible
map.

Construction. First we construct for any equivalence f with right inverse g
and left inverse h a homotopy K : g ~ h. For any y : B, we have

H(g(y))

-1 (G(y))
hfg(y) _2PniAY))

h(y).

Therefore we define K := (Hg)~ !+ hG. from which we obtain a homotopy
K : g ~ h. This allows us to show that g is also a left inverse of f. For x: A
we have the identification

9(y)

gf (@) LD ()
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Corollary 5.2.4. The inverse of an equivalence is again an equivalence.

Proof. Let f: A — B be an equivalence. By Definition 5.2.3 it follows that
the section of f is also a retraction. Therefore it follows that the section is
itself an invertible map, with inverse f. Hence it is an equivalence. O

Theorem 5.2.5. For any type A, the identity function id s is an equivalence.

Proof. The identity function is trivially its own section and its own retraction.
O

Ezample 5.2.6. Let A and B be types in context I'. For any ',z : A,y : B+
C(z,y) type, the map

(M M @) = (e Tn )

is an equivalence by Exercise 2.4.

5.3 The identity type of a X-type

In the following theorem we characterize the identity type of a ¥-type as a
Y-type of identity types.

Theorem 5.3.1. Let B be a type family over A, let s : 3, 4 B(x), and
consider the dependent function

pair_eq : H(t:Z(m:A) B@) (8 = 1) = X (awpr, (s)=pr, (1)) 1B (0 Pra(s)) = pra(t)

defined as pair_eq := inds=(refl,, (s, reflo, (s)). Then pair_eqy , is an equivalence
for every t: 32, 1) B(x).

Proof. The maps in the converse direction
e P2ir1 = (3 g, (5ypry 1) 1 (1 PPa()) = pra(t) ) — (5 =1)

are defined by repeated ¥-induction. By Y-induction on s and ¢ we see that it
suffices to define a map

equair(x,y),(x’,y’) : (Z(p:zz;r’)trB(p’ y) = y/> - ((xa y) = (33/, y/))

A map of this type is again defined by ¥-induction. Thus it suffices to define a
dependent function of type

[pomantre,y) =y) — ((z,9) = (@, ¢)).
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Such a dependent function is defined by double path induction by sending
(refl,, refl,) to refl, ).
Next, we must show that eq_pair,; is a section of pair_eq ;. In other words,
we must construct an identification
pair_eq(eq_pair(p, q)) = (p,q)
for each (p,q) : Z@:I:m,) trp(p,y) = y'. We proceed by path induction on p,
followed by path induction on ¢q. Our goal is now to construct a term of type

pair_eq(eq_pair(refl,, refl,)) = (refl,, refl,)

By the definition of eq_pair we have eq_pair(refl, refl,) = refl, ), and by the
definition of pair_eq we have pair_eq(refl, ,y) = (refl,, refl,). Thus we may take
refl(refi, reft,) to complete the construction of the homotopy pair_eqoeq_pair ~ id.

To complete the proof, we must show that eq_pair,; is a retraction of
pair_eq, ;. In other words, we must construct an identification

eq_pair(pair_eq(p)) = p
for each p : s = t. We proceed by identity elimination on p : s = t, so it suffices
to construct an identification
eq_pair(refly, (), reflr, () = refls.

Now we proceed by E-induction on s : . 4) B(), so it suffices to construct
an identification
eq_pair(refly, refl,) = refl(, .

Since eq_pair(refl,, refl,) computes to refl we may simply take refleq, . O

z,Y)s )

Corollary 5.3.2. Let B be a type family over A, and let (z,y),(z',y") :
> (wa) B(2). Then the map
pair*eq(xfy)f(m,’y/) : ((l‘,y) = (CC/,y,)) - (Z(p:x:m/)trB(p, y) = y,)

s an equivalence.

Exercises

5.1 Show that for any term a : A the functions

indy(a) : 1 — A
const, 11— A

are homotopic.
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5.2

5.3

5.4

9.5

5.6

5.7
5.8
5.9

5.10

LECTURE 5. EQUIVALENCES

Let A and B be types, and consider the constant map const, : A — B
for some b : B. Construct a homotopy

APconst,, (fL‘, y) ~ constyefl,

for any z,y : A.

Show that inv : (z =y) — (y = z), concat(p) : (y=2) — (x = z), and
tre(p) : B(z) — B(y) are equivalences. What are their inverses?
Consider two functions f,g: A — B and a homotopy H : f ~ g. Then

is_equiv(f) <> is_equiv(g).
Consider a commuting triangle

A—" B

W

with H: f ~goh.
(a) Suppose that the map h has a section. Show that f has a section if
and only if g has a section.
(b) Suppose that the map ¢ has a retraction. Show that f has a
retraction if and only if A has a retraction.
(¢) (The 3-for-2 property for equivalences.) Show that if any two of
the functions

[ 9, gof
are equivalences, then so is the third.

Show that the negation function on the booleans is an equivalence. Also
show that for any function f:2 — 2, if f(02) = f(12) then f is not an
equivalence.

Show that the successor function on the integers is an equivalence.
Construct a equivalences A+ B~ B+ A and Ax B~ B x A.
Consider a section-retraction pair

A—“3s B "3 A

with H : 7o ~id. Show that x =y is a retract of i(z) = i(y).
Let B: A — Type, and let C be a family over z : A,y : B(x). Construct
an equivalence

Tassoc: (L, 5y CONn®): o) = (Lo S C#:9) ).
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5.11 Let A and B be types, and let C' be a family over = : A,y : B. Construct
an equivalence

2.swap : (Z(m:A)Z(y:B)C(xvy)> ~ (Z@;B)Z@;A)C(%y))-

5.12 To define all the proof terms involved in showing that the integers form
an abelian group is fairly involved. We suggest to show first that Z is a
retract of N x N in a way that is compatible with addition.

(a) Define the map Z — N x N by
neg(k) — (0, k)

0+ (0,0)

pos(k) — (k. 0)

for k : N. Construct a retraction 7 : N x N — Z of this map, in such
a way that

r((m+m/,n+n")) =r(m,n)+r(m’, n)

for any m,n : N.

(b) Use this retraction to show that the operations k,l — k + [ and
k — —k on the integers defined in Exercise 3.12 satisfy the group
laws:

k+(l+m)=(k+1)+m

k+0=k

O+k=k
k+ (—k) =0
(—k) + k=0,

and that k 4+ 1 = [ + k, making (Z,0,+, —) into an abelian group.






Lecture 6

Contractible types and
contractible maps

6.1 Contractible types
Theorem 6.1.1. Let A be a type. The following are equivalent:
(i) A is contractible: there is a term of type
is_contr(A) := 3. a)[(zayc = =

Given a term (c,C) :is_contr(A), we call ¢ : A the center of contrac-
tion of A, and we call C : H(m:A) a = x the contraction of A.

(ii) A comes equipped with a term a : A, and satisfies singleton induction:
for every type family B over A, the map

(H(x:A)B(fU)) — B(a)

given by f — f(a) has a section. In other words, we have a function and
a homotopy

sing indy , : B(a) = [[(,.4)B(%)
sing_comp 4 o : [[(1.5(a))SinE_ind 4 (b, a) = b.

Remark 6.1.2. Suppose A is a contractible type with center of contraction ¢
and contraction C'. Then the type of C' is (judgmentally) equal to the type

const, ~ id4.

45



46 LECTURE 6. CONTRACTIBLE TYPES AND MAPS

In other words, the contraction C' is a homotopy from the constant function to
the identity function.

Also note that the ‘computation rule’ in the singleton induction for A is
stated using an identification rather than as a judgmental equality.

Proof of Theorem 6.1.1. Suppose A is contractible with center of contraction
c and contraction C. First we observe that, without loss of generality, we may
assume that C' comes equipped with an identification p : C'(c) = refl.. To see
this, note that we can always define a new contraction C’ by

which satisfies the requirement by the left inverse law, constructed in Defini-
tion 4.2.5.

To show that A satisfies singleton induction let B be a type family over A
equipped with b : B(a). We define sing_ind(b) : [ ,.4) B(z) by Az.trp(C(),b).
To see that sing_ind(¢) = b note that we have

refly,

APrw. trg(w,b) (p)

trp(C(c),b) trp(refl., b) b.

This completes the proof that A satisfies singleton induction.

For the converse, suppose that a : A and that A satisfies singleton induction.
Our goal is to show that A is contractible. For the center of contraction we
take the term a : A. By singleton induction applied to B(z) := a = x we have
the map

sing_indy , :a=a = [[,.a0 =21

Therefore sing_ind 4 ,(refl,) is a contraction. O

Example 6.1.3. By definition the unit type 1 satisfies singleton induction, so it
is contractible.

Theorem 6.1.4. For any x : A, the type
Dyt =Y
s contractible.

In the following proof we stress the analogy of path induction with singleton
elimination, as we did in class. An alternative proof can be found in Lemma,
3.11.8 of the HoTT book [2].
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Proof. We will prove the statement by showing that E(y: HT =Y satisfies
singleton induction, applying Theorem 6.1.1.

We have the term (z, refly) : 37, 4y = y. Thus we need to show that for
any type family B over Z(x:A) x =y, the map

(H(t:E(I:A) x:y)B(t)) — B((z, refl,))

has a section. Note that we have the composite of maps

inds

B((x,refly)) —= [T Iy BU®:P)) — s,y omp BO)

which we take as our definition of sing_ind. Moreover, by the computation rules
we have
indy (indz=(b), (z, refl;)) = b.

Thus, for sing_comp we simply take Ab. refly. O

6.2 Contractible maps

Definition 6.2.1. Let f: A — B be a function, and let b : B. The fiber of f
at b is defined to be the type

fibs(b) = 3 g0 (a) = b.

In other words, the fiber of f at b is the type of a : A that get mapped by
f to b. One may think of the fiber as a type theoretic version of the pre-image
of a point.

Definition 6.2.2. We say that a function f: A — B is contractible if there
is a term of type

is_contr(f) := (. pis_contr(fiby(b)).
Theorem 6.2.3. Any contractible map is an equivalence.

Proof. Let f: A — B be a contractible map. Using the center of contraction
of each fibs(y), we obtain a term of type

Ay-(9(y), G(Y)) : [y m)fibr (y)-

Thus, we get map g : B — A, and a homotopy G : [[,.p5) f(9(y)) = y. In
other words, we get a section of f.
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It remains to construct a retraction of f. Taking g as our retraction, we
have to show that [],.4)9(f(z)) = 2. Note that we get an identification

p: flg(f(x))) = f(z) since g is a section of f. It follows that (g(f(z)),p) :
fibs(f(x)). Moreover, since fiby(f(x)) is contractible we get an identification

q:(g(f(z)),p) = (z,refly)). The base path ap, (g) of this identification is
an identification of type g(f(x)) = x, as desired. O

6.3 Equivalences are contractible maps

In this section we will show the converse to Theorem 6.2.3, that equivalences are
contractible maps. Before we do so, we will establish some useful constructions
on homotopies and section-retraction pairs.

Definition 6.3.1. Let f,g: A — B be functions, and consider H : f ~ g and
p:xz =1y in A. We define identification

htpy_nat(H,p) := ind,—(right_unit(H (z)),p) : H(z) - ap, (p) = aps (p) - H(y)

witnessing that the square

fla) 2L g(w)
apf(p)H apy(p)
FW) =55 9W)

commutes. This square is also called the naturality square of the homotopy
H at p.

Definition 6.3.2. Consider f : A -+ A and H : f ~ idgq. We construct an
identification H(f(z)) = ap; (H(z)), for any x : A.

Construction. By the naturality of homotopies with respect to identifications

the square
H(f (=)

ff(x) f(z)
ap (H()) ] H)
f@) =fm—1¢

commutes. This gives the desired identification H(f(z)) = apy (H(z)). O

Theorem 6.3.3. Any equivalence is a contractible map.
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Proof. Since every equivalence has the structure of an invertible map by
Definition 5.2.3, it suffices to show that any invertible map is contractible.

Let f: A —> B beamap, withg: B > A G: fog ~ idg, and
H :gof ~ida. We have for any y : B the term (g(y),G(y)) : fibs(y).
However, as our center of contraction we take (g(y), €(y)), where € is defined
as the concatenation

ap;,(Gy) " ap;(H(g(y))) G(y)

fa(y) fafa(y) fa(y)

Now it remains to construct the contraction, which we do by ¥-induction. Let
x: A, and let p: f(x) = y. Since p : f(x) = y has a free endpoint, we can
apply path induction on it. Our goal is now to construct an identification

(9(f(@)),e(f(2))) = (z, reflp).

We will construct an identification of the form eq_pair(H(x), _), so it remains
to construct an identification of type

trf(,):f(x)(H(x),e(f(x))) = reﬂf(w).
Using Exercise 4.4 we see that
trf()=f(@) (H(2),(f (2))) = apy (H(2)) ™" = e( f(2),

so it suffices to show that the square

apsy (G(f(2)))

Y.

fafaf(z) faf(x)
apf(mgf(x)))H ap;(H(2))
faf(z) iO) f(z)

commutes, i.e. that

apy, (G(f(x))) ~apy (H(x)) = apy (H(gf(x))) - G(f(x))-

Recall from Definition 6.3.2 that we have H(gf(x)) = ap,¢ (H(z)) and ap, (G(y)) =
G(fg(y)). Using these two identifications and the fact that for any p,p’ : z =y,
. /

r:y=24q¢ :x=19,ands:y = 2z if p=p and q = ¢ then
prr=q+s—p-r=q-s, we see that it suffices to show that the square

G(f9f(=))

fafaf(z) faf(x)

apsgr(H(2)) ’ apy(H(z))

faf(=) O f(x)
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commutes. However, this is just a naturality square the homotopy Gf : fgf ~
f, which commutes by Definition 6.3.1. O

Corollary 6.3.4. Let A be a type, and let a : A. Then the type

Z(I:A)x =a
1s contractible.

Proof. By Theorem 5.2.5, the identity function is an equivalence. Therefore,
the fibers of the identity function are contractible by Theorem 6.3.3. Note that
> (s:4) T = a is exactly the fiber of ids at a : A. O

Exercises

6.1 Show that if A is contractible, then for any x,y : A the identity type
x =y is also contractible.
6.2 Suppose that A is a retract of B. Show that

is_contr(B) — is_contr(A).

6.3 (a) Show that for any type A, the map const, : A — 1 is an equivalence
if and only if A is contractible.
(b) Apply Exercise 5.5 to show that for any map f : A — B, if any two
of the three assertions
(i) A is contractible
(ii) B is contractible
(iii) f is an equivalence
hold, then so does the third.

6.4 Let C' be a contractible type with center of contraction ¢ : C. Furthermore,
let B be a type family over C. Show that the map b +— (¢, b) : B(c) —
> (z:c) B(2) is an equivalence.

6.5 Consider a type A with base point a : A, and let B be a type family on
A that implies the identity type, i.e. there is a term

o [[a)Bz) = (a=2).

Construct an equivalence

(Z@;:A)B(x)) = (E(y:B(a))a(a’ y) = reﬂ“)'
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6.6 Construct for any map f : A — B an equivalence e¢ : A ~ Z(y:B) fibs(y)
and a homotopy H : f ~ pry o e witnessing that the triangle

B

commutes. The projection pry : (3_,.5) fibs(y)) — B is sometimes also
called the fibrant replacement of f.

6.7 Use Exercise 6.2 to show that if A x B is contractible, then A and B are
contractible.






Lecture 7

The fundamental theorem of
identity types

7.1 Fiberwise equivalences

Consider a family
of maps. Such f is also called a fiberwise map or fiberwise transforma-
tion.

Definition 7.1.1. We define a map
total (f) : 2250y B(2) = 32(.4)C ().
by Az, y). (2, f(z,y)).

Lemma 7.1.2. For any fiberwise transformation f : [](,.4) B(z) — C(z),
and any a : A and ¢ : C(a), there is an equivalence

fibf(a)(€) = fibeotai(f) (@, €))-

Proof. We first define a map ¢, ) : fibf(q)(¢) = fibeotai () ((a, ¢)) by X-induction.
It suffices to define a term of type

H(b;B(a))(f(aa b) = ¢) = fibgorai(f)((a; €))

for every a : A and ¢ : C(a). Since the endpoint of the identification f(a,b) = ¢
is free, we may proceed by path induction. It suffices to construct a term of

type H(b:B(a)) fibotai () (@, f(a,b))). For b: B, we take
((a,0),refl (g f(a,p))) : fibotal () ((a; f(a,b))).
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Since we have defined ¢, ) for all a : A and ¢ : C(a), note that we also obtain
a map

Ot fibf(prl(t))(P"z(t)) — ﬁbtotal(f) (t)

for every t: 37, 4) C(2).
Our next goal is to define a map

V(ae) * fibrotal(f) (@ ¢) = fibgiy(c).

for every a : A and ¢ : C'(a). In fact it will be easier to construct more generally
the map

¢t : ﬁbtotal(f) (t) — flbf(prl(t))(prQ(t))

for every ¢ : 3,4y C(x). Let us write ¢; := pry(¢) and t3 := pry(t). By
Y-induction it suffices to construct a term of type

H(S!Z(I:A> B(x)) (tOtal (f)(S) = t) - flbf(tl)(tQ)’

We apply Y-induction once more, and we need to construct a term of type

H(x:A)H(y:B(:p)) (total(f)(a;, y) = t) - ﬂbf(tl)(t2>

Let z : A and y : B(x). Since the endpoint of the identification total(f)(z,y) =
t is free, we proceed by path induction. Our goal is now to construct a term of

type

Here we simply take (y, refl(, ), completing the construction of .
To show that v is a retraction of ¢, we construct an identification

Y(p((b,p))) = (b, p)

for each b : B(a) and p : f(a,b) = ¢. We proceed by path induction on
p: f(a,b) = c. Our goal is now to show that

Y (p(b, reflyap))) = (b, reflpap)
By definition we have
So(ba reﬂf(a,b)) = ((aa b)v reﬂ(a,f(a,b)))
w(((% b)a reﬂ(a,f(a,b))) = (b7 reﬂf(a,b))'

Thus, we simply take refl(
retraction of ¢.

byrefly(qp) 1O complete the goal of showing that v is a
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To show that ¢ is a section of ¢ for every ¢ : 37, 4 C(x), we construct
an identification

@(W(% b)a T)) = ((337 b),’l")

for each = : A, y : B(x), and r : total(f)(x,y) = t. We proceed by path
induction on r, so our goal is to show

¢(¢((x,y), reﬂ(m,f(:v,y)))) = (l‘,f(l‘,y))

By definition we have
@Z}((l‘a y)? reﬂ(w,f(x,y))) = (ya reﬂf(x,y))
90(% reﬂf(x,y)) = ((.’L‘, y)? reﬂ(flf,f(ff:y)))

Thus, we simply take refl, ;) to complete the goal of showing that 1 is a
section of . O

Theorem 7.1.3. Let f : [[(,.4) B(z) = C(2) be a fiberwise transformation.
The following are logically equivalent:

(i) For each x : A, the map f(x) is an equivalence. In this case we say that
f is a fiberwise equivalence.

(it) The map total(f) : 32,4y B(x) = 3254y C(@) is an equivalence.

Proof. By Theorems 6.2.3 and 6.3.3 it suffices to show that f(x) is a contractible
map for each x : A, if and only if total(f) is a contractible map. Thus, we will
show that fiby(,(c) is contractible if and only if fibiotai() (2, ¢) is contractible,
for each z : A and ¢ : C(x). However, by Lemma 7.1.2 these types are
equivalent, so the result follows by Exercise 6.3. ]

7.2 The fundamental theorem

Theorem 7.2.1. Let A be a type with a : A, and let B be be a type family
over A with b: B(a). Then the following are logically equivalent:

(i) The canonical family of maps

reco—(b) : [[(3.a)(a = 2) = B(x)

is a fiberwise equivalence.
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(i) The total space
Z(x:A)B (2)
is contractible.

Proof. By Theorem 7.1.3 it follows that the fiberwise transformation rec,—(b)
is a fiberwise equivalence if and only if it induces an equivalence

(Z(x:A)a = :L') ~ (Z(z:A)B(w))

on total spaces. We have that Z(x: A) @ = x is contractible. Now it follows by
Exercise 6.3, applied in the case

total(recq=(b))

> (a4 > (a:4) B(2)

R

that total(rec,— (b)) is an equivalence if and only if },. 1) B() is contractible.
0

As an application of the fundamental theorem we show that equivalences
are embeddings. The notion embeddings is the homotopically correct notion
of injective maps.

Definition 7.2.2. An embedding is a map f : A — B satisfying the property
that

apy: (z=y) = (f(2) = f(y))

is an equivalence for every x,y : A. We write is_emb( f) for the type of witnesses
that f is an embedding.

Theorem 7.2.3. Any equivalence is an embedding.

Proof. Let e : A ~ B be an equivalence, and let x : A. Our goal is to show
that

ap, : (x=1y) — (e(z) = e(y))

is an equivalence for every y : A. By Theorem 7.2.1 it suffices to show that

Z(y;A)e(ﬂﬁ) =e(y)
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is contractible for every y : A. Now observe that there is an equivalence

Z(y;A)e(fL’) =e(y) ~ Z(y;A)e(y) = e(z)
= fibe(e(z))

by Theorem 7.1.3, since for each 3 : A the map

inv : (e(z) = e(y)) — (e(y) = e(x))
is an equivalence by Exercise 5.3. The fiber fib.(e(z)) is contractible by
Theorem 6.3.3, so it follows by Exercise 6.3 that the type E(y:A) e(x) = e(y)
is indeed contractible. O

Exercises

7.1 (a) Let f,g : [](4.a) B(z) = C(2) be two fiberwise transformations.
Show that

(T () ~ g(2)) = (total () ~ total(g)).
(b) Let f:]](;.4)B(z) = C(z) and let g : [[(,.4) C(x) = D(x). Show

that
total (Az. g(z) o f(x)) ~ total(g) o total (f).

(c) For any family B over A, show that
total()\x. idB(w)) ~ idz(x:A) B(z)-
7.2 Construct an equivalence

(Z(:C;A)f(x) = y) =~ (Z($;A)y = f(x))

7.3 Consider a triangle
A—" B
NS
X
with a homotopy H : f ~ g o h witnessing that the triangle commutes.

(a) Construct a fiberwise transformation

fib_triangle(h, H) : T (,.x)fibs(z) — fibg().
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7.4

7.5

7.6

7.7

7.8
7.9

7.10

LECTURE 7. THE FUNDAMENTAL THEOREM

(b) Show that h is an equivalence if and only if fib_triangle(h, H) is a
fiberwise equivalence.

Let f: A — B be a map. Then for each y : B, and each (z,p), («/,p’) :
fibs(y), the map

/

(z,p) = (2", 0') = X (goayp = 2Py (@) ' P

is an equivalence.
Let B be a type family over A. Show that for the projection map

pri ¢ (Xo(z:a) B(@)) = A, the map
Ny. ((z,y),refly) : B(z) — fiby, ()

is an equivalence, for each = : A. Conclude that pry is itself an equivalence
if and only if each B(x) is contractible.

Let A be a type with a : A, and let B be a type family over A. Show
that for any family of maps

[ Hayla=2z) = B(z)

the following are logically equivalent:

(i) The family of maps f is a fiberwise equivalence.

(ii) The total space

> (a:a)B(7)
is contractible.

Let a : A, and let B be a type family over A. Use Exercises 7.1, 6.2
and 7.6 to show that if each B(z) is a retract of a = x, then B(x) is
equivalent to a = x for every z : A.

Show that the map 0 — A is an embedding for every type A.
Show that

(f ~ g) — (is_.emb(f) <> is_.emb(g))
for any f,g: A — B.
Consider a commuting triangle

A—— B

N

with H : f ~ goe, where e is an equivalence. Show that f is an
embedding if and only if g is an embedding.
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7.11 Consider a map
(a) Construct a fiberwise transformation

f [Ly:5)fibpr,of () = Cy).

(b) Construct an equivalence

for every (b,¢) : 32,.5) C(y)-
(¢) Conclude that the following are equivalent:

(i) f is an equivalence.

(ii) f’is a fiberwise equivalence.
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Lecture 8

The hierarchy of homotopical
complexity

8.1 Propositions and subtypes

Definition 8.1.1. A type A is said to be a proposition if there is a term of
type

is_prop(A) := [], 4.a)is_contr(z = y).
Ezxample 8.1.2. Any contractible type is a proposition by Exercise 6.1. However,

propositions do not need to be inhabited: the empty type is also a proposition,
since

[1(z40)iscontr(z = y)
follows from the induction principle of the empty type.
In the following lemma we prove that in order to show that a type A is a

proposition, it suffices to show that any two terms of A are equal. In other
words, propositions are types with proof irrelevance.

Lemma 8.1.3. Let A be a type. Then we have

is_prop(A) < (H(ﬂc,yiA)x - y)

Proof. Suppose A is a proposition. By taking the center of contraction of z =1y
for each z,y : A we obtain a term of type H(x7y:A) T=1.

Now suppose that A is a type equipped with H : H(x,y:A) x=1y. Then we
take H(z,x) '+ H(x,y) as the center of contraction of z =1y. To construct the
contraction

H(p:cc:y)H(:E’ x)_l * H(:Ea y) =p
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we proceed by path induction. Our goal is to show that
H(z,z) ' H(x,x) = refl,. O

By proof irrelevance it follows that propositions are contractible as soon as
they are inhabited.

Corollary 8.1.4. For any type A we have
is_prop(A) <» (A — is_contr(A)).
Lemma 8.1.5. Let A and B be types, and let e : A ~ B. Then we have
is_prop(A) < is_prop(B).

Proof. We will show that is_prop(B) implies is_prop(A). This suffices, because
the converse follows from the fact that e' : B — A is also an equivalence.
Since e is assumed to be an equivalence, it follows by Theorem 7.2.3 that

ap, : (z=y) — (e(z) = e(y))

is an equivalence for any x,y : A. If B is a proposition, then in particular
the type e(z) = e(y) is contractible for any z,y : A, so the claim follows from
Theorem 6.3.3. O

In type theory terms always come equipped with their types, i.e. they never
appear in isolation. This is useful from the perspective that terms are programs
with a certain specification, but as a consequence we cannot consider subtypes
in the same way as set theorists have subsets. Our definition of subtype is
therefore considerably different:

Definition 8.1.6. A type family B over A is said to be a subtype of A if for
each = : A the type B(x) is a proposition.

We will show in Corollary 8.3.9 that a type family B over A is a subtype of
A if and only if the projection map pry : (Z(m:A) B(m)) — A is an embedding.

8.2 Sets

Definition 8.2.1. A type A is said to be a set if there is a term of type

is set(A) := [](, ,.4)is_prop(z = ).
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Lemma 8.2.2. A type A is a set if and only if it satisfies axiom K, which
asserts that

H(:L‘:A)H(p::c:x) refl, = p.
Proof. If A is a set, then x = x is a proposition, so any two of its elements are
equal. This implies axiom K.
For the converse, if A satisfies axiom K, then for any p,q : x = y we have

peq~ ' = refl,, and hence p = ¢q. This shows that 2 = y is a proposition, and
hence that A is a set. O

Lemma 8.2.3. Let A be a type, and let R: A — A — U be a binary relation
on A satisfying

(i) Each R(x,y) is a proposition,
(it) R is reflezive, as witnessed by p: ][ ;. 4) R(z, ).
Then any fiberwise map
H(:L‘,y:A)R(:Ua y) - ($ = y)

is a fiberwise equivalence. Consequently, if there is such a fiberwise map, then
A is a set.

Proof. Let f: ][] .4y R(z,y) = (x=1y). Since R is assumed to be reflexive,
we also have a fiberwise transformation

reco—(p(2)) : Tliyon) (@ = y) = Rz, y).

Since each R(z,y) is assumed to be a proposition, it therefore follows that
each R(z,y) is a retract of x = y. We conclude by Exercise 7.7 that for each
x,y: A, the map f(z,y) : R(z,y) — (x = y) must be an equivalence.

Now it also follows that A is a set, since its identity types are equivalent
to propositions, and therefore they are propositions by Lemma 8.1.5. ]

Theorem 8.2.4. The type of natural numbers is a set.

Proof. We will apply Lemma 8.2.3. Note that the observational equality Eqy :
N — (N = U) on N (Definition 3.2.6) is a reflexive relation by Exercise 3.3,
and moreover that Eqy(n,m) is a proposition for every n,m : N (proof by
double induction). Therefore it suffices to show that

H(m,n:N)EqN(mv n) - (m = n)

This follows from the fact that observational equality is the least reflexive
relation, which was shown in Exercise 3.4. O
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8.3 General truncation levels

Definition 8.3.1. We define is_trunc : Z>_o — U — U by induction on
k:Z>_s, taking

is_trunc_o(A) :=is_contr(A)
is_truncy 1 (A) =[], 4.4)is_truncy(z = y).

For any type A, we say that A is k-truncated, or a k-type, if there is a term
of type is_trunc;,(A). We say that a map f: A — B is k-truncated if its fibers
are k-truncated.

Theorem 8.3.2. If A is a k-type, then A is also a (k + 1)-type.

Proof. We have seen in Example 8.1.2 that contractible types are propositions.
This proves the base case. For the inductive step, note that if any k-type is
also a (k + 1)-type, then any (k + 1)-type is a (k 4 2)-type, since its identity
types are k-types and therefore (k 4 1)-types. O

Theorem 8.3.3. Ife: A~ B is an equivalence, and B is a k-type, then so is
A.

Proof. We have seen in Exercise 6.3 that if B is contractible and e : A ~ B is
an equivalence, then A is also contractible. This proves the base case.

For the inductive step, assume that the k-types are stable under equiva-
lences, and consider e : A ~ B where B is a (k + 1)-type. In Theorem 7.2.3 we
have seen that

ap, : (z=y) = (e(z) = e(y))
is an equivalence for any z,y. Note that e(z) = e(y) is a k-type, so by the

induction hypothesis it follows that = y is a k-type. This proves that A is a
(k + 1)-type. O

Corollary 8.3.4. If f : A — B is an embedding, and B is a (k+ 1)-type, then
so is A.

Proof. By the assumption that f is an embedding, the action on paths

apy : (z=y) = (f(x) = f(y))

is an equivalence for every x,y : A. Since B is assumed to be a (k + 1)-type, it
follows that f(x) = f(y) is a k-type for every z,y : A. Therefore we conclude
by Theorem 8.3.3 that x = y is a k-type for every x,y : A. In other words, A
is a (k + 1)-type. O
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In the following definition we generalize the notion of contractible map.

Definition 8.3.5. We say that a map f: A — B is k-truncated if for each
y : B the fiber fibs(y) is k-truncated.

Theorem 8.3.6. Let B be a type family over A. Then the following are
equivalent:

(i) For each x : A the type B(x) is k-truncated.

(ii) The projection map

pry : (Z(I;A)B($)> — A

1s k-truncated.
Proof. By Exercises 7.3 and 6.6 we obtain equivalences
B(x) ~ fiby, (2)
for every x : A. Therefore the claim follows from Theorem 8.3.3. O
Theorem 8.3.7. Let f : A — B be a map. The following are equivalent:
(i) The map f is (k+ 1)-truncated.
(i) For each x,y : A, the map
apy: (z=y) = (f(x) = f(v))
1s k-truncated.
Proof. First we show that for any s,t : fibs(b) there is an equivalence
(s = 1) = fibap (pra(s) = pra(t) ™)

We do this by X-induction on s and ¢, and then we calculate using Exercise 4.4
and basic manipulations of identifications that

((."E,p) = (yv Q)) = Z(r:x:y)trf(*):b(’r?p) =49
-1

=D (raey)@P (1) "D =14
= Z(r:x:y)apf (T) =p- q_l
— fibap, (p+ )
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By these equivalences, it follows that if ap; is k-truncated, then for each
s,t : fibs(b) the identity type s =t is equivalent to a k-truncated type, and
therefore we obtain by Theorem 8.3.3 that f is (k + 1)-truncated.

For the converse, note that we have equivalences

fibap, (p) = ((2,p) = (3 reflyy)).

Therefore it follows that if f is (k 4+ 1)-truncated, then the identity type

(z,p) = (y, reﬂf(y)) in fiby(f(y)) is k-truncated for any p : f(x) = f(y), and
therefore fibap . (p) is k-truncated by Theorem 8.3.3. O

Corollary 8.3.8. A map is an embedding if and only if its fibers are proposi-
tions.

Corollary 8.3.9. A type family B over A is a subtype if and only if the
projection map

pry : (Z(I:A)B(Q«"D — A
1s an embedding.

Theorem 8.3.10. Let f : [](,.4) B(z) = C(x) be a fiberwise transformation.
Then the following are equivalent:

(i) For each x : A the map f(z) is k-truncated.

(i) The induced map

total () + (Zy B@)) = (Lo (@)
18 k-truncated.

Proof. This follows directly from Lemma 7.1.2 and Theorem 8.3.3. O

Exercises

8.1 Let A be a type, and let the diagonal of A be the map d4: A — Ax A
given by A\z. (z,x).
(a) Show that
is_equiv(d4) <> is_prop(A).

(b) Construct an equivalence fibs, ((,y)) ~ (z = y) for any z,y : A.
(c) Show that A is (k + 1)-truncated if and only if 64 : A - A x A is
k-truncated.
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8.2 (a) Let B be a type family over A. Show that if A is a k-type, and
B(z) is a k-type for each z : A, then so is }_, 4 B(z). Hint: for
the base case, use Exercises 6.3 and 6.4.
(b) Show that if A and B are k-types, then so is A x B.
8.3 Show that 2 is a set by applying Lemma 8.2.3 with the observational
equality on 2 defined in Exercise 3.8.
8.4 Show that for any two sets A and B, the disjoint sum A 4+ B is again a
set.
8.5 (Hedberg’s theorem) A type A is said to have decidable equality if
there is a term of type

H(:v,y:A) (.Z' =y)+-(z=y).

For any type A, and every z,y : A, consider the type family D(z,y) :
((x=y) +~(z=y)) > U given by

D(z,y,inl(p)) =1
D(z,y,inr(p)) := 0.

Use D to show that any type with decidable equality is a set.

8.6 Show that N and 2 have decidable equality, as defined in Exercise 8.5.

8.7 Show that if A and B have decidable equality, then so do A + B and
A x B.

8.8 Use Exercises 6.2 and 5.9 to show that if A is a retract of a k-type B,
then A is also a k-type.

8.9 Amap f: A — B between sets is said to be injective if for every =,y : A
there is a map

(f(@) = f(y) = (z =y).

(a) Use Exercise 8.3 to show that const,, const;, : 1 — 2 are injective
maps.

(b) Show that between sets are injective if and only if they are embed-
dings.

(¢) Show that a type A is a set if and only if the map const, : 1 — A
is an embedding for every x : A.






Lecture 9

Function extensionality

A significant part of the development of homotopy type theory involves an-
swering the following basic questions:

(i) What is the identity type of a given type A?
(ii) What is the total space of a type family B over A?
(iii) What are the fibers of a given map f: A — B?
(iv) What does transporting a point in a given type family B over A do?

We have already characterized the identity types of X-types as a 3-type of
identity types (Theorem 5.3.1), of 0 and 1 since both are propositions (Ex-
ample 8.1.2), of natural numbers N as observational equality (Theorem 8.2.4),
and also of 2 as observational equality (Exercise 8.3). In this section we will
discuss the identity type of Il-types.

9.1 Equivalent forms of function extensionality

Theorem 9.1.1. e following are equivalent:

(i) The principle of homotopy induction: for every f : H(x:A) B(x) and
every type family

L,g: [lgayB(x), H: f~gt Pg, H) type,

the map

(H(g;]‘[(I:A> B(z))H(H:ng)P(gvH)) — P(f, htPY-reﬂf)

given by s — s(f, htpy.refl;) has a section.
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(ii) The function extensionality principle: For every type family B over
A, and any two dependent functions f,g : H(m:A) B(z), the canonical
map

htpy_eq(f,9): (f =9) = (f ~9)

by path induction (sending refly to Ax.refly(,)) is an equivalence. We will
write eq_htpy for its inverse.

(iii) The weak function extensionality principle holds: For every type
family B over A one has

(H(J}:A) isfcontr(B(x))) — is_contr (H(QC:A)B(QC)) )

Proof. To show that homotopy induction implies function extensionality, note
that from homotopy induction and ¥-induction combined, we obtain that for
any type family P over Z(g:]_[( 4 B@)) f ~ g, the evaluation map

(M, oo 0 P0)) = P htpy.refly))

has a section. In other words, the type Z(QIH(I;A) B(z)) f ~ g satisfies singleton
induction and therefore it is contractible. Now we conclude by Theorem 7.2.1
that the canonical map (f = g) — (f ~ ¢) is an equivalence, i.e. that function
extensionality holds.

Conversely, to prove homotopy induction from function extensionality we
again note that by function extensionality and Theorem 7.2.1 the type

2 (g un) BN S ~ 9

is contractible. Therefore it satisfies singleton induction, so homotopy induction
follows.

To show that function extensionality implies weak function extensionality,
suppose that each B(a) is contractible with center of contraction c(a) and
contraction Cq : [ (. p(a)) ¢(@) = y. Then we take ¢ := Aa. c(a) to be the center
of contraction of [[ .4y B (). To construct the contraction we have to define
a term of type

Hirm1, By =1

Let f:];.4) B(2). By function extensionality we have a map (¢ ~ f) = (¢ =
f), so it suffices to construct a term of type ¢ ~ f. Here we take Aa. Cy(f(a)).
This completes the proof that function extensionality implies weak function
extensionality.
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To prove function extensionality from weak function extensionality, observe
that it suffices by Theorem 7.2.1 to show that

2 (¢ T ipn) B ~ 9

is contractible.

Since the type E(b:B(x))f(x) = b is contractible for each z : X, it
follows by our assumption of weak function extensionality that the type
IT(z:4) 2 (6:B(2)) J (®) = b is contractible. By Exercise 6.2 it therefore suffices
to show that

Z(QZH@:A) B(x))f ~Y
is a retract of the type [](,.4) > _(:p(x)) f(2) = b. We have the functions

i:=inds(\g. \H. M\z. (g(z), H(x)))
r:= Ap. (Az. pry(p(x)), Az. pry(p(x))).

It remains to show that roi ~ id. This homotopy is constructed by >-induction.
Let g : [](;.4) B(x) and let H : f ~ g. Then we have

r(i(g, H)) = r(Azx. (g(x), H(z)))
= (Az.g(x), \x. H(x))
(9, H).

In other words, the homotopy roi ~ id is given by inds:(Ag. AH. refl((y fyy). O

Theorem 9.1.2. Assume function extensionality. Then for any type family
B over A one has

(H(JC:A)isitru ncy, (B(x))) — is_truncy, (H(w:A)B(.’E)) .

Proof. The theorem is proven by induction on k£ > —2. The base case is just
the weak function extensionality principle, which was shown to follow from
function extensionality in Theorem 9.1.1.

For the inductive hypothesis, assume that the k-types are closed under
dependent function types. Assume that B is a family of (k + 1)-types. By
function extensionality, the type f = g is equivalent to f ~ ¢ for any two
dependent functions f, g : H(z: A) B(x). Now observe that f ~ g is a dependent
product of k-types, and therefore it is an k-type by our inductive hypotheses.
Therefore, it follows by Theorem 8.3.3 that f = g is an k-type, and hence that
[1(z.4) B(@) is an (k + 1)-type. O
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Corollary 9.1.3. Suppose B is a k-type. Then A — B is also a k-type, for
any type A.

The following theorem is sometimes called the type theoretic principle
of choice. This terminology comes from the point of view of propositions
as types, where the >-type has the role of the existential quantifier, and the
II-type has the role of the universal quantifier.

Theorem 9.1.4. Let C(x,y) be a type in context U',x : A,y : B(x). Then the
map

P (H(:p:A)Z(y:B(x))C(x7y)> - <Z(f:H(m:A) B(x))H(x:A)C<mvf<m))>
given by Ah. (Ax.pri(h(x)), Ax. pra(h(z))) is an equivalence.
Proof. The map v in the converse direction is defined by
b= inds (M Ag- A (/(2), 9(2))).

We need to define homotopies ¥ o ¢ ~ id and @ o ~ id.
For the first homotopy, let & : [ ,.4) 2(y:5()) C(#,y). Then we have

¥(p(h)) = (Az. pri(h(z)), Az. pry(h(z)))
= Az. (pry(h(z)), pro(h(z))).

Note that for each = : A we have an identification

(pri(h(x)), pra(h(x))) = h(z).
Therefore we obtain a homotopy ¥ (¢(h)) ~ h, but this suffices because function
extensionality now provides us with an identification ¢ (¢(h)) = h.
The second homotopy is constructed by X-induction. Let f:[],. ) B()
and let g : [](,.4) C(z, f(x)). Then we have

p((f,9)) = Az (f(2), 9(x)))
= (Az. f(x), Az. g(x))
= (f,9)

where the last judgmental equality holds by the n-rule for II-types. In other
words, the homotopy ¢ ot ~ id is given by

inds (A f. Ag. refl ¢ o)) O
Corollary 9.1.5. For type A and any type family C over B, the map
(Z(f:AaB)H(m:A)C(f(x))) — (A — Z(y:B)C(x))
given by A(f,g)- A\x. (f(z),g(x)) is an equivalence.
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9.2 Universal properties

The function extensionality principle allows us to prove universal properties:
characterizations of all maps out of (or into) a given type. Universal properties
characterize a type up to equivalence. In the following theorem we prove the
universal property of dependent pair types.

Theorem 9.2.1. Let B be a type family over A, and let X be a type. Then
the map

ev_pair : ((Z(m:A)B(xD — X) — <H(x:A)(B(m) — X))
given by f — Aa. \b. f((a,b)) is an equivalence.

This theorem justifies that we usually write f(a,b) rather than f((a,b)),
since f : (E(x: 4B (z)) — X is uniquely determined by its action on terms of
the form (a,b).

Proof. The map in the converse direction is simply

inds : (Iiwy(B@) = X)) = () B@) = X).
By the computation rules for 3-types we have
Af.refly : ev_pairoindy ~ id

To show that indy, o ev_pair ~ id we will also apply function extensionality.
Thus, it suffices to show that inds(Az. \y. f((x,y))) = f. We apply function
extensionality again, so it suffices to show that

H(tzz(m:A)B(x))indE(Ax- Ay f((2,9))) () = f(1).
We obtain this homotopy by another application of X-induction. O
Corollary 9.2.2. Let A, B, and X be types. Then the map
evpair: (AxB—X)— (A— (B— X))
given by f — Aa. \b. f((a,b)) is an equivalence.

The universal property of identity types is sometimes called the type
theoretical Yoneda lemma: families of maps out of the identity type are
uniquely determined by their action on the reflexivity identification.
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Theorem 9.2.3. Let B be a type family over A, and let a : A. Then the map

ev refl - (H@; pla=z) - B(:z:)) = B(a)
given by Af. f(a,refly) is an equivalence.

Proof. The inverse ¢ is defined by path induction, taking b : B(a) to the
function f satisfying f(a,refl,) = b. It is immediate that ev_refl o p ~ id.

To see that ¢ oev refl ~id, let f : [](,.4)(a = 2) = B(z). To show that
©(f(a,refl,)) = f we use function extensionality (twice), so it suffices to show
that

H(x:A)H(p:a::B)go(f(a’ reﬂa)’ :E,p) = f(ﬁ,p)-
This follows by path induction on p, since ¢(f(a, refl,), a,refl,) = f(a,refl,). O

9.3 Composing with equivalences

We show in this section that a map f : A — B is an equivalence if and only if
for any type X the precomposition map

—of:(B—=X)— (A— X)

is an equivalence. Moreover, we will show in Theorem 9.3.3 that the ‘dependent
version’ of this statement also holds: a map f: A — B is an equivalence if and
only if for any type family P over B, the precomposition map

~o f+ (i P®) = (M P ()

is an equivalence. However, in our proof of this fact we will rely on a piece of
data that every equivalence satisfies in addition to being invertible.

Definition 9.3.1. We say that a map f: A — B is a half-adjoint equiva-
lence, in the sense that there are

g:B—> A
G:fog~idp
H:gof~idy
K:G-f~f-H.

We write half_adj(f) for the type of such quadruples (g, G, H, K).
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To show that every equivalence is a half-adjoint equivalence, we also
introduce the notion of path-split maps.

Definition 9.3.2. We say that a map f : A — B is path-split if f has a
section, and for each x,y : A the map

aps(z,y) : (z=y) = (f(z) = f(y))
also has a section. We write path_split(f) for the type
sec(f) X [Tz y.ay5ec(@ps (@, y)).
Theorem 9.3.3. For any map f : A — B, the following are equivalent:
(i) f is an equivalence.
(ii) f is path-split.
(i1i) f is a half-adjoint equivalence.

(iv) For any type family P over B the map

(o) P®)) = (Mt P @)
given by s — so f is an equivalence.
(v) For any type X the map
(B—X)—(A—X)
given by g — go f is an equivalence.

Proof. To see that (i) implies (ii) we note that any equivalence has a section,
and its action on paths is an equivalence by Theorem 7.2.3 so again it has a
section.

To show that (ii) implies (iii), assume that f is path-split. Thus we have
(9,G) : sec(f), and the assumption that apy : (v =y) — (f(z) = f(y)) has a
section for every x,vy : A gives us a term of type

[T (s fibap, (G(f (2))).

By Theorem 9.1.4 this type is equivalent to

2 (H Ty o(F@)=o) L2y G(f(2)) = apy (H(2))
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so we obtain H : go f ~idg and K : G- f ~ f- H, showing that f is a
half-adjoint equivalence.

To show that (iii) implies (iv), suppose that f comes equipped with
(9,G, H, K) witnessing that f is a half-adjoint equivalence. Then we define
the inverse of — o f to be the map

¢ (M PU@)) = (M P®))

given by s — Ay.trp(G(y),sg(y)).

To see that ¢ is a section of — o f, let s : [],.4) P(f(z)). By function
extensionality it suffices to construct a homotopy ¢(s) o f ~ s. In other words,
we have to show that

trp(G(f(2)), s(9(f(2))) = s(x)

for any x : A. Now we use the additional homotopy K from our assumption
that f is a half-adjoint equivalence. Since we have K (z) : G(f(z)) = ap; (H(x))
it suffices to show that

trp(apy (H(x)),s9f(x)) = s(x).

A simple path-induction argument yields that

trp(apy (p)) ~ trpog(p)

for any path p:x =y in A, so it suffices to construct an identification

trpoy(H(x), sgf(x)) = s(x).

We have such an identification by apdg,(s).

To see that ¢ is a retraction of — o f, let s : H(y:B) P(y). By function
extensionality it suffices to construct a homotopy ¢(so f) ~ s. In other words,
we have to show that

trp(G(y), sfg(y)) = s(y)

for any y : B. We have such an identification by apdg,(s). This completes
the proof that (iii) implies (iv).

Note that (v) is an immediate consequence of (iv), since we can just choose
P to be the constant family X.

It remains to show that (v) implies (i). Suppose that

—of:(B—=X)—(A—X)
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is an equivalence for every type X. Then its fibers are contractible by Theo-
rem 6.3.3. In particular, choosing X = A we see that the fiber

is contractible. Thus we obtain a function h : B — A and a homotopy
H : ho f ~id4 showing that h is a retraction of f. We will show that h is also
a section of f. To see this, we use that the fiber

fib_op(f) = Z(i:B—>B)i of=f

is contractible (choosing X = B). Of course we have (idg,refl;) in this fiber.
However we claim that there also is an identification p : (foh)o f = f, showing
that (f o h,p) is in this fiber, because

(foh)of=fol(holf)
= foidy
=f

Now we conclude by the contractibility of the fiber that (idp,reflf) = (foh,p).
In particular we obtain that idg = f o h, showing that h is a section of f. [

Exercises
9.1 (a) Let P and @ be propositions. Show that

(P+Q)~(P~Q).

(b) Show that P is a proposition if and only if P — P is contractible.
9.2 (a) Show that for any type A the type is_contr(A) is a proposition.
(b) Show that for any type A and any k > —2, the type is_trunc,(A) is
a proposition.
9.3 Let f: A — B be a function.

(a) Show that if f is an equivalence, then the type > .5, 4) fog ~id
of sections of f is contractible.

(b) Show that if f is an equivalence, then the type > ., 4y ho f ~ id
of retractions of f is contractible.

(c) Show that is_equiv(f) is a proposition.

(d) Use Exercises 9.1 and 9.2 to show that is_equiv(f) ~ is_contr(f).

Conclude that A ~ B is a subtype of A — B, and in particular that the
map pr; : (A~ B) — (A — B) is an embedding.
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9.4 Show that path_split(f) and half_adj(f) are propositions for any map

f:A— B.

9.5 Let f: X — Y be a map. Show that the following are equivalent:

(i) f is an equivalence.

(ii) For any type A, the map fo —: X4 — Y4 is an equivalence.

9.6 Construct for any type A an equivalence

9.7

9.8

is_invertible(id 1) ~ <idA ~ idA) .

(a) Show that the map

(b)

0—-X)—1

given by Af.x is an equivalence.
Show that any type Y satisfying the property that the map

Afox: (Y =-X)—1

is an equivalence for any X, is itself equivalent to 0.
Show that the map

(A+B— X) - ((A—>X)><(B—>X))

given by f +— (f oinl, f oinr) is an equivalence.
Show that any type Y that is equipped with functionsi: A — Y
and j : B — Y and satisfies the condition that the map

Mo(foisfo))i (V= X) = ((A— X)x (B~ X))

is an equivalence for any X, is itself equivalent to A + B.
Show that the map

1—-X)—X

given by A\f. f(*) is an equivalence.
Show that a type C' is contractible if and only if it comes equipped
with a term ¢ : C' and satisfies the condition that the map

M. fle): (C— X) > X

is an equivalence for any X.
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9.10 Consider a commuting triangle

A—" B

N O

with H: f ~goh.

(a) Show that if h has a section, then sec(g) is a retract of sec(f).
(b) Show that if g has a retraction, then retr(h) is a retract of sec(f).

9.11 Let e; : A; >~ B; be an equivalence for every i : I. Show that the map

A Xicejof: (H(i:I)Ai> - (H(“)BZ)

is an equivalence.
9.12 Consider a diagram of the form

AJXXAB

(a) Show that the type Z(h:A—)B) f ~ goh is equivalent to the type of
fiberwise transformations

H(x;x)ﬁbf(x) — fiby ().

(b) Show that the type E(h:A:B) f ~ goh is equivalent to the type of
fiberwise equivalences

1. x)fibs(z) = fibg(z).

9.13 Consider a diagram of the form

A B
s
XT>Y

Show that the type Z(i:A—>B) ho f ~ goi is equivalent to the type of
fiberwise transformations

H(xzx)fibf(x) — fibg(h(x)).
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9.14 Let A and B be sets. Show that type type A ~ B of equivalences from
A to B is equivalent to the type A = B of isomorphisms from A to B,
i.e. the type of quadruples (f, g, H, K) consisting of

f:A—>B
g:B— A
H:fog=idp
K:gof=idy.



Lecture 10

Homotopy pullbacks

Suppose we are given a map f : A — B, and type families P over A, and @)
over B. Then any fiberwise map

9: Ty P(@) = Q(f ()

gives rise to a commuting square

total¢(g)
Yoy P@) —— 3 QW)
.| o
A B

f

where totalf(g) is defined as A(z,p). (f(z),9(x,y)). We will show in Theo-
rem 10.5.2 that ¢ is a fiberwise equivalence if and only if this square is a
pullback square. This generalization of Theorem 7.1.3 is therefore abstracting
away from the notion of fiberwise equivalence, and it serves as our moti-
vating theorem to introduce pullbacks. The connection between pullbacks
and fiberwise equivalences has an important role in the descent theorem in
Lecture 14.

10.1 Cartesian squares

Recall that a square
9

PRI
NTUU

g
81
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is said to commute if there is a homotopy H : f op ~ g o ¢q. The pullback
property is a universal property of the upper left corner of a commuting square
(in our case C), characterizing the maps into it.

To describe the universal property of pullbacks we first need to have a
closer look at the anatomy of commuting squares.

Definition 10.1.1. A commuting square

c—25B

s
AT>X

with H : f op ~ g oq can be dissected into three parts, consisting of a cospan,
a type, and a cone, where

(i) A cospan consists of three types A, X, and B, and maps f: A - X
and g: B — X.

(ii) Given a type C, a cone on the cospan A 1 x & B with vertex C
consists of maps p: C' — A, q: C — B and a homotopy H : fop ~ gogq.
We write

cone(C) := 3 cma)2(qo—n)f P~ 904
for the type of cones with vertex C.

Given a cone with vertex C on a span A I x & Bandamaph:C' — C,
we construct a new cone with vertex C’ in the following definition.

Definition 10.1.2. For any cone (p, ¢, H) with vertex C and any type C’, we
define a map

cone_map(p, q, H) : (C' — C) — cone(C")
by h+— (poh,qoh,Hoh).

Definition 10.1.3. We say that a commuting square

b Q)

><<TUJ
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with H : fop ~ goq is a pullback square, or that it is cartesian, if it
satisfies the universal property of pullbacks, which asserts that the map

cone_map(p,q, H) : (C" — C) — cone(C")
is an equivalence for every type C’.

We often indicate the universal property with a diagram as follows:

A— X

since the universal property states that for every cone (p', ¢, H') with vertex
C’, the type of pairs (h,«) consisting of h : C' — C equipped with « :
cone_map((p,q, H),h) = (p',q', H') is contractible by Theorem 6.3.3.

In order to see what goes on in the universal property of pullbacks, we
need to first characterize the identity type of cone(C), for any type C.

Lemma 10.1.4. Let (p,q,H) and (p',q', H') be cones on a cospan f : A —
X + B : g, both with vertex C. Then the type (p,q,H) = (p',q', H') is
equivalent to the type of triples (K, L, M) consisting of

K:p~yp

L:qg~d

M:H-(g L)~ (f-K) H'
Remark 10.1.5. The homotopy M witnesses that the square

fop L5 fop

Hl iH’
/
904 — 179049
of homotopies commutes. Therefore M is a homotopy of homotopies, and for

each z : C the identification M (z) witnesses that the square of identifications

ap;(K(2))

f@'(2)

H'(2)

9(4(2) == 9(d'(2)



84 LECTURE 10. HOMOTOPY PULLBACKS

commutes.

Proof of Lemma 10.1.4. By the fundamental theorem of identity types (Theo-
rem 7.2.1) and associativity of Y-types (Exercise 5.10) it suffices to show that
the type

D (17O 4) 2 (g0 B) 2o (H fop mgoq’) (K spr!) 2 (Ligrog?y L * (- L) ~ (f - )« H

is contractible. Now we apply Exercise 5.11 repeatedly to see that this type is
equivalent to the type

D (O A) 2o (K pap!) (g -Cs B) (L) 2 (< ol mgoqy L * (9 L) ~ (f - K )= H'.

The types E(p/:C_,A)p ~ p and Z(q’:C—>B) g ~ ¢ are contractible by function
extensionality, and we have

(p, htpyreflp) : Z(p/:C/_)A)p ~ p/
(q, htpyreflq) : Z(q/zo/%B)q ~ q,.

Thus we apply Exercise 6.4 to see that the type of tuples (p/, K, ¢, L, H', M)
is equivalent to the type

Z(H’:fop’wgoq’)H . htpy.reﬂgoq ~ htpy.reflfop . H,.

Of course, the type H = htpy.refl
H ~ H/7 and Z(H’:

gog ~ htpy.refls,, - H’ is equivalent to the type

fop~gog) H ~ H' is contractible. O

As a corollary we obtain the following characterization of the universal
property of pullbacks.

Theorem 10.1.6. Consider a commuting square

_a

Q)
e

f
with H : fop~ goq Then the following are equivalent:

(i) The square is a pullback square.
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(ii) For every type C' and every cone (p',q', H') with vertex C’, the type of
quadruples (h, K, L, M) consisting of

h:C"—C
K:poh~yp
L:goh~¢
M (H ) (g L) ~ (f - K)+

15 contractible.

Remark 10.1.7. The homotopy M in Theorem 10.1.6 witnesses that the square

fopoh 155 fop

| |

/
gogoh —7=goq
of homotopies commutes.
10.2 The unique existence of pullbacks

Definition 10.2.1. Let f: A — X and B — X be maps. Then we define

AXxx B:=3 02y (@) =9y)

m = pry cAxx B— A
Ty 1= pry O pry :Axx B— B
T3 1= Pry O Pry s fom ~ gom.

The type A X x B is called the canonical pullback of f and g.

Note that A x x B depends on f and g, although this dependency is not
visible in the notation.

Theorem 10.2.2. Given maps f : A — X and g : B — X, the commuting
square

Axy B -2+ B
L
X

A—>f ,

is a pullback square.
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Proof. Let C be a type. Our goal is to show that the map
cone_map(my, m2,m3) : (C'— A xx B) — cone(C)

is an equivalence. By double application of Theorem 9.1.4 we obtain equiva-
lences

(C—=Axx B)=C =3 a2 n)/f (@) =9)
~ > el 2wsl0R) =y
~ > o) 2a(geon)l o) f(P(2)) = gla(2))
= cone(C)

The composite of these equivalences is the map

Af-(Azpri(f(2)), Az pri(pra(f(2))), Az pra(pra(f(2)))),

which is ezactly the map cone_map(my, 72, 73), and since it is a composite of
equivalences it follows that it is itself an equivalence. O

In the following lemma we establish the uniqueness of pullbacks up to
equivalence via a 3-for-2 property for pullbacks.

Lemma 10.2.3. Consider the squares

c—1.B C’LB
D g p’ ig
AT>X AT)X

with homotopies H : fop~ goq and H' : fop' ~ goq'. Furthermore, suppose
we have a map h : C' — C equipped with

K:poh~yp
L:goh~¢q
M (H b)Y+ (g L)~ (f )« H'.

If any two of the following three properties hold, so does the third:
(i) C is a pullback.
(i1) C" is a pullback.

(#i) h is an equivalence.
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Proof. By the characterization of the identity type of cone(C’) given in
Lemma 10.1.4 we obtain an identification

Cone,map((pa q, H)? h) = (p,’ q/7 H,)

from the triple (K, L, M). Let D be a type, and let k: D — C’ be a map. We
observe that

cone_map((p,q,H),(hok))=(po(hok),qo(hok),Ho(hok))
= ((poh) ok, (qoh) ok, (H o h)ok)
= cone_map(cone_map((p,q, H), h), k)
= cone_map((p’, ¢, H'), k).

Thus we see that the triangle

(D — C') 2= (D > C)

coneﬁmap(p’,q’,H/)\l Anefmap(p,q,H)
D)

cone(

commutes. Therefore it follows from the 3-for-2 property of equivalences
established in Exercise 5.5, that if any two of the following properties hold,
then so does the third:

(i) The map cone_map(p,q, H) : (D — C) — cone(D) is an equivalence,
(ii) The map cone_map(p’, ¢, H') : (D — C") — cone(D) is an equivalence,
(iii) The map ho —: (D — C') — (D — C) is an equivalence.

Thus the 3-for-2 property for pullbacks follows from the fact that h is an
equivalence if and only if ho —: (D — C") — (D — C) is an equivalence for
any type D, which was established in Exercise 9.5. 0

Pullbacks are not only unique in the sense that any two pullbacks of the
same cospan are equivalent, they are uniquely unique in the sense that the
type of quadruples (h, K, L, M) as in Lemma 10.2.3 is contractible.

Corollary 10.2.4. Suppose both commuting squares

c -1, pB ' —— B
pi g p'l g
A—— X A— X
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with homotopies H : fop~goq and H' : fop ~ goq are pullback squares.
Then the type of quadruples (e, K, L, M) consisting of an equivalence e : C' ~ C
equipped with

K:poe~yp

L:goe~¢

M:(g-L)«(H-e)~ (f-K)-H.
is contractible.

Proof. We have seen that the type of quadruples (h, K, L, M) is equivalent to
the fiber of cone_map(p,q, H) at (p',¢’, H'). By Lemma 10.2.3 it follows that
h is an equivalence. Since is_equiv(h) is a proposition (and hence contractible
as soon as it is inhabited) it follows that the type of quadruples (e, K, L, M) is
contractible. O

Definition 10.2.5. Given a commuting square

q

C — B
Pl
AT)X

with H : f op ~ goq, we define the gap map
gap(p,¢,H) :C - Axx B
by Az.(p(z),q(z), H(z)). Furthermore, we will write
is_pullback(f, g, H) := is_equiv(gap(p, q, H)).

Theorem 10.2.6. Consider a commuting square

o Cf

NTUU

with H : fop~ goq. The following are equivalent:

(i) The square is a pullback square
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(i) There is a term of type
is_pullback(p, ¢, H) := is_equiv(gap(p, q, H)).
Proof. Note that there are homotopies

K :m ogap(p,q,H) ~p
q

(
L : mogap(p,q, H) ~
M : (w3 - gap(p,q,H))* (9- L)~ (f-K)*H.

given by
K = Xz.refl )
L:= Az reﬂq(z)
M = \z.right_unit(H (2)) = left_unit(H (z)) ™.
Therefore the claim follows by Lemma 10.2.3. O

10.3 Fiber products

An important special case of pullbacks occurs when the cospan is of the form
A—— 1+— B.

In this case, the pullback is just the cartesian product.

Lemma 10.3.1. Let A and B be types. Then the square

AxB -2, p

prll Jconst*
1

A

consty
which commutes by the homotopy constyeq, 1S a pullback square.
Proof. By Theorem 10.2.6 it suffices to show that
gap(pry, pra, A(a, b). refly)
is an equivalence. Its inverse is the map A(a,b,p). (a,b). O

The following generalization of Lemma 10.3.1 is the reason why pullbacks
are sometimes called fiber products.
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Theorem 10.3.2. Let P and Q be families over a type X. Then the square

S o) P(@) x Q) — 220D Q)

Az, (p,q))- (w,p)l lprl

Z(xX) P(]}) pry Xﬂ

which commutes by the homotopy

H = Xz, (p,q)). refly,

s a pullback square.

Proof. By Theorem 10.2.6 it suffices to show that the gap map is an equivalence.
The gap map is homotopic to the function

Az, (p,q))- ((x, ), (x, q), refly)

is an equivalence. The inverse of this function is the map
A((xap)a(y7Q)aa)'(yv (trP(aap)7Q))‘ O
Corollary 10.3.3. For any f: A — X and g: B — X, the square

Az, ((a,p),(b,9)))- b

> (@:x) fiby (@) x fibg(y) B

e, ((a,p),(b.9))) l lg
A

X

is a pullback square.

10.4 Fibers as pullbacks

Lemma 10.4.1. For any function f : A — B, and any b : B, consider the
square

flbf(b) const, 1

prll consty

A=

Sy

which commutes by pry : H(t:fibf(b)) flpri(t)) =0b. This is a pullback square.
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Proof. By Theorem 10.2.6 it suffices to show that the gap map is an equivalence.
The gap map is homotopic to the function

total(Az. \p. (x,p))

The map Az. A\p. (x, p) is a fiberwise equivalence by Exercise 6.4, so it induces
an equivalence on total spaces by Theorem 7.1.3. ]

Lemma 10.4.1 motivates the following definition of fiber sequences, which
play an important role in synthetic homotopy theory (and in algebraic topol-

0gy).
Definition 10.4.2. A fiber sequence consists of types F, E, and B with
base points z: F, y : F, and b: B, and maps

F—sE-Lt+B

preserving the base points in the sense that i(x) = y and p(y) = b, such that
the square

F——F
I
1 — B
is a pullback square. We often write F' — F — B to indicate that we have a

fiber sequence.
Given a fiber sequence F' — E — B, we call B the base space, E the
total space, and F the fiber.

Ezxample 10.4.3. For any type family B over A and any a : A the square

B(a) consty

Ay. (a,y)i lx*. a

Y@y B@) —5— A

is a pullback square.
To see this, note that the gap map is homotopic to the function

e:=M\y. ((a,y),refly).

This function is an equivalence by Exercise 7.5.
Thus we see that if we additionally suppose that there is a term b : B(a),
then we obtain a fiber sequence

Bla) —— > (p.a) B(z) — A
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10.5 Fiberwise equivalences

Lemma 10.5.1. Let f : A — B, and let Q be a type family over B. Then the
square

2@ QUf(2)) e U@, > (y:m) QD)
pr{ lprl
A 7 B

commutes by H := Xz, q). refl ;o). This is a pullback square.

Proof. By Theorem 10.2.6 it suffices to show that the gap map is an equivalence.
The gap map is homotopic to the function

)\(33, Q>' (.Z‘, (f(.%'), q)v reﬂf(x))'

The inverse of this map is given by A(z, ((y,q),p))- (z,tro(p~1,q)), and it is
straightforward to see that these maps are indeed mutual inverses. O

Theorem 10.5.2. Let f: A — B, and let g : [[(,.4) P(a) = Q(f(a)) be a
fiberwise transformation. The following are equivalent:

(i) The commuting square

total(g)
—_—

> (aa) Pla) > (b:3) QD)

; ;

1s a pullback square.
(ii) g is a fiberwise equivalence.
Proof. The gap map is homotopic to the composite

total(g)

>y P2) S QUE) —E2 A x5 (X QW)

where gap’ is the gap map for the square in Lemma 10.5.1. Since gap’ is an
equivalence, it follows by Exercise 5.5 and Theorem 7.1.3 that the gap map is
an equivalence if and only if g is a fiberwise equivalence. O
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Lemma 10.5.3. Consider a commuting square

_a

Q)
NTUU

f
with H : f op ~ gogq, and consider the fiberwise transformation
fib(s.q,m1) : [1(a:fibp(a) — fibg(f(a))
given by Aa. X(c,u). (q(c), H(c)"' +apy (u)). Then there is an equivalence

ﬁbgap(p,q,H)((aa b, a)) = ﬁbfib(f’qu)(a)((ba 04_1))

Proof. To obtain an equivalence of the desired type we simply concatenate
known equivalences:

fibn((a, b, @) = 3,00 (p(2), 4(2), H(2)) = (a,b, )
N D (2:0) 2o (wipl(z)=a) 2o (viq(z)=b) H (2) * Py (v) = apy (u) *
o ()b (a)) D (oeg(e)=b) L (2) T+ apy (u) = apy (v) a7
~ fiby(a) ((b,a™ 1)) O

Corollary 10.5.4. Consider a commuting square

N

Q)
XTtU

—_
f
with H : fop~ gogq. The following are equivalent:

(i) The square is a pullback square.

(ii) The induced map on fibers

Az Az, ). (q(z), H(z)™ ! - apy (@) : H(x:A)fibp(az) — fibg(f(z))

s a fiberwise equivalence.
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Corollary 10.5.5. Consider a pullback square

q

¢ —— B
”l lg
A X.

|

If g is a k-truncated map, then so is p. In particular, if g is an embedding then
50 18 P.

Proof. Since the square is assumed to be a pullback square, it follows from
Corollary 10.5.4 that for each x : A, the fiber fib,(x) is equivalent to the fiber
fiby(f(x)), which is k-truncated. Since k-truncated types are closed under
equivalences by Theorem 8.3.3, it follows that p is a k-truncated map. ]

Corollary 10.5.6. Consider a commuting square

q

¢ —— B
”l L‘]
A X.

7

and suppose that g is an equivalence. Then the following are equivalent:
(i) The square is a pullback square.
(ii) The map p: C — A is an equivalence.

Proof. If the square is a pullback square, then by Theorem 10.5.2 the fibers of
p are equivalent to the fibers of g, which are contractible by Theorem 6.3.3.
Thus it follows that p is a contractible map, and hence that p is an equivalence.

If p is an equivalence, then by Theorem 6.3.3 both fib,(x) and fiby(f(z))
are contractible for any = : X. It follows by Exercise 6.3 that the induced
map fib,(x) — fiby(f(x)) is an equivalence. Thus we apply Corollary 10.5.4 to
conclude that the square is a pullback. O

Theorem 10.5.7. Consider a diagram of the form

A B
A
X —Y.

h
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Then the type of triples (i, H,p) consisting of a map i : A — B, a homotopy
H:hof~goti, and a term p witnessing that the square

A—".pB

fl ig

XT>Y'

is a pullback square, is equivalent to the type of fiberwise equivalences

[T x)fibs(z) = fibg(h(z)).

Corollary 10.5.8. Let h: X — Y be a map, and let P and Q) be families over
X andY, respectively. Then the type of triples (i, H,p) consisting of a map

i: (Z(x;X)P(»’U)) - (Z(y:Y)Q(y)>’

a homotopy H : hopry ~ pry o1, and a term p witnessing that the square

Z(x;x) P(z) — Z(y;y) Q)

| [

X - Y.

is a pullback square, is equivalent to the type of fiberwise equivalences

[a:x) P () = Q(h(2)).

10.6 The pullback pasting property

The following theorem is also called the pasting property of pullbacks.

Theorem 10.6.1. Consider a commuting diagram of the form

k B l C

!

XﬁYﬁZ

with homotopies H :io f ~gok and K : jog~ hol, and the homotopy

(j-H)*(K-k):joiof~holok



96 LECTURE 10. HOMOTOPY PULLBACKS

witnessing that the outer rectangle commutes. Furthermore, suppose that the
square on the right is a pullback square. Then the following are equivalent:

(i) The square on the left is a pullback square.
(i) The outer rectangle is a pullback square.
Proof. The commutativity of the two squares induces fiberwise transformations
[T fibys () —= fiby (i(x))
[Ty fibg(y) = fibn (i (y))-

By the assumption that the square on the right is a pullback square, it follows
from Corollary 10.5.4 that the fiberwise transformation

[Ty fibg(y) — fibn (i (y))

is a fiberwise equivalence. Therefore it follows from 3-for-2 property of equiva-
lences that the fiberwise transformation

[L(a:x)fibs () — fiby (i(2))
is a fiberwise equivalence if and only if the fiberwise transformation
[T (a:x)fibs () — fiby (j (i(2)))
is a fiberwise equivalence. Now the claim follows from one more application of
Corollary 10.5.4. O
10.7 The disjointness of coproducts

As an application of the theory of pullbacks, we show that coproducts are
disjoint. In this section we will write

[f,g]: A+ B— X

for the unique map satisfying [f, ¢](inl(x)) = f(x) and [f, g](inr(y)) = g(y),
where f: A — X and g : B — X. Furthermore, we will write

f+g:=]nlof/inrogl]: A+ B—X+B

forany f:A— X andg: B—Y.
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Lemma 10.7.1. Let X be a type. Then we have the pullback squares

consty,

X ——1 0O———1

idl consto2 l const12

X —— 52 X — 2
constg, constp,

and we have similar pullback squares with the roles of 02 and 1o reversed.

Proof. For the first square we observe that both squares and the outer rectangle
in the diagram

X 1

1
l l lconsto2
X 2

consty consto2

are pullback squares. To see this, recall that the identity type 02 = 02 is
contractible by Exercise 8.3. Therefore it follows that the square on the right
is a pullback square by Exercise 10.1. The square on the left is a pullback
square by Corollary 10.5.6. Therefore the outer rectangle is a pullback square
by Theorem 10.6.1.

For the second square we observe that both squares end the outer rectangle
in the diagram

0 0

1
| | [coms
X 2

1
consty consto,

are pullback squares. To see this, recall that the identity type 02 = 12 is
equivalent to the empty type by Exercise 8.3. Therefore it follows that the
square on the right is a pullback. It is also straightforward to verify that the
square on the left is a pullback. Therefore it follows from Theorem 10.6.1 that
the outer rectangle is a pullback. O

Lemma 10.7.2. For any two types A and B, the squares

A const, 1 B const, 1
inll lCOHStOQ inrl Jﬁconstl2
A+B 2 A+ B 2
[consto, ,consti, ] [consto, ,consti, ]

are pullback squares.
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Proof. The two cases are similar, so we only give the proof that the left square
is a pullback. The left square commutes by the homotopy

H = htpy.reflconst02.
To see that the asserted square is a pullback square we use Theorem 10.2.6

and show that the gap map is an equivalence. First we note that the gap map
is homotopic to the function e : A — (A + B) x2 1 is defined by

Az. (inl(x), *, refly, ).

The inverse is defined by the induction principle of coproducts by

where ( : H($,y:2) (x = y) — Eqq(z,y) is the canonical map of the identity type
of 2 into the observational equality on 2. In the case of « : 0 = 12 we obtain
a term of Eqq(02,12) = 0. It is immediate from the computation rules that
e loe=id.

The homotopy e o e™! ~ id is again constructed by the induction principle
of coproducts. In the inl-case we have e(e™!(inl(x),t,a)) = (inl(z),*, refly,).
We define the identification

(inl(z), x, reflp,) = (inl(x), t, )

by singleton induction on ¢ : 1 and « : 02 = 02 (both of which are terms of
contractible types). Thus, it suffices to provide an identification

(inl(z), *, reflp,) = (inl(x), *, refly, ),

which we have by reflexivity. The inr-case is again automatic, since we obtain
a term of the empty type from « : 02 = 1. This completes the proof that e is
an equivalence. O

Corollary 10.7.3. The mapsinl : A - A+ B andinr : B — A+ B are
embeddings.

Proof. By the pullback squares of Lemma 10.7.2 and Corollary 10.5.5 it suffices
to show that 1 — 2 is an embedding. This is Exercise 8.9. O
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Theorem 10.7.4. Coproducts are disjoint in the sense that for any two types
A and B, the commuting square

00— B

| b

ATA—kB

is a pullback square.

Proof. Now consider the commuting diagram

0 B 1
l linr lconstlz
A—— A+ B 2

inl [consto., ,const1, |

By Lemma 10.7.1 it follows that the outer rectangle is a pullback square. The
square on the right is a pullback square by Lemma 10.7.2. Therefore the square
on the left is a pullback square by Theorem 10.6.1. ]

Corollary 10.7.5. Let A and B be types. There are equivalences

(inl(x) = inl(z")) =~ (x =4 2)
(inl(z) = inr(y’)) ~ 0
(inr(y) = inl(2')) ~ 0
(inr(y) = inr(y)) = (y =B ¥/)

Proof. The cases
(inl(x) = inl(z")) =~ (x =4 2/)
(inr(y) =inr(y") = (y =5 ¥).
follow from Corollary 10.7.3 since both inl and inr are embeddings. The

remaining cases follow from the disjointness of coproducts, proven in Theo-
rem 10.7.4. O

Exercises

10.1 (a) Show that the square

=

(z

consty

N

y) —
Er—
const,

%
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is a pullback square.
(b) Show that the square

constg

(z=y) A
const*l LSA
1 Ax A
const(y )

is a pullback square, where 4 : A — A x A is the diagonal of A,
defined in Exercise 8.1.

10.2 In this exercise we give an alternative characterization of the notion of
k-truncated map, compared to Theorem 8.3.7. Given a map f: A — X
define the diagonal of f to be the map 6y : A — A xx A given by
x> (x,z,refl g ).

(a) Construct an equivalence

fibgf((x,y,p)) ~ ﬁbapf ()

to show that the square

fibap, (p) — = A

const*l l‘sf
1

AXXA

const(x,y,p)

is a pullback square, for every z,y : A and p: f(z) = f(y).

(b) Show that a map f: A — X is (k + 1)-truncated if and only if 65
is k-truncated.

Conclude that f is an embedding if and only if d; is an equivalence.
10.3 Consider a commuting square

_a

QY
XTW

f

with H : f op ~ g ogq. Show that the following are equivalent:

(i) The square is a pullback square.
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(ii) For every type T', the commuting square

coT q°— BT

pofl lgo,

AT ? XT

is a pullback square.

Note: property (ii) is really just a rephrasing of the universal property
of pullbacks.
10.4 Consider a commuting square

_a,

Q)
NTUU

f

with H : f op ~ g oq. Show that the following are equivalent:
(i) The square is a pullback square.
(ii) The square
c—1 X
e (p(o).a(0))| [ox
Ax B T X xX

which commutes by Az.eq_pair(H (z), refly(4(2))) is a pullback square.
10.5 Show that if

i — B Cy —— By
I
A — X4 Ay —— Xo

are pullback squares, then so is

C1 xCy —— By X By

| |

A1XA2*>X1XX2.
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10.6 Consider for each i : I a pullback square

qi

C; —— B;
b s
with H; : f; op; ~ gi 0 q;.
(a) Show that the square
total(q)
Z(i:[) Cg — Z(u) B;

total (p)l lt0t3| (9)
2D A iy 2tin Xi
which commutes by the homotopy

total(H) := A(i, ¢). eq_pair(refl;, H;(c))

is a pullback square.
(b) Show that the commuting square

[I4n Ci — i Bi

| |

iiry Ai — Tln Xi

is a pullback square.

10.7 Let B be a type family over A. Show that the square

Moz (2,f(x)) A
H(x:A) B(x) e (Z@;A) B(@)
errlof
1 A4

COnStidA

is a pullback square. Conclude that the type H(x: A) B(x) is equivalent
to the type sec(pr;) of sections of the projection map.
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10.8 Consider a pullback square

Q)

NTEU

with H : fop~gogq, and let ¢1,co : C. Show that the square

(c1=c2) (q(c1) = qlc2))
appl lAB.H(cl)-apg(ﬁ)

ap,

(p(er) = ple2)) — ey S P(a)) = gla(e2)),

which commutes by the naturality of homotopies (Definition 6.3.1), is
again a pullback square.
10.9 Suppose that

J

c—21.pB
p g

AT>X

with H : fop ~ gogq is a pullback square. Show that the square
c LA
L b
B —— X

with H=1 : go ¢ ~ f op is again a pullback square.

10.10 Consider a commuting square

c—1,B

| ls
A — X.

with H : fop~ gogq, and let h : C — A xx B be the map given by
h(z) := (p(c), q(c), H(c)). Show that the square

Ae,8). (c:apy, (8))

fibgap(p,q,i) (@, D, @) fib,(a)

const*l lﬁb(fyg,H)

1 const<b‘a,1) ﬁbg(f(a))
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10.11 Consider a commuting diagram of the form

Ao By Co
I
A1 B 1 Cl
| |
AQ BQ CQ

with homotopies filling the (small) squares. Construct an equivalence

(Ao x By Co) X (A,xp5,01) (A2 XB, C2)

~ (Ao x4, A2) X(Byx g, Ba) (Co Xy C2).

This is also known as the 3-by-3 lemma for pullbacks.



Lecture 11

The univalence axiom

11.1 Type extensionality

The univalence axiom characterizes the identity type of the universe. Roughly
speaking, it asserts that equivalent types are equal. It is considered to be an
extensionality principle for types. In the following theorem we introduce the
univalence axiom and give two more equivalent ways of stating this.

Theorem 11.1.1. The following are equivalent:
(i) The univalence axiom: for any A :U the map
equiv_eq := inda=(ida) : [Ty (A= B) = (A= B).

is a fiberwise equivalence. If this is the case, we write eq_equiv for the
inverse of equiv_eq.

(i) The type
Z(B:Z/I)A ~B

is contractible for each A : U.

(i1i) The principle of equivalence induction: for every A :U and for every

type family
P I1(puy(A = B) — Type,

the map
(H(B:U)H(e:AzB)P(Bv €)> - P<A7 IdA)

given by f — f(A,id4) has a section.

105
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Proof. The equivalence of (i) and (ii) is a direct consequence of Theorem 7.2.1.
To see that (ii) and (iii) are equivalent, note that we have a commuting triangle

inds

H(t:z(&u) a~p) P(t) ——— Tl [(e:axm) P((B€))

0 0
fwf((A,idm A(A,idfo
P(( )

The map indy, has a section. Therefore it follows from Exercise 5.5 that ¢ has
a section if and only if 1) has a section. By Theorem 6.1.1 it follows that ¢
has a section if and only if Z( B) A ~ B is contractible. O

A,idy

From now on we will assume that the univalence axiom holds.

11.2 Groups in univalent mathematics

In this section we exhibit a typical way to use the univalence axiom, showing
that isomorphic groups can be identified. This is an instance of the structure
identity principle, which is described in more detail in section 9.8 of [2]. We will
see that in order to establish the fact that isomorphic groups can be identified,
it has to be part of the definition of a group that its underlying type is a set.

This is an important observation: in many branches of algebra the objects of

study are set-level structures’.

Definition 11.2.1. A group G consists of a type G equipped with
p :is_set(G)
1:G
i1:G—>G
p:G— (G- QG),

satisfying the group laws:

assoc : [, .oyp(u(z,y), 2) = p(z, p(y, 2))
left_unit : [T,.cyu(l,2) =2
right_unit : [T,.cyu(z,1) =
left inv : [],.qyu(i(z), z) =1

1A notable exception is that of categories, which are objects at truncation level 1, i.e. at
the level of groupoids. For more on this, see Chapter 9 of [2].
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right_inv : [[,.qyu(z,i(z)) = 2.
The type Grp of all small groups is defined as

GIP 1= D (Gt 2 (pis set(G)) 2o(1:G) 2o (i:G—G) 2= (1:G—(G— )
(H(x,y,z;a)u(ﬂ(% Y),z) = p(x, u(y, z))) X
<H(a):G)lu’(1’x) = x) x (H(m:G)M(:’U’ 1) = fE) X
(Mepti s 2,2) = 1) x (mayplai(@) = z).

We will usually write 2! for i(z), and zy for p(x,y). The binary operation
is also referred to as the group operation.

Ezample 11.2.2. An important class of examples consists of the loop space
x =z of a 1-type X, for any z : X. We will write Q(X,x) for the loop space
of X at z. Since X is assumed to be a 1-type, it follows that the type Q(X,x)
is a set. Then we have

refl, : Q(X, x)
inv: Q(X,z) - Q(X,z)
concat : Q(X,z) = (Q(X,z) —» QX, z)),
and these operations satisfy the group laws, since the group laws are just a
special case of the groupoid laws for identity types, constructed in §4.2.

Using higher inductive types we will show in Lecture 16 that every group
is of this form.

Ezample 11.2.3. The type Z of integers can be given the structure of a group,
with the group operation being addition. The fact that Z is a set follows from
Theorem 8.2.4 and Exercise 8.4. The group laws were shown in Exercise 5.12.

Definition 11.2.4. Let G and G’ be groups. The type hom(G,G’) of group
homomorphisms from G to G’ is defined to be the type of pairs (h,p) con-
sisting of

h:G— G

P Haye flay) = f(@)f(y).
Remark 11.2.5. Since preservation of the group operation is a property, we

will usually write h for the group homomorphism (h,p). Moreover, from
Corollary 8.3.9 we obtain that the projection map

pry : hom(G,G") — (G — G)
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is an embedding. Therefore the equality type (h,p) = (h/,p’) is equivalent to
h = 1. In other words, to show that two group homomorphisms are equal it
suffices to show that their underlying maps are equal.

Lemma 11.2.6. For any two groups G, and H, the type hom(G,H) is equiva-
lent to the type of quadruples (f,a, B,7) consisting of

f:G—-H

a: f(l)y=1

B H(I;G)f@?_l) = f(x)™!

7 Ty f ) = F()f ().

Proof. Tt suffices to show that for any group homomorphism f : hom(G,H),
the types f(1) =1 and

(e f@™) = F@)7)

are contractible. Since G is a set, both types are propositions. Therefore it
suffices to show they are inhabited. In other words, it suffices to show that
any group homomorphism preserves the unit element and inverses. These are
just calculations, where each step is an application of a group law:

f(1)=1f(1) ) = fla™H
= (S~ F))f(D) = fla ) (f(@)f(2)™h)
= F)7HF)£(1) = (f@ ) f(@) f(x)!
= f()~tr() = f(z™ ') f(x)!
= f)7 () = f()f(x)!
=1. =1f(z)7?
= f(z)™! [

Definition 11.2.7. Let G be a group. Then the identity homomorphism
idg : hom(G, G) is defined to be the pair (idg, p), where

p(x,y) := refly,.

Definition 11.2.8. Let h : hom(G,H) and k : hom(#, K) be group homo-
morphisms, with proofs p and ¢ that h and k preserve the group operation,
respectively. Then we define

ko h:hom(G,K)
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to be the group homomorphism with underlying map ko h. This map preserves
the group operation since

k(h(zy)) == k(h(x)h(y)) == k(h(2))k(h(y))-

Definition 11.2.9. Let A : hom(G, H) be a group homomorphism. Then h is
said to be an isomorphism if there is a group homomorphism A~! : hom(H, G)
such that

hloh=idg and  hoh !=idy.

We write G 2 H for the type of all group isomorphisms from G to H, i.e.

G = H 1= 3 (hihom(G,)) 2o (khom(#,6)) (K © b = idg) x (h o k = idy).

Lemma 11.2.10. The type of isomorphisms G = H is equivalent to the type

e:G>~H

aze(l)=1

/8 : H(x:G)e(‘T—l) = e(x)_l

’y : H(x,y:G)e(my) = e(‘r)e(y)
Proof. The standard proof showing that if the underlying map f : G — H
of a group homomorphism is invertible then its inverse is again a group
homomorphism, also works in type theory. Since being a group homomorphism
is a property, it follows that the type of group isomorphism is equivalent to

the type of group homomorphisms of which the underlying map has an inverse.
By Exercise 9.14 it follows that the type

2 (fihom(g,m))is_invertible(f)

of group homomorphism of which the underlying map has an inverse is equiva-
lent to the type

Z(f:hom(gﬂ-[)) isﬁeqUiV(f).

of group homomorphisms of which the underlying map is an equivalence. [
Definition 11.2.11. Let G : Grp be a group. We define the map
iSOieq : H(’H:Grp) (g = H) — (g = H)

by path induction, taking reflg to idg. Indeed, idg is a group isomorphism
since it is its own inverse.
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Theorem 11.2.12. The fiberwise transformation
iso_eq : H(g’:Grp)(g =G)—=(G=g)
s a fiberwise equivalence, for any group G.
Proof. We will apply Theorem 7.2.1, and show that the type
Yoem9 =9

is contractible. By Lemma 11.2.10 it follows that the total space - gr.g.p) (G
G’) is equivalent to the type

I

D (G U) D (s set(GY))
2(1/:0)Z(i/:G'—>G/)Z(M/:Gq(cf—@))Z(L':groupjaws((;f,1',i/,u'))
(e (€) =1) x (Mge@™) = (e(@)))
(Mercyel@y) = 1 (e(@), ew)) )

By the univalence axiom, the type > gy G = G’ is contractible. Thus we
see that the above type is equivalent to

D (gis_set(G)) 2o (17:G) 2o (i:G—G) 2 (-G (G— G)) 2= (Legroup_laws(G. 1 7 7))
(1=1")x <H(I:G)x_l = z’(x)) X (H(x’y:G):ry = u’(w,y)).
Of course, the types
2(1/:(;)1 =1
Y raso Lmer ™ =7 (x)
5 st (eacyzy = 1 (.9)

are all contractible. Moreover, being a set is a proposition, and since G is a
set the group laws are propositions too. Since G is already assumed to be a
set on which the group operations satisfy the group laws, it follows that the
types is_set(G) and group_laws(G, 1,14, 1) are all contractible. This concludes
the proof that the total space Z(g’:Grp) G =~ G’ is contractible. OJ

Corollary 11.2.13. The type Grp is a 1-type.

Proof. 1t is straightforward to see that the type of group isomorphisms G = H
is a set, for any two groups G and H. O
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11.3 Equivalence relations

Definition 11.3.1. Let R : A — (A — Prop) be a binary relation valued in
the propositions. We say that R is an (0-)equivalence relation if R comes
equipped with

P gy Bz, x)
o H(m,y:A)R('r’ y) - R(y7 CC)
T [y =aB(@,y) = (R(y, 2) = R(z, 2)).

Given an equivalence relation R : A — (A — Prop), the equivalence class
[x]g of z : A is defined to be

Definition 11.3.2. Let R: A — (A — Prop) be a 0-equivalence relation. We
define for any =,y : A a map

class eq: R(z,y) — ([z]r = [y]Rr)-

Construction. Let r : R(z,y). By function extensionality, the identity type
R(z) = R(y) is equivalent to the type

[lo.ayR(z, 2) = R(y, 2).

Let z : A. By the univalence axiom, the type R(z,z) = R(y, z) is equivalent
to the type

R(z,z) ~ R(y, 2).

We have the map 7, .(0(r)) : R(x,2) — R(y, z). Since this is a map between
propositions, we only have to construct a map in the converse direction to
show that it is an equivalence. The map in the converse direction is just
Tey,2(1) 1 R(y,2) = R(x, 2). O

Theorem 11.3.3. Let R: A — (A — Prop) be a 0-equivalence relation. Then
for any x,y : A the map

class_eq : R(z,y) = ([z]r = [y]Rr)

s an equivalence.
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Proof. By the 3-for-2 property of equivalences, it suffices to show that the map
AT Az Ty g 2(0(r) : R(z,y) = [].aR(2, 2) = R(y, 2)

is an equivalence. Since this is a map between propositions, it suffices to
construct a map of type

(Ieen Rlw,2) = R(y, 2)) = R(z,y).

This map is simply A f. oy (fz(p(2))). O

Remark 11.3.4. By Theorem 11.3.3 we can begin to think of the quotient A/R
of a type A by an equivalence relation R. Classically, the quotient is described
as the set of equivalence classes, and Theorem 11.3.3 establishes that two
equivalence classes [z]r and [y]g are equal precisely when x and y are related
by R.

However, the type A — Prop may contain many more terms than just
the R-equivalence classes. Therefore we are facing the task of finding a type
theoretic description of the smallest subtype of A — Prop containing the
equivalence classes. Another to think about this is as the #mage of R in
A — Prop. The construction of the (homotopy) image of a map can be done
with higher inductive types, which we will do in Lecture 16.

The notion of 0-equivalence relation which we defined in Definition 11.3.1
fits in a hierarchy of ‘n-equivalence relations’, the study of which is a research
topic on its own. However, we already know an example of a relation that
should count as an ‘co-equivalence relation’: the identity type. Analogous to
Theorem 11.3.3, the following theorem shows that the canonical map

(x=y) — (Ida(z) = lda(y))

is an equivalence, for any z,y : A. In other words, Id4(x) can be thought of as
the equivalence class of x with respect to the relation Id 4.

Theorem 11.3.5. Assuming the univalence axiom on U, the map
lda:A— (A—-U)
is an embedding, for any type A 1 U.

Proof. Let a : A. By function extensionality it suffices to show that the
canonical map
(a =b) — Ida(a) ~ 1d4(b)
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that sends refl, to Az.refl,—,) is an equivalence for every b : A, and by
univalence it therefore suffices to show that the canonical map

(@=0b) = [[zayla=2) = (b=u1)

that sends refl, to Az.id(4—;) is an equivalence for every b : B. To do this we
employ the type theoretic Yoneda lemma, Theorem 9.2.3.
By the type theoretic Yoneda lemma we have an equivalence

(Mo =2) = (a=2)) = (a=1)

given by Af. f(b, refly), for every b : A. Note that any fiberwise map H(x:A)(b =
x) — (a = x) induces an equivalence of total spaces by Exercise 6.3, since their
total spaces are are both contractible by Corollary 6.3.4. It follows that we
have an equivalence

ev: (Ma(b=2) = (a=2)) — (a=1)

given by Af. f (b, refly), for every b: A.
Note that ¢,(Az.id(,—y)) = refl,. Therefore it follows by another applica-
tion of Theorem 9.2.3 that the unique family of maps

ap: (a=0b) — (H(I:A)(b: x)~ (a= x))

that satisfies a4 (refl,) = Az.id(,—y) is a fiberwise section of . It follows that
« is a fiberwise equivalence. Now the proof is completed by reverting the
direction of the fiberwise equivalences in the codomain. ]

11.4 Essentially small types and maps

It is a trivial observation, but nevertheless of fundamental importance, that
by the univalence axiom the identity types of U are equivalent to types in U,
because it provides an equivalence (A = B) ~ (A ~ B), and the type A ~ B
isin U for any A, B : U. Since the identity types of U are equivalent to types
in U, we also say that the universe is locally small.

Definition 11.4.1. (i) A type A is said to be essentially small if there
is a type X : U and an equivalence A ~ X. We write

ess small(4) = 35 x4 ~ X.
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(i) A map f: A — B is said to be essentially small if for each b: B the
fiber fibs(b) is essentially small. We write

ess small(f) := [ pyess_small(fibs(b)).

(iii) A type A is said to be locally small if for every =,y : A the identity
type x = y is essentially small. We write

loc_small(A4) =[], ,.4)esssmall(z = y).

T,y A
Lemma 11.4.2. The type ess_small(A) is a proposition for any type A.

Proof. Let X be a type. Our goal is to show that the type

Z(Y:L{)X ~Y

is a proposition. Suppose there is a type X’ : i and an equivalence e : X ~ X',

then the map
(X ~Y)— (X' ~Y)

given by precomposing with e~! is an equivalence. This induces an equivalence
on total spaces

(Z(Y;M)X = Y) = (Z(Y:U)X/ = Y)

However, the codomain of this equivalence is contractible by Theorem 11.1.1.
Thus it follows by Corollary 8.1.4 that the asserted type is a proposition. [

Corollary 11.4.3. For each function f : A — B, the type ess_small(f) is a
proposition, and for each type X the type loc_small(X) is a proposition.

Proof. This follows from the fact that propositions are closed under dependent
products, established in Theorem 9.1.2. 0

Theorem 11.4.4. For any small type A : U there is an equivalence
map_fam, : (A - U) ~ (Z(X:u)X — A).
Proof. Note that we have the function
¢ AB. (Z(I:A)B(x), pr1> (A U) - (Z(M)X = A).

The fiber of this map at (X, f) is by univalence and function extensionality
equivalent to the type

Z(B:A—H/I)Z(e:(z(zﬂ) B(z))~X)Pr1 ~ foe.



11.4. ESSENTIALLY SMALL TYPES AND MAPS 115

By Exercise 9.12 this type is equivalent to the type

> (B: A=y L (a:a)B(a) = fibg(a),

and by ‘type theoretic choice’, which was established in Theorem 9.1.4, this
type is equivalent to

H(a:A)Z(X:Z/I)X = ﬁbf(a)
We conclude that the fiber of ¢ at (X, f) is equivalent to the type ess_small(f).
However, since f : X — A is a map between small types it is essentially small.
Moreover, since being essentially small is a proposition by Lemma 11.4.2, it

follows that fib,((X, f)) is contractible for every f: X — A. In other words,
© is a contractible map, and therefore it is an equivalence. O

Remark 11.4.5. The inverse of the map

p: (A—=U)— (Z(X:u)X — A).
constructed in Theorem 11.4.4 is the map (X, f) — fiby.

Theorem 11.4.6. Let f: A — B be a map. Then there is an equivalence
ess_small(f) ~ is_classified(f),

where is_classified(f) is the type of quadruples (F, F. H, p) consisting of maps
F:B—-UandF:A— Z(X:M)X, a homotopy H : Fo f ~ pryoF, such that
the commuting square

At Z(X:Z/{) X

I

is a pullback square, as witnessed by p>. If f comes equipped with a term of

type is_classified(f), we also say that f is classified by the universal family.

Proof. From Exercise 9.13 we obtain that the type of pairs (F , H) is equivalent
to the type of fiberwise transformations

H(b:B)fibf(b) — F(b).

2The universal property of the pullback is not expressible by a type. However, we may
take the type of p : is_equiv(h), where h : A — B Xy (Z(X:u) X) is the map obtained by the
universal property of the canonical pullback.
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By Corollary 10.5.4 the square is a pullback square if and only if the induced
map

[.5)fibs (b)) = F(b)

is a fiberwise equivalence. Thus the data (F), F. H, pb) is equivalent to the
type of pairs (F,e) where e is a fiberwise equivalence from fibs to F. By
Theorem 9.1.4 the type of pairs (F, e) is equivalent to the type ess_small(f). O

Remark 11.4.7. For any type A (not necessarily small), and any B : A — U,
the square

Alz,y). (B(x),y)
> (wa) B@) S >xu X
| o
A 5 U

is a pullback square. Therefore it follows that for any family B : A — U of
small types, the projection map pr; : Z(x: 2B () — A is an essentially small
map. To see that the claim is a direct consequence of Lemma 10.5.1 we write
the asserted square in its rudimentary form:

A(z,y). (B(x),y)
] o
A U.

B

In the following theorem we show that a type is small if and only if its
diagonal is classified by U.

Theorem 11.4.8. Let A be a type. The following are equivalent:
(i) A is locally small.

(i) There are maps I : Ax A —U and I : A — > (xu) X, and a homotopy
H:Todg~prjo I such that the commuting square

A ;) Z(X:Z/[) X

N I

AxAﬁL{

is a pullback square.
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Proof. In Exercise 8.1 we have established that the identity type x = y is the
fiber of 64 at (z,y) : A x A. Therefore it follows that A is locally small if
and only if the diagonal §4 is essentially small. Now the result follows from
Theorem 11.4.6. O

Exercises
11.1 Show that for any P: X — U and any p: x = y in X, we have

equiv_eq(app (p)) ~ trp(p).

11.2 (a) Use the univalence axiom to show that the type }_ 44 is_contr(A)
of all contractible types in U is contractible.
(b) Use Corollaries 8.3.4 and 9.1.3 and Exercise 9.3 to show that if A
and B are (k + 1)-types, then the type A ~ B is also a (k + 1)-type.
(¢) Use univalence to show that the universe of k-types

usk .= > (xapis-truncy (X)

is a (k + 1)-type, for any k > —2.
(d) Tt follows that the universe of propositions U<~ is a set. However,
show that /<~ is not a proposition.
(e) Show that (2 ~ 2) ~ 2, and conclude by the univalence axiom that
the universe of sets 4/=° is not a set.
11.3 Use the univalence axiom to show that the type Z( p:prop) I 18 con-
tractible.
11.4 Let A and B be small types.

(a) Construct an equivalence
(A= (B=U) = (S50 (S > 4) x (S = B))

(b) We say that a relation R : A — (B — U) is functional if it comes
equipped with a term of type

is_function(R) := H(m:A)isfcontr(z(y:B)R(a:, y))
For any function f : A — B, show that the graph of f
graph;: A — (B — U)

given by graph(a,b) := (f(a) = b) is a functional relation from A
to B.
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(¢) Construct an equivalence

(Z(R:A_}(B_)u))isffunction(R)) ~ (A — B)
(d) Given arelation R : A — (B — U) we define the opposite relation
R®:B — (A—U)
by R°P(y,x) := R(z,y). Construct an equivalence
<Z(R:A_>(B_>u))isfunction(R) X isffunction(R°p)> ~ (A~ B).

11.5 (a) Show that any proposition is locally small.
(b) Show that any essentially small type is locally small.
(c) Show that the function type A — X is locally small whenever A is
essentially small and X is locally small.
11.6 Let f: A — B be a map. Show that the following are equivalent:

(i) The map f is locally small in the sense that for every =,y : A, the
action on paths of f

ap; : (z=y) = (f(z) = f(y))

is an essentially small map.

(i) The diagonal d5 of f as defined in Exercise 10.2 is classified by the
universal fibration.



Lecture 12

The circle

We have seen inductive types, in which we describe a type by its constructors
and an induction principle that allows us to construct sections of dependent
types. Inductive types are freely generated by their constructors, which describe
how we can construct their terms.

However, many familiar constructions in algebra involve the construction
of algebras by generators and relations. For example, the free abelian group
with two generators is described as the group with generators x and y, and
the relation zy = yx.

In this chapter we introduce higher inductive types, where we follow a
similar idea: to allow in the specification of inductive types not only point
constructors, but also path constructors that give us relations between the point
constructors. The ideas behind the definition of higher inductive types are
introduced by studying the simplest non-trivial example: the circle. Moreover,
we show that the loop space of the circle is equivalent to Z by constructing
the universal cover of the circle as an application of the univalence axiom.

12.1 The universal property of the circle

The circle is defined as a higher inductive type S' that comes equipped with

base : S!

loop : base = base.
Just like for ordinary inductive types, the induction principle for higher in-
ductive types provides us with a way of constructing sections of dependent

types. However, we need to take the path constructor loop into account in the
induction principle.

119
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By applying a section f : [].q1) P(t) to the base point of the circle, we
obtain a term f(base) : P(base). Moreover, using the dependent action on
paths of f of Definition 4.4.2 we also obtain for any dependent function

[ sty P(t) a path
apd(loop) : trp(loop, f(base)) = f(base)
in the fiber P(base).

Definition 12.1.1. Let P be a type family over the circle. The dependent
action on generators is the map

dgeng: : (H(tgl)P(t)> — (Z(y:P(base))trP(loop7y) = y) (12.1)
given by dgeng: (f) := (f(base),apd (loop)).
We now give the full specification of the circle.

Definition 12.1.2. The circle is a type S! that comes equipped with
base : S

loop : base = base,

and satisfies the induction principle of the circle, which provides for each
type family P over S' a map

indg1 : (E(yzp(base))trp(loop,y) = y) — (H(tgl)P(t)),
and a homotopy witnessing that indg: is a section of dgeng:
dgeng: o indg1 ~ id
for the computation rule.

Remark 12.1.3. The induction principle of the circle provides us with a depen-
dent function f : J].q1) P(t) equipped with an identification

(f(base),apdf(loop)) = (l’,p),

for any x : P(base) and p : trp(loop,z) = z. By Theorem 5.3.1 the identi-
fication (f(base),apd;(loop)) = (z,p) is equivalently described as a pair of
identifications

a: f(base) = x
B : tr(a, apd(loop)) = p.

Here, the transport is taken with respect to the family x — trp(loop, x) = z.
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The identity type tr(c, apd;(loop)) = p is equivalent to the type

apdf(loop) * & = AP¢rp(loop) (Oé) *p-

Indeed, such an equivalence can be constructed by path induction, because
types reduce to the type apds(loop) = p when o = refl;(,). Therefore we obtain
from the computation rule of the circle an identification « : f(base) = x, and
an identification

ﬁ, : apdf(loop) o= aptrp(loop)(a) *p
witnessing that the square

a ptrP (loop) (Ol)

trp(loop, f(base)) trp(loop, x)
apd s (loop) ’ p
f(base) — x

commutes.

For the remainder of this section we establish the universal property of
the circle. The proof of Theorem 12.1.4 requires Lemmas 12.1.5 and 12.1.6,
which we state after we encounter their application.

Theorem 12.1.4. For each type X, the action on generators
geng: : (St = X) — @) T =1
given by f — (f(base),apy (loop)) is an equivalence.
Proof. Let z : X and let p : x = x. By Exercise 4.3 we have an identification
tr_triv(loop, z) : trw, x (loop, z) = z,
from which we obtain a fiberwise equivalence
¢ [Lx) (@ = 2) = (trw, x (loop, z) = )

given by p — tr_triv(loop, z)*p. Moreover, for any f : A — B,andany p: x =y
there is an identification tr_triv(p, f(z)) = aps(p) = apd(p), so it follows that
the triangle

(S' = X) (.

— indSl
geng1
dgenSl
X

Z(:B:X) T =

totaT(@ Z(m:X) trW31X(|OOp, x) =z
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commutes, and the map total(p) is a fiberwise equivalence by Theorem 7.1.3.
Since the triangle commutes and indg: is a section of dgeng:, it follows that
the composite

recg: := indg: o total(yp)

is a section of gengi1. Therefore it remains to show that recg: is also a retraction
of geng1, i.e. we have to show that for every f : S' — X there is an identification

recs: (geng: (f)) = f.

In Lemma 12.1.5 below we establish that

(geng: (recsi (geng1 (f))) = gengi (f)) — (recs (genga () = f)-

We get an identification geng: (recg: (gengi (f))) = gengi (f) from the fact that
recs: is a section of geng:. O

Lemma 12.1.5. Let f,g:S' — X be two dependent functions. Then there is
a map

(geng: (f) = gensi(9)) = (f = 9)

Proof. Let p : gengi(f) = geng1(g). By function extensionality, it suffices to
show that f ~ g. However, since f ~ g is just the type H(t:sl) ft)=g(t), we
can construct such a homotopy by S'-induction. Thus, it suffices to construct
a term of type

Z(p:f(base):g(base))trEf,g (IOOP, p) =D

where Ey 4 is the family over S! given by t — f(t) = g(t).
We claim that it suffices to construct for each p : f(base) = g(base) an
equivalence

(trEﬁg(Ioop,p) = p) ~ (trL(p, aps (loop)) = ap, (Ioop)),

where L is the family over X given by x — = = x. To see that this suffices, we
note that such a fiberwise equivalence induces an equivalence on total spaces,
and the total space

Z(p:f(base):g(base))trL(pa apy (|00p)) = ap, (|OOp) )

and is equivalent to gen(f) = gen(g), of which we have assumed a term.

The asserted fiberwise equivalence that we need for this proof to go through
requires a sufficient generalization so that it can be constructed by path
induction, so it is established separately in Lemma 12.1.6 below. O



12.1.

THE UNIVERSAL PROPERTY OF THE CIRCLE

123

With the following lemma we complete the proof of the universal property

of the circle.

Lemma 12.1.6.

1) Let f,g: A — B, and let Es, be the family over A given by
Ig

Ejg(z)

= f(z) = g().

Then for any p: x = x’ in A there is an equivalence

(tre;, (P q) = q') ~

(apy (p) ¢’ = q=ap, (p)).

for any q: f(z) = g(x) and ¢ : f(a') = g(a’). In other words, there is

an identification trg,  (p,q) = ¢’

commutes.

(i)

if and only if the square

q

9()

apy(p)

— 9(')

Let L be the family over B given by L(y) ==y =1y, and let ¢: y =y be

an identification in B. Then there is an equivalence

(tre(g.p) =)

foranyp:y=yandp 1y =1y

/

(q=p =p-q).

In other words, there is an identification

trr.(q,p) = p' if and only if the square

commutes.

(iii)

Then there is an equivalence

(tre;, (p,q) = q) ~

Let f,g: A— B, letp:x=x be aloop in A, and let q : f(x) = g(x).

(tre(g. apy (p)) = apy (p))-
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Proof. The first claim follows by path induction on p, and the second claim
follows by path induction on g. The third claim follows by combining the first
two, since the types on both sides are equivalent to the type

ap; (p)*q=q-ap,(p)

of witnesses that the square

flz) === g(=)
apf(p)H apy(p)
f(z) === g(z)
commutes. J

12.2 The fundamental cover of the circle

The fundamental cover of the circle is a family of sets over the circle with
contractible total space. Classically, the fundamental cover is described as a
map R — S! that winds the real line around the circle. In homotopy type
theory there is no analogue of such a construction.

The type of small families over S' is just the function type S! — U, so
in fact we may use the universal property of the circle to construct small
dependent types over the circle. By the universal property, small type families
over S! are equivalently described as pairs (X, p) consisting of a type X : U
and an identification p : X = X. This is where the univalence axiom comes in.
By the map

eqequivy y : (X ~ X) = (X = X)

it suffices to provide an equivalence X ~ X.

Definition 12.2.1. Consider a type X and every equivalence e : X ~ X.
We will construct a dependent type D(X,e) : S' — U with an equivalence
x+— xp: X ~D(X, e, base) for which the square

X —— D(X, e, base)

QJ ltrv(x,e) (loop)

X —— D(X, e, base)
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commutes. We also write d — dx for the inverse of this equivalence, so that
the relations

(zp)x == (e(x)p) = trp(x,e)(loop, zp)
(dx)p=d (trp(x,e)(d)) x = e(dx)

hold.
The type Z( Xu) X ~ X is also called the type of descent data for the
circle.

Construction. By Exercise 11.1 we have an identification
equiv_eq(app (loop)) = trp(loop)

for each dependent type P : St — Uf. Therefore we see that the triangle

(St —u)

Z(X:Z/{)X =X ) ’ Z(XU)X ~ X

total (AX. equiv_eqy x

commutes, where the map descg: is given by P +— (P(base), trp(loop)) and the
bottom map is an equivalence by the univalence axiom and Theorem 7.1.3.
Now it follows by the 3-for-2 property that descs: is an equivalence, since geng:
is an equivalence by Theorem 12.1.4. This means that for every type X and
every e : X ~ X there is a type family D(X,e) : S! — U such that

(D(Xa €, base)7 trD(X,e) (lOOp)) = (Xv 6).

Equivalently, we have p : D(X, e, base) = X and tr(p, trp(x ¢)(loop)) = e. Thus,
we obtain equiv_eq(p) : D(X, e, base) ~ X, for which the square

D(X, e, base) _cauivealp)

trD(X,e)(|00P)l

D(X, e, base) ——
equiv_eq(p)

S

%
o

>~

commutes. O]

Recall from Exercise 5.7 that the successor function succ : Z — Z is an
equivalence. Its inverse is the predecessor function defined in Exercise 3.11.
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Definition 12.2.2. The fundamental cover of the circle is the dependent
type &1 := D(Z,succ) : S' = U.

The picture of the fundamental cover is that of a helix over the circle.

Lemma 12.2.3. For any k : Z, there is an identification
sk : (base, kg) = (base,succ(k)g)
in the total space g1y E(1).

Proof. By Theorem 5.3.1 it suffices to show that

H(kz:Z)Z(a:basezbase)trf(a? kg) = SuCC(kJ)g.

We just take o := loop. Then we have tre(a, ke) = succ(k)g by the commuting
square provided in the definition of £. O

Our goal in this section is to show that the total space of the fundamental
cover is contractible. We will use the following elimination principle for the
integers.

Lemma 12.2.4. Let B be a family over Z, equipped with a term by : B(0),
and an equivalence
e : B(k) ~ B(succ(k))

for each k : Z. Then there is a dependent function f : H(k:Z) B(k) equipped
with identifications f(0) = by and

f(succ(k)) = ex(f(k))
for any k : Z.

Proof. The map is defined using the induction principle for the integers, stated
in Lemma 3.3.2. First we take

f(=1) = e (bo)
f(0) == by
f(1) = e(bo)

For the induction step on the negative integers we use

An. e;elg(s(n)) : H(niN)B(neg(n)) — B(neg(S(n)))
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For the induction step on the positive integers we use

An. e(pos(n)) : [T B(pos(n)) — B(pos(S(n))).

The computation rules follow in a straightforward way from the computation
rules of Z-induction and the fact that e~! is an inverse of e. O

Ezxample 12.2.5. For any type A, we obtain a map f:Z — A from any x : A
and any equivalence e : A ~ A, such that f(0) = x and the square

N

Z%

succ

H
a

s

27

commutes. In particular, if we take A = (x = z) for some x : X, then for
any p : x = = we have the equivalence A\q.p+*q : (r = x) — (x = x). This
equivalence induces the map

ke pr 2= (z=ux).

Theorem 12.2.6. The total space Z(t:Sl) E(t) of the fundamental cover of St
s contractible.

Proof. We show that the total space satisfies singleton induction (i.e. we apply
Theorem 6.1.1). Let P be a family over the total space of the fundamental
cover, and let pgy : P(base,0g). Our goal is to construct a term of type

[Tyl @ew) Pt @)

We do this by induction. For the base case we must construct a term of type

1.7y P (base, ke).

Since we have the identifications sy, : (base, kg) = (base, succ(k)g), we have the
equivalences

trp(sy) : P(base, kg) ~ P(base,succ(k)¢)

for each k : Z. Thus we obtain a dependent function f : [,.c(pase)) £(base, z)
satisfying f(0g) = po and f(succ(k)g) = trp(sk, f(ke)), for each k : Z.
For the loop case we must show that

trg(loop, f) = f,
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where Q is the family over S! given by Q(t) := H(I:g(t)) P(t,z). By function
extensionality it suffices to construct a homotopy, and the transport along loop
in (Q computes as

trg(loop, f)(ke) = trp(sk, f(succ™ (k)e)).

Therefore the following computation completes the proof:

trg(loop, f)(ke) = trp(sg, f(succ™(k)e))
= f(succ(succ(k))e)
= f(ke). =

Corollary 12.2.7. We have a fiber sequence
Z<—1-—»S.
In other words: the loop space Q(S') of the circle is equivalent to Z.

Proof. This follows from Theorem 12.2.6 by an application of Theorem 7.2.1.
O

Corollary 12.2.8. The circle is a 1-type and it is not a O-type.

Exercises

12.1 Show that

1 —oconstpase
—>

XS X1

7oconstbasel lf oconst,

Xt — . x2

—oconst,

is a pullback square for each type X.
12.2 In this exercise we establish the dependent universal property of the circle,
analogous to the proof of Theorem 12.1.4.

(a) Let f,g: ][4 B(®), and let Ef 4 be the family over A given by
Erg(x) = f(x) = g(2).
Construct for any p: x = 2/ in A an equivalence
(tre,, (0,q) = ¢') = (apds(p) * ¢ = APy () (¢) * apdy(p))-

for any ¢ : f(z) = g(x) and ¢": f(2') = g(2').
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(b) Let B be a family over A, and for [ : x =4 x let L, be the family
over B(x) given by

Lx(y) = trB(la y) =Y.

Furthermore, let ¢ : y = ¢’ be an identification in B(x). Construct
an equivalence

(tre.(¢;p) = P) = (@pu ) (@) - P =P q).
for any p:trp(l,y) =y and p’ : trp(l,y) = ¥/'.

(c) Let f,g : H(I:A)B(x), let p: * = x be a loop in A, and let
q: f(x) = g(z). Construct an equivalence

(tre;, (p,q) = q) =~ (trr,(q,apd(p)) = apd,(p)).

(d) Show that for any f, g : [y P(t) there is a function

(dgenSI(f) = dgeng (9)) = (f=9).

(e) Show that for any type family P over S', the dependent action on
generators

(H(t:Sl)P(t)) - Z(U:P(base))trp(loop7u) =u

is an equivalence.

12.3 Let P : S' — Prop be a family of propositions over the circle. Show that
P(base) = [] .51 P (1)

In this sense the circle is connected.
12.4 Show that

H(w,y:Sl)_‘_'(x = y)

12.5 Use the fundamental cover of the circle to show that
- (H(tzgl)base = t).
12.6 Show that for any type X and any « : X, the map
recg: (z, refl,) : St — X

is homotopic to the constant map const,.
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12.7 (a) Show that for every z : X, we have an equivalence

(S(rsiox) f(base) = 2) = (z = 2)

(b) Show that for every ¢ : S', we have an equivalence

(E(f:SI—)Sl)f(base) = t) ~7

The base point preserving map f : S' — S! corresponding to k : Z
is called the degree k map on the circle, and is denoted by deg(k).
(c) Show that for every ¢ : S', we have an equivalence

(Z(e;slggl)e(base) = t) ~ 2

12.8 The (twisted) double cover of the circle is defined as the type family
T :=D(2,neg) : S — U, where neg : 2 ~ 2 is the negation equivalence
of Exercise 5.6.
(a) Show that —(T](.e1) T (¢))-
(b) Construct an equivalence e : St ~ > (tsty T (t) for which the triangle

t:S1) T(t)

St < Z(
deg& %
Sl

commutes.

12.9 (a) Show that a type X is a set if and only if the map
Az Xtz X — (ST = X)

is an equivalence.
(b) Show that a type X is a set if and only if the map

M. f(base) : (S' — X) —» X

is an equivalence.
12.10 Show that (S! ~ S!') ~ S' + S!. Conclude that a univalent universe
containing a circle is not a 1-type.
12.11 Show that any retract of the circle is equivalent to the circle.
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12.12 (a) Construct a fiberwise equivalence

[Tiesy)(t=1) = Z).

(b) Use Exercise 12.9 to show that (idgi ~ idg1) ~ Z.
(c) Use Exercise 9.6 to show that

is_invertible(idg1 ) ~ Z,

and conclude that is_invertible(idg1) 2 is_equiv(idg: ).






Lecture 13

Homotopy pushouts

We can use higher inductive types to attach cells to types. For example, when
we are given a type A, and we have a map f : S! — A describing a circle in
A. Then we can form a new type A’ in which we attach a disc by ‘gluing’ the
boundary of the disc to the circle in A. Using higher inductive types, this
process of attaching a disc works as follows:

(i) First we add all the points of A to A’, i.e. A’ comes equipped with a map

i A— A

(ii) Next, we add a new point, which is to be thought of as the center of the
disc that we're attaching. In other words, A’ comes equipped with

pt: A

(iii) Finally, for each point = on the circle we add a path from the center
of the disc to i(f(x)). In other words, A’ comes equipped with a path
constructor

v Tlpsypt = i(f(2)).

Moreover, since we're only attaching a disc to A along f, we suppose that A’
satisfies an induction principle with respect to the constructors i, pt, and 7.
The process of attaching a disc to a type A along a map f : S' — A can be
generalized, so that we will also be able to attach cells of different shapes to a
type. This generalization is called homotopy pushouts. Homotopy pushouts
are dual to homotopy pullbacks. However, unlike pullbacks we will assume
that pushouts exist by postulating rules for higher inductive types. For the

133
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purpose of this course, the only higher inductive types that we add to our
type theory are the pushouts. Some of the more exotic higher inductive types,
including the Cauchy real numbers, are described in [2].

13.1 Pushouts as higher inductive types

The idea of pushouts is to glue two types A and B together using a mediating
type S and maps f: S — A and g : S — B. In other words, we start with a
diagram of the form

Al s 9,
We call such a triple S = (S, f,g) a span from A to B. A span from A to
B can be thought of as a relation from A to B, relating f(x) to g(z) for any
x : S. Indeed, an equivalence between the type of all spans and the type of
relations from A to B is established in Exercise 13.1.
Given a span S from A to B, we form the higher inductive type A LS B.
It comes equipped with the following constructors
inl:A— AUSB
inr: B— AU B
glue : [](,.q)inl(f(z)) = inr(g(z))
and we require that it satisfies an induction principle and computation rules.
To see what the induction principle has to be, consider first a depen-

dent function s : [, 4usp) P(z). When we evaluate this function at the
constructors, we obtain

soinl: I 44 P(inl(a))
soinr: [ .5 P(inr(b))
apd, o glue : [ s, trp(glue(x). s(/(x))) = s(g(x)).

Definition 13.1.1. Consider a span S = (5, f, g) from A to B, and let P be
a family over A LIS B. The dependent action on generators is defined to
be the map

dgeng : (H(x:AuSB)P(fU)) - (Z(fun(m) P(inl(a)))Z(g’:Hw:B) P(inr(b)))
[y trp(glue(a), £/(f(2))) = g (9(x)) ).

given by s +— (soinl,soinr,apd, o glue).
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We can now fully specify homotopy pushouts.

Definition 13.1.2. Given a span S = (5, f,¢g), the (homotopy) pushout
A S B of S is defined to be the higher inductive type equipped with

inl: A— AU° B
inr: B— AUSB
glue : [[(,.)inl(f(x)) = inr(g(z)),

satisfying the induction principle for pushouts, which asserts that for each
type family P over A LIS B the map dgeng has a section.

Remark 13.1.3. The induction principle of the pushout A LIS B provides us
with a dependent function

inds(f/, J,G): H(;E:AUSB)P(SC),
for every
f' ey P(inl(a))
g : [Ty P(inr(b))
G : [1 (s trr(glue(@), f/(f(2))) = ¢'(g(2))

Moreover, the function inds(f’, ¢’, G) comes equipped with an identification
dgens(inds(f',¢'.G)) = (f'. 4", G).

Writing s := inds(f’, ¢', G), we see that such an identification between triples
is equivalently described by a triple (H, K, L) consisting of

H:soinl~ f
K:soinr~g

and a homotopy L witnessing that the square

aptrp (glue(zx)) (H(Ct))

trp(glue(x), s(inl( (x)))) tr(glue(a), f'(/(x))
! o
s(inr(g(2))) = ¢ (9())

apd,(glue(z))

commutes, for every x : S. These are the computation rules for pushouts.
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13.2 Examples of pushouts

Many interesting types can be defined as homotopy pushouts.

Definition 13.2.1. Let X be a type. We define the suspension ¥ X of X
to be the pushout of the span

— 1

?

Definition 13.2.2. We define the n-sphere S™ for any n : N by induction on
n, by taking

inr
inl 1X

S0 =2
sPtl .= yS§n.
Definition 13.2.3. Given a map f : A — B, we define the cofiber cofib; of
f as the pushout
——— B
—— cofiby.

:

The cofiber of a map is sometimes also called the mapping cone.

/
nl

Ezample 13.2.4. The suspension £ X of X is the cofiber of the map X — 1.

Definition 13.2.5. We define the join X x Y of X and Y to be the pushout

Xxy ™ .y

| J

Definition 13.2.6. Suppose A and B are pointed types, with base points ag
and by, respectively. The (binary) wedge AV B of A and B is defined as
the pushout

2— A+ B

L

11— AV B.
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Definition 13.2.7. Given a type I, and a family of pointed types A over
i, with base points ag(i). We define the (indexed) wedge \/ ;. A; as the
pushout

Ni. (i,a0 (i)
S 2oy A

I
| |
1 — \/(“) A;.

13.3 The universal property of pushouts

Definition 13.3.1. Consider a span S = (5, f,¢g) from A to B, and let X be
a type. A cocone with vertex X on S is a triple (¢, 7, H) consisting of maps
i:A— X and j: B — X, and a homotopy H :io0 f ~ j o g witnessing that
the square

s+ B

1

commutes. We write cocones(X) for the type of cocones on S with vertex X.

Definition 13.3.2. Consider a cocone (7, j, H) with vertex X on the span
S = (S, f,9), as indicated in the following commuting square

s, B
| £
AﬁX.

For every type Y, we define the map

cocone_map(i,j, H) : (X —Y) — cocone(Y)
by f (foi, foy,[-H).
Definition 13.3.3. A commuting square

s .pB

| li

A*i>X.
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with H : io f ~ jog is said to be a (homotopy) pushout square if the
cocone (7, j, H) with vertex X on the span & = (S, f, g) satisfies the universal
property of pushouts, which asserts that the map

cocone_map(i, j, H) : (X —Y) — cocone(Y)

is an equivalence for any type Y. Sometimes pushout squares are also called
cocartesian squares.

Lemma 13.3.4. For any span S = (S, f,g) from A to B, and any type X the
square

cocones(X) —2— X5

m| Jfog

x4 — X9,

which commutes by the homotopy 74 := (1,7, H).eq_htpy(H), is a pullback
square.

Proof. The gap map cocones(X) — X4 x ys X B is the function
A(i, j, H). (i, j, eq_htpy (H)).
This is an equivalence by Theorem 7.1.3, since it is the induced map on total

spaces of the fiberwise equivalence eq_htpy. Therefore, the square is a pullback
square by Theorem 10.2.6. ]

In the following theorem we establish an alternative characterization of the
universal property of pushouts.

Theorem 13.3.5. Consider a commuting square

AN

W

LhQCO

i

I

with H :io f ~ jog. The following are equivalent:

(i) The square is a pushout square.
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(i) The square
TX —oj TB

,l Log

TA o 78
which commutes by the homotopy

Ah.eq_htpy(h - H)
s a pullback square, for every type T.

Proof. 1t is straightforward to verify that the triangle

cocone_map( ,],/ &ap) ot,—oj,eq_htpy(—-H))

B
cocone(T s TA x5 T
gap(i.j.eq_htpy(H)) T

commutes. Since the bottom map is an equivalence by Lemma 13.3.4, it follows
that if either one of the remaining maps is an equivalence, so is the other. The
claim now follows by Theorem 10.2.6. O

Example 13.3.6. By Exercise 12.1 and the second characterization of pushouts
in Theorem 13.3.5 it follows that the circle is a pushout

1

— 5 St

—

L

In other words, S! ~ ¥2.

Theorem 13.3.7. Consider a span S = (S, f,g) from A to B. Then the
square

s—9% B

f linr

A.*)AUSB

inl

is a pushout square.
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Proof. Let X be a type. Our goal is to show that the map
cocone_map(inl, inr, glue) : (ALU° B — X) — cocones(X)

is an equivalence. For notational breveity we will just write geng for cocone_mapg(inl, inr, glue),
because cocone_mapg(inl,inr, glue) is just the action on generators.
We first note that by Exercise 4.3 there is a commuting triangle

XALISB

e

ge
coconeg(X) ———— coconels(X)

where we write
cocone(X) : (Z(f/;A—»()Z(g/:A—»()
[yt s, 00) (Blue(@), £/(f(2)) = g'(9(x))-

By the induction principle for A IS B we have a section inds of dgen s- Thus
we obtain a section recs of geng. Our goal is now to show that recs is also a
retraction of geng. We establish in Lemma 13.3.8 that

(gens(recs(gens(h))) = geng(h)) — (recs(gens(h)) = h)

Then we obtain that recs is a retraction of geng by using this implication and
the fact that recs is a section of geng. O

Lemma 13.3.8. Let h,h/ : AUS B — X be two functions. Then we have
(gens(h) = geng(R)) = (h = h').

Proof. Suppose we have geng(h) = geng(h'). This type of equalities between
triples is equivalent to the type of triples (K, L, M) consisting of

K :hoinl~ A& oinl

L:hoinr~h oinr
b

and a homotopy M witnessing that the square

hoinlof&h’oinlof

h~g|uel lh’-glue

hoinro f < W oinrog
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of homotopies commutes. By function extensionality, our goal is equivalent to
constructing a homotopy (i.e. a dependent function) of type

H(t:ALISB)f(t) = g(t).

We will construct such a function by the induction principle for A LU B.
Therefore it suffices to construct

K :hoinl~H oinl
L:hoinr~h oinr

M :trg, . (glue,K) =L

The type of M’ is equivalent to the type of M, so we obtain the requested
structure from our assumptions. O

As a basic application we establish the universal property of suspensions.
Corollary 13.3.9. Let X and Y be types. Then the map
(ZX =Y) = Y ymnX = = y')
given by f — (f(inl(x)), f(inr(x)),aps (glue(-))) is an equivalence.
Proof. We have equivalences

(ZX = Y) >3, vaanX = (Y(x) = v (%))
~ Z(%y,:y)X = (y=1). O

13.4 The pasting property for pushouts

Theorem 13.4.1. Consider the following configuration of commuting squares:

A—‘t,.p_*,C

f lh

XT>Y*l>Z

«Q

with homotopies H : jof ~ goi and K : log ~ hok, and suppose that
the square on the left is a pushout square. Then the square on the right is a
pushout square if and only if the outer rectangle is a pushout square.
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Proof. Let T be a type. Taking the exponent T() of the entire diagram of
the statement of the theorem, we obtain the following commuting diagram

77 —ol TY —0oj X

w |

T¢ 7B — TA,
—ok —o1

By the assumption that Y is the pushout of B + A — X, it follows that
the square on the right is a pullback square. It follows by Theorem 10.6.1
that the rectangle on the left is a pullback if and only if the outer rectangle
is a pullback. Thus the statement follows by the second characterization in
Theorem 13.3.5. O

Lemma 13.4.2. Consider a map f : A — B. Then the cofiber of the map
inr : B — cofiby is equivalent to the suspension XA of A.

Exercises
13.1 Use Theorems 9.1.4 and 11.4.4 and Corollary 9.2.2 to show that the type
span(A, B) := ) (g4)(S = A) x (S — B)

of small spans from A to B is equivalent to the type A — (B — U) of
small relations from A to B.

13.2 Use Theorems 9.3.3 and 13.3.5 and Corollary 10.5.6 to show that for any
commuting square

s 2B
= s
A — C
where f is an equivalence, the square is a pushout square if and only

if j : B — C'is an equivalence. Use this observation to conclude the
following:

(i) If X is contractible, then ¥ X is contractible.
(ii) The cofiber of any equivalence is contractible.

(iii) The cofiber of a point in B (i.e. of a map of the type 1 — B) is
equivalent to B.

(iv) There is an equivalence X ~ 0% X.
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(v) If X is contractible, then X * Y is contractible.

(vi) If A is contractible, then there is an equivalence AV B ~ B for any
pointed type B.

13.3 Let P and @ be propositions.
(a) Show that P x @ satisfies the universal property of disjunction,
i.e. that for any proposition R, the map
(PxQ— R)— (P— R)x(Q— R)

given by f — (f oinl, f oinr), is an equivalence.
(b) Use the proposition R := is_contr(P * Q) to show that Px* (@ is again
a proposition.

13.4 Let @ be a proposition, and let A be a type. Show that the following
are equivalent:

(a) The map (@ — A) — (0 — A) is an equivalence.
(b) The type A is contractible.

(c¢) There is a term of type Q — is_contr(A).

(d) The map inr: A — @ x A is an equivalence.

13.5 Let P be a proposition. Show that X P is a set, with an equivalence
(inl(*) = inr(*)) ~ P.

13.6 Show that A LIS B ~ B LIS A, where S° := (S, g, f) is the opposite
span of S.
13.7 Use Exercise 10.6.b to show that if

S—Y
|
X — 7

is a pushout square, then so is

AxS —— AxY

| !

AxX —— Ax Z

for any type A.
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13.8 Use Exercise 10.5 to show that if

S1——"N Sy —— Vs
|
X1*>Z1 X24 >ZQ

are pushout squares, then so is

S1+85% — V1 +Y

| |

X1+ Xy —— Z1 + Zo.

13.9 (a) Consider a span (S, f,g) from A to B. Use Exercise 10.4 to show

that the square
s+s5 g

f+gl linrog

A+B —— AL°B

[inl,inr]

is again a pushout square.
(b) Show that XX ~ 2% X.
13.10 Consider a commuting triangle

A" . p

N O

with H : f ~ goh.

(a) Construct a map cofib(, g : cofib, — cofiby.
(b) Use Exercise 10.10 to show that cofibesfip(s, ) = cofiby,.

13.11 Use Exercise 12.9 to show that for n > 0, X is an n-type if and only if
the map
Az.const, : X — (ST — X)

is an equivalence.
13.12 (a) Construct for every f: X — Y a function

YFiYX 5 YY.
(b) Show that if f ~ g, then ¥ f ~ Xg.
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(c) Show that Xidx ~ idy x
(d) Show that
Y(gof)~(Xg)o (X))
forany f: X Y andg:Y — Z.
13.13 Consider a commuting diagram of the form

Ao By Co
| |
Ay B Cy
]
Ay By Co

with homotopies filling the (small) squares. Use Exercise 10.11 to con-
struct an equivalence

(AO L Bo CO) |_|(A1U3101) (A2 B2 02)
~ (AO pA Ag) U(BOuBlBQ) (C() e CQ)

This is known as the 3-by-3 lemma for pushouts.
13.14 (a) Let I be a type, and let A be a family over I. Construct an

equivalence
( \/(i:I) ZAi) =X ( \/(u) Ai) '

(b) Show that for any type X there is an equivalence

(\/(I:X) 2) ~ X + 1.

(c) Construct an equivalence

Y (Fin(n+1)) ~ \/(i:Fin(n)) '

13.15 Show that Fin(n + 1) * Fin(m + 1) 2~V ;. fin(nm)) St, for any n,m : N.






Lecture 14

Descent

14.1 Type families over pushouts

Given a pushout square
s—2.B
| £
A— X
with H :io f ~ jog, and a family P : X — U, we obtain
Poi:A—=U
Poj:B—U
Ao trp (H (@) : s P (@) = Pli(9(a)).

Our goal in the current section is to show that the triple (P4, Pp, Pg) consisting
of Py:=Poi, Pg:=Poj,and Ps := A\z.trp(H(x)) characterizes the family
P over X.

Definition 14.1.1. Consider a commuting square

s —% B

| £

AﬁX.

with H :io f ~ jo g, where all types involved are in U. The type Desc(S) of
descent data for X, is defined defined to be the type of triples (P4, Pg, Ps)
consisting of

PA:A—>U

147
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Pg:B—U
Ps : Ty Pa(F(@)) = Pi(g(x).

Definition 14.1.2. Given a commuting square

s-—%.pB

| li

A— X
with H :io f ~ j o g, we define the map
desc_famg(i,7, H) : (X — U) — Desc(S)
by P — (Poi,PojAx.trp(H(x))).
Theorem 14.1.3. Consider a pushout square

9

SR )
P W

)

DESCENT

with H :io f ~ jog, where all types involved are in U, and suppose we have

PA cA—-U
Pg:B—U
Ps : Tl a5y Pa(f(2)) = Pr(g(x)).

Then the function
desc_famg (i, j, H) : (X — U) — Desc(S)

is an equivalence.

Proof. By the 3-for-2 property of equivalences it suffices to construct an

equivalence ¢ : cocones(U) — Desc(S) such that the triangle

uX
cocone_mapg (’L,V ﬁjams(i,j,H)
U)

coconegs( Desc(S)

)
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commutes.
Since we have equivalences

equiv_eq : (Pa(f(@) = Pu(g(@))) = (Pa(f(a)) = Pa(g(a))

for all z : S, we obtain by Exercise 9.11 an equivalence on the dependent
products

(M) Pa(F@) = Po(g(@))) = (TTuusy Palf () = Palg(a)) ).
We define ¢ to be the induced map on total spaces. Explicitly, we have
¢ := APy, Pp, K). (P4, Pp, \z.equiv_eq(K (x))).

Then ¢ is an equivalence by Theorem 7.1.3, and the triangle commutes by
Exercise 11.1. O

Corollary 14.1.4. Consider descent data (Pa, Pp, Ps) for a pushout square
as in Theorem 14.1.3. Then the type of quadruples (P,ea,ep,es) consisting
of a family P : X — U equipped with fiberwise equivalences

ea : [[(4:ayPala) = P(i(a))
ep: H(b:B)PB(a’) ~ P(j(b))

and a homotopy eg witnessing that the square

Pa(f(@) —2 pli(f(2)))
Ps)| Jereti(@)
Py(g(x)) P(j(g(x)))

es(9(z))

commutes, is contractible.

Proof. The fiber of this map at (P4, Pp, Ps) is equivalent to the type of
quadruples (P, e4,ep, eg) as described in the theorem, which are contractible
by Theorem 6.3.3. O]

14.2 The flattening lemma for pushouts

In this section we consider a pushout square

s .pB

| li

AﬁX.
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with H :io f ~ jog, descent data

PA:A%U
PB :B—-U
Pg : H(m;S)PA(f(ﬂf)) ~ Pp(g()),

and a family P : X — U equipped with
ea: [l(g.a)Pala) = P(i(a))
€B: H(b;B)PB(a) ~ P(j(b))

and a homotopy eg witnessing that the square

ea(f(x))

Pa(f(z)) P(i(f()))
Ps(o)| [ERE)
Polg(x)) —— Plilg(s)

commutes.

Definition 14.2.1. We define a commuting square

with a homotopy H' : i’ o f' ~ j o ¢'.
Construction. We define

= totaly(Az.idp, (£(2)))
= totaly(es)
= total;(en)
= total;(ep).

The remaining goal is to construct a homotopy H' : 7/ o f' ~ j' o ¢’. Thus, we
have to show that

(i(f (@), ealy)) = (i(g(x)),enles(y)))
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for any x : S and y : P4(f(x)). We have he identification
eq_pair(H (z), es(z,y) ")
of this type. O

Definition 14.2.2. We will write S’ for the span

Sy Pala) <X ¥ g PalF(@) =L S5 Po(d):

Lemma 14.2.3 (The flattening lemma). The commuting square

Z(m:S) Pa(f(z)) L Z(b:B) Pp(b)
y Js
> (aia) Pala) — > (ax) P(2)

s a pushout square.

Proof. We will show that the map

cocone_mapg, (i, 5, H') : ((Z(x:X)P(:U)) — Y) — coconeg/(Y)

is an equivalence for any type Y. Let Y be a type. Note that the type coconeg:
is equivalent to the type of triples (u,v,w) consisting of

U H(Q;A)PA(CL) —-Y
v [l4mPB) =Y
L H(z:S)H(y:PA(f(x)))u(f(x)7y) =v(g(x),es(z,y)).

Now observe that there is an equivalence
(Mt @), 9) = vigla),es(@p)))

~ tr (s p(t) v (H (2), 0/ (f (2))) = v'(g(2))

for any u and v as above, and any = : S. By this equivalence we obtain a
commuting square

((Z(m:X) P(x)) — Y) % [ex)(P(x) =Y)

coconefmapsl(i’,j’,H’)l dgeng

coconeg/ (Y) — v
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where WU is the type of triples (v/,v', w’) consisting of

u' [T(a.a)Pi(a)) = Y
v s PG0) =Y

w' s Tl trem Py -y (H(@), o/ (f(2))

v'(g(x)),

DESCENT

Since the dependent action on generators dgeng is an equivalence it follows by
the 3-for-2 property of equivalences that cocone_mapg, (', 7', H') is an equiva-

lence, as desired.

14.3 Commuting cubes

Definition 14.3.1. A commuting cube

consists of

A

N

A11o

A100

Ao

Ao1o

~ L7

Aooo,

Aon1

>3 ><

Aoo1

A111, A0, 4101, Ao11, A100, Ao10, Aoot s Aooo,

(i) types

(ii) maps
fﬁli
fﬂil
fﬁll
fﬁio
fito

floi

s A1 — Ao
s A — Ao
s A1 — Ao
: A110 — A1oo
2 A110 — Aoio
: A101 — A1oo

fio1
fbli
foin
Jfioo
Joio
Jooi

: Aro1 — Aoot
: Ao11 — Aoto
s Ao11 — Aoot
: A1o0 — Aooo
: Ap1o — Aooo
: Agor — Aooo,

O
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(iii) homotopies

Hiyii : fiio © f111 ~ Jio1 © f1i1 Hyii : foio © fori ~ Jooi © Joix
Hiyi : fi0© f11i ~ foi © fin Hioi : fioo © f10i ~ Sooi © fio1
Hiiy t fior © fii1 ~ Joi1 © fin Hiig ¢ fioo © f1io ~ Joio © fi10s

(iv) and a homotopy

C: (figo " Hii1) * (Hio1 - fr11) * (fooi - Hiir))
~ (Hiig - f111) * ((foto - Hia1) * (Hoti - fi11)
filling the cube.

Lemma 14.3.2. Given a commuting cube as in Definition 14.53.1 we obtain a
commuting square

fiby,;, () ——— fibs . (fio1(2))

| |

ﬁbfno(floi(x)) — ﬁbfoio(fooi(x))
for any x : Aqo1.

Lemma 14.3.3. Consider a commuting cube

Aq11
k/////// J, \\\\\\\ﬂ
Ai1o Aj01 Ao11
> >}
Aq00 Apio Agot
\\\\\\\g J— k///////
Agoo-

If the bottom and front right squares are pullback squares, then the back left
square is a pullback if and only if the top square is.

Remark 14.3.4. By rotating the cube we also obtain:

(i) If the bottom and front left squares are pullback squares, then the back
right square is a pullback if and only if the top square is.
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(ii) If the front left and front right squares are pullback, then the back left
square is a pullback if and only if the back right square is.

By combining these statements it also follows that if the front left, front right,
and bottom squares are pullback squares, then if any of the remaining three
squares are pullback squares, all of them are. Cubes that consist entirely of
pullback squares are sometimes called strongly cartesian.

14.4 The descent property for pushouts

In the previous section there was a significant role for fiberwise equivalences,
and we know by Theorem 10.5.2 and Corollary 10.5.4: fiberwise equivalences
indicate the presence of pullbacks. In this section we reformulate the results
of the previous section using pullbacks where we used fiberwise equivalences
before, to obtain new and useful results. We begin by considering the type of
descent data from the perspective of pullback squares.

Definition 14.4.1. Consider a span S from A to B, and a span &’ from A’ to
B’. A cartesian transformationof spans from &’ to S is a diagram of the

form

L S

NS

AngB

with F': fohg ~hgo f and G: gohg ~ hpo g, where both squares are
pullback squares.
The type cart(S’,S) of cartesian transformation is the type of tuples

(ha,hs,hp, F,G,ps,pg)

where p; :is_pullback(hg, ha, F') and pg : is_pullback(hg, hp, G), and we write
Cart(S) := Z(A,7B,:u)Z(S,:Span(A,7B,))cart(S’, S).
Lemma 14.4.2. There is an equivalence
cart_descg : Desc(S) — Cart(S).

Proof. Note that by Theorem 10.5.7 it follows that the types of triples (f’, F, ps)
and (¢, G, pg) are equivalent to the types of fiberwise equivalences

H(x;s)ﬁbhs (x) =~ fibp, , (f(z))
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[z fibns () = fibn (g(2))

respectively. Furthermore, by Theorem 11.4.4 the types of pairs (5, hg),
(A’ hy), and (B’, hp) are equivalent to the types S — U, A - U, and B — U,
respectively. Therefore it follows that the type Cart(S) is equivalent to the
type of tuples (Q, P4, ¢, Pg, Ps) consisting of
Q:S—-U
Py : A—U
PB :B—-U
¢ [l(2:9) Q@) = Pa(f(z))
Ps : [[(4:9)@(z) = Pp(g(2)).

However, the type of ¢ is equivalent to the type P4 o f = Q. Thus we see that
the type of pairs (Q, ¢) is contractible, so our claim follows. O

Definition 14.4.3. We define an operation
cart_mapg : (Z(X,:U)X/ — X) — Cart(S).
Construction. Let X' : U and hyx : X’ — X. Then we define the types

Al=Axx X'
B =B xyx X'

Next, we define a span 8" := (', [/, ¢') from A’ to B'. We take
Si=8 x4 A
f = m.

To define ¢/, let s : S, let (a,2’,p) : A xx X', and let ¢ : f(s) = a. Our goal
is to construct a term of type B xx X’. We have g(s) : B and 2/ : X', so it
remains to show that j(g(s)) = hx(z’). We construct such an identification as
a concatenation

i(£(5)) 2L i(a) =2— hy ().

To summagze, the map ¢’ is defined as

g = s, (a,2',p),q)- (9(s),2', H(s)"" * (ap; (q) * p)).
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Then we have commuting squares

Axx X' +— Sx4 A —— Bxxy X'

| | |

A S > B.

Moreover, these squares are pullback squares by Theorem 10.6.1. O
The following theorem is analogous to Theorem 14.1.3.

Theorem 14.4.4 (The descent theorem for pushouts). The operation cart_mapg
s an equivalence

(Z(X’:L{)X/ — X) ~ Cart(S)
Proof. It suffices to show that the square

desc_famg(i,5,H)

X =>U Desc(S)
map_fam X\L lcartﬁdesc s
Z(X’:Z/{) X, — X —>cart7map5 Cart(S)

commutes. To see that this suffices, note that the operation map_famy is an
equivalence by Theorem 11.4.4, the operation desc_famg(,j, H) is an equiv-
alence by Theorem 14.1.3, and the operation cart_descg is an equivalence by
Lemma 14.4.2.

To see that the square commutes, note that the composite

cart_mapg o map_famy

takes a family P : X — U to the cartesian transformation of spans

AXXP%SXA<A><X]5) *)BXXP

g | I

A S » B,

where P := >@x) P(a).
The composite
cart_descg o desc_famy



14.4. THE DESCENT PROPERTY FOR PUSHOUTS 157

takes a family P : X — U to the cartesian transformation of spans
Z(a:A) P(i(a)) +— Z(S;S) P(i(f(s)) — Z(b:B) P(j(b))

l | |

A < S B

These cartesian natural transformations are equal by Lemma 10.5.1 0

Since cart_mapg is an equivalence it follows that its fibers are contractible.
This is essentially the content of the following corollary.

Corollary 14.4.5. Consider a diagram of the form

with homotopies
F:fohg~hgolf
G:gohg~hpog
H:iof~jog,
and suppose that the bottom square is a pushout square, and the top squares are
pullback squares. Then the type of tuples (X', hx), (@, I,p), (', J,q), (H',C))
consisting of
(i) A type X' :U together with a morphism
hx : X — X,

(ii) A map i : A — X', a homotopy I : iohy ~ hx o, and a term p
witnessing that the square
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1s a pullback square.

(113) A map j' : B — X', a homotopy J : johp ~ hx oj’, and a term q
witnessing that the square

1s a pullback square,
(iv) A homotopy H' :i' o f' ~ j' og', and a homotopy
C:(i-F)«((I-f)x(hx - H") ~ (H-hg)((j-G)+(J-g))

witnessing that the cube

\m{l/m7°2

B
%

/YN

P

~

commutes,
s contractible.

The following theorem should be compared to the flattening lemma,
Lemma 14.2.3.

Theorem 14.4.6. Consider a commuting cube

.
27N

RN

.| K

N

<

+——
g

Sy

h

N

P —— >
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If each of the vertical squares is a pullback, and the bottom square is a pushout,
then the top square is a pushout.

Proof. By Corollary 10.5.4 we have fiberwise equivalences

F: H(x;s)ﬁbhs(ﬂf) fib,, (f(x))
G : [1(gu5)fibns (x) = fiby (g(2))
I: H(G:A)ﬁbhA(a) =~ fiby,, (i(a))
J [ (. fibr (b) = fibp (j (D).

Moreover, since the cube commutes we obtain a fiberwise homotopy

K Tas) [/ (@) 0 F(2) ~ J(g(2)) 0 G(a).

We define the descent data (P4, Pp, Ps) consistingof P4 : A - U, Pg: B — U,
and Ps : [[(,.¢) Pa(f(2)) = Pg(g(z)) by

We have
P :=fiby,
eA =
eB =
es = K.

Now consider the diagram

2 (s:5) fibng (8) —— 2o (sus) fibna (F(5)) —— 2. fibny (0)

l l l

Z(a:A) ﬁbhA (a’) —_— Z(a:A) ﬁbhA (a’) E— Z(.’L‘X) ﬁth (.Z')

Since the top and bottom map in the left square are equivalences, we obtain
from Exercise 13.2 that the left square is a pushout square. Moreover, the right
square is a pushout by Lemma 14.2.3. Therefore it follows by Theorem 13.4.1
that the outer rectangle is a pushout square.
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Now consider the commuting cube

2 (s:5) fibns ()
> fib ()/ g’ \Z fiby,, (b)
(a:A) PR (O (:B) "Ohp
/ \
l X) flth /\ i/

\x
We have seen that the top square is a pushout. The vertical maps are all

equivalences, so the vertical squares are all pushout squares. Thus it follows

from one more application of Theorem 13.4.1 that the bottom square is a
pushout. ]

Theorem 14.4.7. Consider a commuting cube of types

PR

<

A

:

n

B

;

p
X

N1

and suppose the vertical squares are pullback squares. Then the commuting
square

AU B — X!

! |

AU B — 3 X

1s a pullback square.

Proof. It suffices to show that the pullback

(AU® B) xx X'
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has the universal property of the pushout. This follows by the descent theorem,
since the vertical squares in the cube

|

AU B

are pullback squares by Theorem 10.6.1. ]

Exercises

14.1 Use the characterization of the circle as a pushout given in Example 13.3.6
to show that the square

stst g

[id,id}l L\t. (t,base)

1 ; 1 1
S At. (t,base) S xS

is a pushout square.
14.2 Let f : A — B be a map. The codiagonal V; of f is the map obtained
from the universal property of the pushout, as indicated in the diagram

A——— B

b

Show that fiby,(b) ~ X (fibs(b)) for any b : B.
14.3 Consider two maps f: A — X and g : B — X. The fiberwise join
f * g is defined by the universal property of the pushout as the unique
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map rendering the diagram

AxxB —"2 4 B

|m

commutative, where A xx B is defined as a pushout, as indicated. Con-
struct an equivalence

fibsyg(x) ~ fibg(x) * fiby ()

for any = : X.
Consider two maps f: A — B and g : C — D. The pushout-product

fOg: (Ax D)UY (BxC)— BxD

of f and g is defined by the universal property of the pushout as the
unique map rendering the diagram

AxC — e poo

idAXgl linr

Ax D " (A x D)uA*C (B x C)

fOg

Fxidn B x D

commutative. Construct an equivalence
fibpg(b, d) =~ fiby(b) * fiby (d)

forallb: Band d: D.

Let A and B be pointed types with base points ag : A and by : B. The
wedge inclusion is defined as follows by the universal property of the
wedge:
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Show that the fiber of the wedge inclusion AV B — A x B is equivalent
to Q(B) * Q(A).

14.6 Let f: X VX — X be the map defined by the universal property of the
wedge as indicated in the diagram

11— X

o

Show that fibs(zg) ~ ZQ(X).






Lecture 15

Sequential colimits

Note: This chapter currently contains only the statements of the definitions
and theorems, but no proofs. I hope to make a complete version available soon.

15.1 The universal property of sequential colimits
Type sequences are diagrams of the following form.

fo fi f2

Ao A, Ay

Their formal specification is as follows.
Definition 15.1.1. An (increasing) type sequence A consists of

A:N—=U
f . H(nN)ATL — An+1-

In this section we will introduce the sequential colimit of a type sequence.
The sequential colimit includes each of the types A,, but we also identify
each = : A, with its value f,(x) : Ap41. Imagine that the type sequence
Ag — Ay — Ao — -+ defines a big telescope, with Ag sliding into A;, which
slides into As, and so forth.

As usual, the sequential colimit is characterized by its universal property.

Definition 15.1.2. (i) A (sequential) cocone on a type sequence A with
vertex B consists of

h: Il An — B

165



166 LECTURE 15. SEQUENTIAL COLIMITS

H . H(TLN)fn ~ fTL+1 O HTL'
We write cocone(B) for the type of cones with vertex X.

(ii) Given a cone (h, H) with vertex B on a type sequence A we define the
map
cocone_map(h, H) : (B — C) — cocone(B)

given by f — (f o h, An. Az.ap(Hn(7))).

(iii) We say that a cone (h, H) with vertex B is colimiting if cocone_map(h, H)
is an equivalence for any type C.

Theorem 15.1.3. Consider a cocone (h, H) with vertex B for a type sequence
A. The following are equivalent:

(i) The cocone (h, H) is colimiting.

(ii) The cocone (h, H) is inductive in the sense that for every type family
P:B— U, the map

(H(b:B)P(b)) = 20Ty Tian, ) P ()
H(n:N)H(z:An)trP<Hn($)7 hn((L')) = hn+1(fn($))

given by
s+ (An. s o hy, An. Az. apd (Hy(x)))

has a section.

(iii) The map in (ii) is an equivalence.

15.2 The construction of sequential colimits
We construct sequential colimits using pushouts.

Definition 15.2.1. Let A = (A4, f) be a type sequence. We define the type
A as a pushout

A Ao, g

[id,id]l Jinr
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Definition 15.2.2. The type A comes equipped with a cocone structure
consisting of

seq in : H(n:N)ATl — A
seq_glue : [T [ 1(z:a,)inn (@) = inns1 (fu(2)).
Construction. We define
seq_in(n, x) := inr(n, )
seq_glue(n, z) := glue(inl(n, £)) "' - glue(inr(n, z)).
O

Theorem 15.2.3. Consider a type sequence A, and write A := Z(H:N) A,.
Moreover, consider the map
opa:A— A

defined by o 4(n,a) = (n+ 1, fn(a)). Furthermore, consider a cocone (h, H)
with vertex B. The following are equivalent:

(i) The cocone (h, H) with vertex B is colimiting.

(i) The defining square
[id,id]l Jk(n,x). hn(z)
A As,

A(n,x). hn(z)

of A 18 a pushout square.

15.3 Descent for sequential colimits

Definition 15.3.1. The type of descent data on a type sequence A = (A, f)
is defined to be

Desc(A) = 22811y vt L) H (@4, B () = Brg1 (fu(2))-
Definition 15.3.2. We define a map
desc_fam : (Aso — U) — Desc(A)

by B +— (An. \z. B(seq_in(n,x)), An. A\x. trg(seq_glue(n, ))).
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Theorem 15.3.3. The map
desc_fam : (As — U) — Desc(A)
s an equivalence.

Definition 15.3.4. A cartesian transformation of type sequences from A
to B is a pair (h, H) consisting of

h: H(n:N)An — B,
H: H(n:N)gn o hy ~ hn+1 o fu,

such that each of the squares in the diagram

Ao fo A, f1 A, f2

o

By B By

go g1 g2

is a pullback square. We define
cart(A, B) := Z(h:n(n:m An—Bn)
Z(H:H(n:N) gnohnwhn+1ofn)l_[(n:N)isfpu”ba(:k(hna fna Hn)a

and we write

Cart(B) := 37 sseq Cart(A, B).
Definition 15.3.5. We define a map
cart_map(B) : <Z(X,:u)X’ — X) — Cart(B).

which associates to any morphism h : X’ — X a cartesian transformation of
type sequences into B.

Theorem 15.3.6. The operation cart_map(B) is an equivalence.

15.4 The flattening lemma for sequential colimits

The flattening lemma for sequential colimits essentially states that sequential
colimits commute with .
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Lemma 15.4.1. Consider

B : H(n:N)An - U
g: H(n;N)H(x;An)BTL(x) ~ Bni1(fn(@)).

and suppose P : Ao — U is the unique family equipped with

e : [Ty Bn(z) = P(seq_in(n, z))

and homotopies H,(x) witnessing that the square

Ba(z) 9n2) » B (fal2))
en(x)l lenﬂ(fn(x))

P(seq_in(n,x)) » P(seq_in(n + 1, fn(x)))

trp(seq_glue(n,z))

commutes. Then Z(t:Aoo) P(t) satisfies the universal property of the sequential
colimit of the type sequence

totalf (go) totalf (gl) totalf (92)
Z(I:AO) By(z) —— Z(x:Al)Bl(l‘) — Z(x:Az) By(z) —2= - -

In the following theorem we rephrase the flattening lemma in using cartesian
transformations of type sequences.

Theorem 15.4.2. Consider a commuting diagram of the form

Az

~

Ag Ay
\‘\1

l X

BO —_— Bl — 2

e

If each of the vertical squares is a pullback square, and Y is the sequential
colimit of the type sequence By, then X is the sequential colimit of the type
sequence A,.

K

.(7

|
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Corollary 15.4.3. Consider a commuting diagram of the form

If each of the vertical squares is a pullback square, then the square

Ao — X

|

By — Y

is a pullback square.

Exercises

15.1 Show that the sequential colimit of a type sequence

Ao fo A, f1 Ay f2
is equivalent to the sequential colimit of its shifted type sequence

f1

Al A2 f2 A3 f3

15.2 Consider a type sequence

Ao fo A, f1 A, f2

and suppose that f, ~ const,, , for some a, : H(n:N) A,,. Show that the
sequential colimit is contractible.
15.3 Define the co-sphere S as the sequential colimit of

S0 fo , Sl f1 . S2 fo

where fo: S° — S! is defined by f5(02) = inl(x) and fo(12) = inr(%), and
foi1 2 S™TE — S"F2 s defined as L (f,). Use Exercise 15.2 to show that
S°° is contractible.
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15.4 Consider a type sequence

Jo

AO >A1 fl}Ag f2>"'

in which f, : A, — An41 is weakly constant in the sense that

H(;p,y;An)fn(x) = fn(y)

Show that A, is a mere proposition.






Lecture 16

The homotopy image of a
map

16.1 The universal property of the image of a map

Definition 16.1.1. Let f: A — X and g : B — X be maps. We define

homx (f, 9) = > (n.amp)f ~ 9o h

Remark 16.1.2. In other words, a term (h, H) : homx (f, g) consists of a map
h : A — B equipped with a homotopy H : f ~ g o h witnessing that the
triangle

A—" B
N /o
X
commutes. Recall from Exercise 9.12 that the type homy (f, g) is equivalent
to the type

H(x;x)ﬁbf(fc) — fibgy ().

Lemma 16.1.3. For any f : A — X and any embedding m : B — X, the type
homx (f,m) is a proposition.

Proof. Since propositions are closed under equivalences by Lemma 8.1.5, it
suffices to show that the type

[T o) fibs (@) = fibyn (@),

173



174 LECTURE 16. THE HOMOTOPY IMAGE OF A MAP

is a proposition. Recall from Corollary 8.3.8 that a map is an embedding if and
only if its fibers are propositions. Thus we see that the type H(z:X) fibs(x) —
fib,,, () is a product of propositions, so it is a proposition by Theorem 9.1.2. [

Definition 16.1.4. Consider a commuting triangle

A—" 3B

N o

with I : f ~ m o, and where m is an embedding. We say that m has the
universal property of the image of f if the map

(i, I)* : homx (m,m') — homx (f, m')
defined by (i, I)*(h, H) := (hoi, I*(i-H)), is an equivalence for every embedding
m': B — X.

Remark 16.1.5. Since homx (f,m) is a proposition for every f: A — X and
every embedding m : B — X, it follows by Exercise 9.1 that the universal
property of the image of f is equivalent to the property that the implication

homx (f,m') — homx (m,m’)

holds for every embedding m' : B’ — X.

The homotopy image can be used in many important constructions. In
this lecture we discuss two applications: the propositional truncation, and set
quotients.

16.2 The propositional truncation

Note that embeddings into the unit type are just propositions. To see this,
note that
2o (A 2-(F:A—1)1Semb(f) =2 D7 444)is emb(const,)
~ 3 (a1 (z1yis_prop(fibeonst, (2))
~ Z(A:u) is_prop(fibeonst, (%))
~ Z(A:u)isfprop(A).

Therefore, the universal property of the image of the map A — 1 is a proposition
P satisfying the universal property of the propositional truncation:
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Definition 16.2.1. Let A be a type, and let P be a proposition that comes
equipped with a map n : A — P. We say that n : A — P satisfies the
universal property of propositional truncation if for every proposition
@, the precomposition map

—on:(P—=Q)— (A—=Q)
is an equivalence.

Theorem 16.2.2. Consider a commuting triangle
A—" B
N
X
with I : f ~mot, and where m is an embedding. The following are equivalent:

(i) m satisfies the universal property of the image of f.

(ii) for each x : X, the proposition fib,,(z) satisfies the universal property of
the propositional truncation of fibs(z).

Note that, given a family of propositions P over a type A, the type
> (a:4) P(a) isn’t necessarily a proposition. Instead, we think of 3, 4) P(a) of
the subtype of A containing the terms that satisfies P. Using the propositional
truncation we can assert that there exists a term in A that satisfies P without
requiring one to construct it.

Definition 16.2.3. Let P : A — Prop be a family of propositions over a type
A. Then we define

Sty P(@) = | San PO

Similarly, we can define the disjuction of two propositions P and @ to
be the proposition |P + Q||, which clearly satisfies the universal property of
disjunction'. In Table 16.1 we give an overview of the logical connectives on
propositions.

! Alternatively, we have shown in Exercise 13.3 that the join P % Q also is a proposition
that satisfies the universal property of disjunction.
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Table 16.1: Logic in type theory

Logical connective  Interpretation in HoTT

T 1

1 0

PAQ PxQ

PVQ 1P+Q]

P—Q P—Q

P& @ P~Q

-P P—-0

V. P(x) [a) P(x)

dz.P(x) 122 () P(@)
lx.P(z) |sfcontr(z(x:A) P(z))

16.3 Constructing the propositional truncation

Although technically it is not necessary to construct the propositional trunca-
tion before constructing the image of a map, we do so because the construction
is simpler in this special case, and yet contains most of the essential ideas.

Lemma 16.3.1. Suppose f : A — P, where A is any type, and P is a
proposition. Then the map

(AxB— P)— (B— P)
given by h — hoinr is an equivalence, for any type B.

Proof. Since both types are propositions by Theorem 9.1.2 it suffices to con-
struct a map

(B—P)— (A* B — P).
Let g : B — P. Then the square

AxB -2, B

o | o
A f} P

commutes since P is a proposition. Therefore we obtain a map A x B — P by
the universal property of the join. O
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The idea of the construction of the propositional truncation is that if we
are given a map f : A — P, where P is a proposition, then it extends uniquely
along inr: A - Ax A to a map A*x A — P. This extension again extends
uniquely along inr: Ax A — Ax (Ax A) to amap Ax (Ax A) — P and so
on, resulting in a diagram of the form

A Ax A Ak (Ax A) " -

Definition 16.3.2. The join powers A*" of a type X are defined by
AV =0
A=A
At = Ay A

Furthermore, we define A** to be the sequential colimit of the type sequence

A*O A*l Inr A*2 inr

Our goal is now to show that A**° is a proposition and satisfies the universal
property of the propositional truncation.

Lemma 16.3.3. Consider a type sequence

Ao fo Ay f1 A, f2
with sequential colimit As, and let P be a proposition. Then the map
seq_in® : (Ao = P) — (H(H:N)An — P>

given by h — An. (hoseq_in,) is an equivalence.

Proof. By the universal property of sequential colimits established in Theo-
rem 15.1.3 we obtain that cocone_map is an equivalence. Note that we have a
commuting triangle

pA=

.
COCOHQV w

cocone) o (H(n:N) A, — P).
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Note that for any g : H(n:N) A, — P the type

H(n:N)gn ~ gnt10 fn

is a product of contractible types, since P is a proposition. Therefore it is
contractible by Theorem 9.1.1, and it follows by Exercise 7.5 that the projec-
tion is an equivalence. We conclude by the 3-for-2 property of equivalences
(Exercise 5.5) that seq_in* is an equivalence. O

Lemma 16.3.4. Let A be a type, and let P be a proposition. Then the function
—oseqiny: (A" - P)— (A— P)
s an equivalence.

Proof. We have the commuting triangle

PA*oo

sequ \ojeqi ny

*n, A
(H(n:N) A™ = P) Ah. ho P
Therefore it suffices to show that the bottom map is an equivalence. Since this
is a map between propositions, it suffices to construct a map in the converse
direction. Let f: A — P. We will construct a term of type

H(n:N)A*n — P

by induction on n : N. The base case is trivial. Given a map g : A*™ — P, we
obtain a map g : A*™*tD — P by Lemma 16.3.1. O

Lemma 16.3.5. The type A** is a proposition for any type A.

Proof. By Corollary 8.1.4 it suffices to show that A** — is_contr(A**), and
by Lemma 16.3.4 it suffices to show that

A — is_contr(A*>°),

because is_contr(A**) is a proposition by Exercise 9.2.

Let = : A. To see that A** is contractible it suffices by Exercise 15.2 to
show that inr : A*" — A*("+1) is homotopic to the constant function constip|(z)-
However, we get a homotopy constjn,) ~ inr immediately from the path
constructor glue. O
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Theorem 16.3.6. For any type A there is a type ||A|| that comes equipped
with a map n: A — ||A||, and satisfies the universal property of propositional
truncation.

Proof. Let A be a type. Then we define ||A| := A**®, and we define n :=
seq_ing : A — A*>°. Then ||A| is a proposition by Theorem 16.4.6, and
n: A — ||A|| satisfies the universal property of propositional truncation by
Lemma 16.3.4. O

16.4 The construction of the image of a map

The image of a map f : A — X can be defined using the propositional
truncation:

Definition 16.4.1. For any map f: A — X we define the image of f to be
the type

im(f) := 3. llfiby (2)]
and we define the image inclusion to be the projection pr; : im(f) — X.
However, the construction of the fiberwise join in Exercise 14.3 suggests
that we can also define the image of f as the infinite join power f**° where
we repeatedly take the fiberwise join of f with itself. The reasons for defining
the image in this way are twofold: we will be able to use this construction to

show that the set-quotients of a small type are small, and second, we many
interesting types appear in this construction.

Lemma 16.4.2. Consider a map f: A — X, an embedding m : U — X, and
h : homx (f,m). Then the map

hOHlX(f *9, m) - homX(g, m)
s an equivalence for any g: B — X.

Proof. Note that both types are propositions, so any equivalence can be used
to prove the claim. Thus, we simply calculate

homx (f * g,m) = ;. x)fibssg(x) — fibp ()
~ [ [ x)fiby (@) * fibg(z) — fiby, (2)
~ [T .x)fibg(z) = fibm(2)

~ homx (g, m).
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The first equivalence holds by Exercise 9.12; the second equivalence holds by
Exercise 14.3, also using Theorem 9.3.3 and Exercise 9.5 where we established
that that pre- and postcomposing by an equivalence is an equivalence; the
third equivalence holds by Lemma 16.3.1 and Exercise 9.5; the last equivalence
again holds by Exercise 9.12. ]

For the construction of the image of f: A — X we observe that if we are
given an embedding m : U — X and a map (4,]) : homx(f,m), then (i,1)
extends uniquely along inr : A — A xx A to a map homx (f * f,m). This
extension again extends uniquely along inr: Axx A — Axx (Axx A) to a
map homx (f * (f * f), m) and so on, resulting in a diagram of the form

A Ay A M Axy (Asx A) " -

Definition 16.4.3. Suppose f : A — X is a map. Then we define the
fiberwise join powers

M AYX.

Construction. Note that the operation (B,g) — (A xx B, f * g) defines an
endomorphism on the type

E:u&u)B'_*}C

We also have (0,indg) and (A, f) of this type. For n > 1 we define

A}(nﬂ) = Axx AY

f*(”ﬂ) = f*x O

Definition 16.4.4. We define A% to be the sequential colimit of the type
sequence

*0 *1 inr *2 inr
AX AX AX

Since we have a cocone

A;? y A}l inr A;{Q inr ..

we also obtain a map f**°: A — X by the universal property of A%°.
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Lemma 16.4.5. Let f : A — X be a map, and let m : U — X be an embedding.
Then the function

—oseq_ing : homx (f**°, m) — homx (f, m)
s an equivalence.
Theorem 16.4.6. For any map f: A — X, the map f*° : AY® — X is an

embedding that satisfies the universal property of the image inclusion of f.

16.5 Surjective maps

Another application of the propositional truncation is the notion of surjective
map.

Definition 16.5.1. A map f : A — B is said to be surjective if there is a
term of type

is surj(f) := I, plfibs(B)]]-

Ezample 16.5.2. Any equivalence is a surjective map, and so is any map
that has a section (those are sometimes called split epimorphisms). Other
examples include the base point inclusion 1 — S™ for any n > 1.

Theorem 16.5.3. Consider a commuting triangle
A—2 B
N Lo
X
in which m is an embedding. Then m satisfies the universal property of the
image of f if and only if i : A — B is surjective.

Theorem 16.5.4. Let f: A — B be a map. The following are equivalent:

(i) f is an equivalence.

(ii) f is both surjective and an embedding.
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Exercises
16.1 Show that
||A” = H(P:Prop)(A - P) - P
for any type A : U. This is called the impredicative encoding of the
propositional truncation.
16.2 For any B : A — U, construct an equivalence
Bl 1B@)]) = || @y Bla)|
16.3 Let Py P P -+ be a sequence of propositions.
Show that
colimy,(Py) =~ 3w Pr-
16.4 Show that the relation =,y — ||z = y|| is an equivalence relation, on any
type.
16.5 Let f: A — X be a map. Construct an equivalence
*1
(Z(y:joinfpowerx(n,A))f(x) = f*n(y)) = (Z(yA)f(aj) = f(y))
for any z : A.
16.6 Let f: A — B be a map. Show that the following are equivalent:

(i) The commuting square

B —— ||B||.

is a pullback square.
(ii) There is a term of type A — is_equiv(f).

(iii) The commuting square

AxA%BxB

| [ps

is a pullback square.
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16.7 Consider a pullback square

AP A

f ’l lf

B’T>B,

in which ¢ : B — B is surjective. Show that if f/ : A’ — B’ is an
embedding, then so is f: A — B.
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Set quotients

17.1 The universal property of set quotients

Definition 17.1.1. Let R: A — (A — Prop) be an equivalence relation, for
A : U, and consider a map q : A — B where the type B is a set, for which we
have

ey a B y) = a(z) = q(y).
We will define a map
quotient_restr : (B — X ) — (Z(f:A_)X)H(x’y:A)R(x,y) = (f(x) = f(y)))

Construction. Let h: B — X. Then we have hog: A — X, so it remains to
show that

H(x,y:A)R(x7y) — (h(q(ﬂ?)) = h<q(y)))

Consider x,y : A which are related by R. Then we have an identification
p:q(x) = q(y), so it follows that apy, (p) : h(q(x)) = h(q(y)). O

Definition 17.1.2. Let R: A — (A — Prop) be an equivalence relation, for
A : U, and consider a map ¢ : A — B satisfying

iy B(@,y) = alz) = q(y),

where the type B is a set. We say that the map ¢ : A — B satisfies the
universal property of the set quotient A/R if for any set X the map

quotient_restr : (B — X) — (Z(f:A_)X)H(%y:A)R(ZL‘,y) - (f(z) = f(y)))

is an equivalence.

185
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Lemma 17.1.3. Let R : A — (A — Prop) be an equivalence relation, for
AU, and consider a commuting triangle

A—L U
R
PropA

with H : R ~ m o q, where m is an embedding. Then we have

iz ya B@, y) = (a(z) = q(y))-

Theorem 17.1.4. Let R : A — (A — Prop) be an equivalence relation, for
AU, and consider a commuting triangle

A—2L U
A
PropA

with H : R ~ m o q, where m is an embedding. Then the following are
equivalent:

(i) The embedding m : U — Prop? satisfies the universal property of the
image of R.

(ii) The map q : A — U satisfies the universal property of the set quotient
A/R.

Proof. Suppose m : U — Prop” satisfies the universal property of the image
of R. Then it follows by Theorem 16.5.3 that the map q : A — U is surjective.
Our goal is to prove that U satisfies the universal property of the set quotient
A/R. O

Remark 17.1.5. Theorem 17.1.4 suggests that we can define the quotient of an
equivalence relation R on a type A as the image of a map. However, the type
Prop® of which the quotient is a subtype is not a small type, even if A is a
small type. Therefore it is not clear that the quotient A/R is essentially small,
as it should be. Luckily, our construction of the image of a map allows us to
show that the image is indeed essentially small, using the fact that Prop? is
locally small.
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17.2 The construction of set quotients

Lemma 17.2.1. Consider a commuting square
A B
C D.

(i) If the square is cartesian, B and C' are essentially small, and D is locally
small, then A is essentially small.

—

—

(ii) If the square is cocartesian, and A, B, and C' are essentially small, then
D 1is essentially small.

Corollary 17.2.2. Suppose f : A - X and g : B — X are maps from
essentially small types A and B, respectively, to a locally small type X. Then

A Xx B is again essentially small.

Lemma 17.2.3. Consider a type sequence

Ay fo A, fi A, f2

where each A, is essentially small. Then its sequential colimit is again essen-
tially small.

Theorem 17.2.4. For any map f: A — X from a small type A into a locally
small type X, the image im(f) is an essentially small type.

Recall that in set theory, the replacement axiom asserts that for any family
of sets {X;}ier indexed by a set I, there is a set X[I] consisting of precisely
those sets x for which there exists an ¢ € I such that z € X;. In other
words: the image of a set-indexed family of sets is again a set. Without
the replacement axiom, X[I] would be a class. In the following corollary we
establish a type-theoretic analogue of the replacement axiom: the image of a
family of small types indexed by a small type is again (essentially) small.

Corollary 17.2.5. For any small type family B : A — U, where A is small, the
image im(B) is essentially small. We call im(B) the univalent completion
of B.
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17.3 Connected components of types

17.4 Set truncation

Lemma 17.4.1. For each type A, the relation I_yy: A — (A — Prop) given
by
Iy (z,y) = |l =yl

s an equivalence relation.

Proof. For every x : A we have |refl;| : ||x = z||, so the relation is reflexive.
To see that the relation is symmetric note that by the universal property of
propositional truncation there is a unique map |[inv]] : || = y|| — ||y = z|| for
which the square

(z=y) —™ (y =2)

-1 |-
|z =yl > ly = z||

[[inv]]

commutes. This shows that the relation is symmetric. Similarly, we show
by the universal property of propositional truncation that the relation is
transitive. O

Definition 17.4.2. For each type A we define the set truncation
[Allg = A/I 1y,
and the unit of the set truncation is defined to be the quotient map.

Theorem 17.4.3. For each type A, the set truncation satisfies the universal
property of the set truncation.

Exercises

17.1 Consider an equivalence relation R : A — (A — Prop). Show that the
map |—|yoinl : A — ||AUE A|o satisfies the universal property of the
quotient A/R, where A LIt A is the canonical pushout

Z(:r,y:A) R(.T, y) —— A

— s AUR A

inl
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17.2 Consider the trivial relation 1 := Az. A\y.1: A — (A — Prop). Show that
the set quotient A/1 is a proposition satisfying the universal property of
the propositional truncation.

17.3 Show that the type of pointed 2-element sets

Z(X:Uz)X

is contractible.
17.4 Define the type F of finite sets by

F := im(Fin),

where Fin : N — U is defined in Definition 3.2.5.

(a) Show that [F ~ Z(n:N) UFin(n)-
(b) Show that F is closed under ¥ and II.






Lecture 18

Homotopy groups of types

18.1 Pointed types

Definition 18.1.1. (i) A pointed type consists of a type X equipped with

(i)

(iii)

a base point z : X. We will write U, for the type Z(X:Z/I) X of all pointed
types.

Let (X, *x) be a pointed type. A pointed family over (X, *x) consists
of a type family P : X — U equipped with a base point xp : P(xx).

Let (P,*p) be a pointed family over (X,*x). A pointed section
of (P,xp) consists of a dependent function f : . x)P(z) and an
identification p : f(*xx) = xp. We define the pointed II-type to be the
type of pointed sections:

W) P(x) 5= 2,0 PGy [ (rX) = %P

In the case of two pointed types X and Y, we may also view Y as a
pointed family over X. In this case we write X —, Y for the type of
pointed functions.

Given any two pointed sections f and g of a pointed family P over X,
we define the type of pointed homotopies

foeg =) f(z) = g(2),

where the family z +— f(z) = g(z) is equipped with the base point p+q~*.

Example 18.1.2. The circle S' is a pointed type with base point base : S'.

191
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Ezxample 18.1.3. If X is a pointed type, then in the suspension of X we have
the canonical identification merid(xx) : N = S. Therefore we do not have to
worry about whether to choose N or S as the base point of ¥ X.

Remark 18.1.4. Since pointed homotopies are defined as certain pointed sections,
we can use the same definition of pointed homotopies again to consider pointed
homotopies between pointed homotopies, and so on.

Definition 18.1.5. (i) For any pointed type X, we define the pointed
identity function id := (idx, refl,).

(ii) For any two pointed maps f : X —, Y and g : Y —, Z, we define the
pointed composite

go« f:=(go f,ap, (ps) " pg)-

18.2 Loop spaces

Definition 18.2.1. Let X be a pointed type with base point . We define
the loop space Q(X,x) of X at x to be the pointed type x = z with base
point refl,.

Definition 18.2.2. The loop space operation €2 is functorial in the sense that
(i) For every pointed map f : X —, Y there is a pointed map
Q(f) - QX) = Q(Y),

defined by Q(f)(w) :=py*aps (w)* p}l, which is base point preserving
by right_inv(py).

(ii) For every pointed type X there is a pointed homotopy

(iii) For any two pointed maps f : X —, Y and g : Y —, X, there is a
pointed homotopy witnessing that the triangle

of pointed types commutes.
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Theorem 18.2.3. Consider two pointed types (X, xo) and (Y,yo). Then there
s an equivalence

(EX =, Y) ~ (X =, Q)
Proof. Computing with the universal property of the suspension
TX Y =3 (X = (y= ) x (v = o)

=2 )X = (¥ = o)
= Z(f:X—>(y:y0))f(fvo) = refly,.

In the last equivalence we used Exercise 6.5. ]

18.3 Homotopy groups
In homotopy type theory we use O-types to define groups.

Definition 18.3.1. A group G consists of a set G with a unit ¢ : G, a
multiplication z,y — z -y, and an inverse operation = — z~! satisfying the
group laws:

(.Z'y)Z:.f(yZ) xil.x:e
e-r==x -z =e.
r-e==x

Definition 18.3.2. For n > 1, the n-th homotopy group of a type X at a
base point x : X consists of the type

| (X, )| = [[Q7(X, 2) g

equipped with the group operations inherited from the path operations on
Q"(X,x). Often we will simply write 7,(X) when it is clear from the context
what the base point of X is.

For n = 0 we define mo(X, z) := || X||o.

Ezample 18.3.3. In Corollary 12.2.7 we established that Q(S') ~ Z. It follows
that
7T1(S1) =7 and Wn(Sl) =0 for n > 2.

Furthermore, we have seen in ?? that [|S!||o is contractible. Therefore we also
have 7o(St) = 0.
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18.4 The Eckmann-Hilton argument

Given a diagram of identifications

in a type A, where r : p = p’ and v’ : p’ = p”, we obtain by concatenation an
identification r = v’ : p = p”. This operation on identifications of identifications
is sometimes called the vertical concatenation, because there is also a
horizontal concatenation operation.

Definition 18.4.1. Consider identifications of identifications r : p = p’ and
s:q=¢q,where p,p' : x =y, and ¢,q' : y = z are identifications in a type A,
as indicated in the diagram

We define the horizontal concatenation r+, s:p*q=p ¢ of r and s.

Proof. First we induct on r, so it suffices to define refl, =, s : p* g = p+¢. Next,
we induct on p, so it suffices to define reflen, * s : refl, + g = refl, q. Since
refl, » ¢ = q and refl, » ¢ = ¢, we take reflen, = 5 = s. O

Lemma 18.4.2. Horizontal concatenation satisfies the left and right unit laws.

In the following lemma we establish the interchange law for horizontal
and vertical concatenation.

Lemma 18.4.3. Consider a diagram of the form
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Then there is an identification
(rev’)ep (s=8)y=(res)(r' = 8).

Proof. We use path induction on both r and 7/, followed by path induction on
p. Then it suffices to show that

(reflen,, = reflies, ) *n (s+ s = (refliefi, *n 5) * (refleq, *n s).
Using the computation rules, we see that this reduces to
s*s =89,
which we have by reflexivity. O
Theorem 18.4.4. For n > 2, the n-th homotopy group is abelian.
Proof. Our goal is to show that
H(T,S:WQ(X))T -8 =25"T.

Since we are constructing an identification in a set, we can use the universal
property of O-truncation on both r and s. Therefore it suffices to show that

H(r,s:reflzozreflzo)‘T’O ' ’8’0 = ’3’0 ’ ’r‘O'

Now we use that |r|,-|s|, = |r* s|, and |s|,-|r|, = |s = 7|y, to see that it suffices
to show that r+ s = s+ r, for every r, s : refl, = refl,. Using the unit laws and
the interchange law, this is a simple computation:

rrs=(r=refly) (refl, = s)
= (r=refly) = (refly = s)
(refly = 7) = (s refly)

= (refl, *p, s) * (1r = refl,)
s

18.5 Simply connectedness of the 2-sphere

Definition 18.5.1. A pointed type X is said to be n-connected if its homo-
topy groups m;(X) are trivial for ¢ < n. A 0-connected type is also just called
connected, and a 1-connected type is also called simply connected.
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We write * for the base point of the sphere S”.

Theorem 18.5.2. For any n : N and any family P of n-types over the (n+2)-
sphere S"2, the function

(Hwsns2yP(2) = P()
given by f — f(x), is an equivalence.

Corollary 18.5.3. The 2-sphere is simply connected.

Proof. Our goal is to show that 71 (S?) is contractible. In other words, we have
to show that [|2(S?)]|o is contractible. We do this by constructing a term of

type
H(t:gz)isfcontr(ﬂ* = t|o)-
First we note that
[Tes2yllx = tllo
is equivalent to the type ||*x = *|o, of which we have the term |refl,|,. Thus we
obtain a dependent function a : [].q[* = t[lo equipped with a(x) = [refl,|,.
Now we proceed to show that

[ iy @(8) = 2

by the dependent universal property of O-truncation. Therefore it suffices to
construct a term of type

H(t:SQ)H(p:*:t)a(t) = ‘p|0

This is immediate by path induction and the fact that a(x) = |refl,|,. O

Exercises

18.1 Show that the type of pointed families over a pointed type (X, z) is
equivalent to the type

Z(Y:u*)Y — X.

18.2 Given two pointed types A and X, we say that A is a (pointed) retract
of X if we have i : A —, X, a retraction r : X —, A, and a pointed
homotopy H : 7 o, 1 ~, id*.

(a) Show that if A is a pointed retract of X, then Q(A) is a pointed
retract of Q(X).
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(b) Show that if A is a pointed retract of X and m,(X) is a trivial
group, then m,(A) is a trivial group.

18.3 Construct by path induction a family of maps
ia sl laalpp (A a) = (B,b) = > c.avpela) = b,

and show that this map is an equivalence. In other words, an identification
of pointed types is a base point preserving equivalence.

18.4 Let (A,a) and (B,b) be two pointed types. Construct by path induction
a family of maps
ILs.g:a5) o r@=n L gg@=n (F:P)=(9,0)) = 241, pgyp = H(a)*q,

and show that this map is an equivalence. In other words, an identification
of pointed maps is a base point preserving homotopy.

18.5 Show that if A «+ S — B is a span of pointed types, then for any pointed
type X the square

(AUSB =, X) —— (B =, X)

l l

(A= X) — (8 =, X)
is a pullback square.
18.6 Let f: A —, B be a pointed map. Show that the following are equivalent:
(i) f is an equivalence.
(ii) For any pointed type X, the precomposition map
—ou [ (B =4 X) =4 (A=, X)
is an equivalence.
18.7 In this exercise we prove the suspension-loopspace adjunction.

(a) Construct a pointed equivalence
Txy : (Z(X) = Y) = (X = QY))

for any two pointed spaces X and Y.
(b) Show that for any f: X —, X’ and g: Y’ —, Y, there is a pointed
homotopy witnessing that the square

Tx! y!

(Z(X) =.Y) (X' =, Q(Y"))
hHgohoZ(f)l ihHQ (g)ohof
(Z(X) =4 Y) ——— (X = Q(Y))

TX,Y
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18.8 Show that if

|

— Q
~— W

—

is a pullback square of pointed types, then so is

Q(C) —— Q(B)

| l

Q(A) —— Q(X).

18.9 (a) Show that if X is k-truncated, then its n-th homotopy group 7, (X)

is trivial for each choice of base point, and each n > k.

(b) Show that if X is (k + [)-truncated, and for each 0 < i < [ the
(k + i)-th homotopy groups 74;(X) are trivial for each choice of
base point, then X is k-trunctated.

It is consistent to assume that there are types for which all homotopy

groups are trivial, but which aren’t contractible nontheless. Such types

are called co-connected.



Lecture 19

The long exact sequence of
homotopy groups

19.1 The long exact sequence

Definition 19.1.1. A fiber sequence F — E — B consists of:
(i) Pointed types F', E, and B, with base points xg, yo, and by respectively,
(ii) Base point preserving maps i : F' —, E and p: E —, B, with a : i(xg) =
yo and 3 : p(yo) = bo,

(iii) A pointed homotopy H : consty, ~ p o, @ witnessing that the square

F

l p
1—— B,
consty

commutes and is a pullback square.

Lemma 19.1.2. Any fiber sequence F — FE — B induces a sequence of
pointed maps

Qi)

Q(F) Q(p)

Q(E) QB) 2+ F ‘5 E-2, B,

in which every two consecutive maps form a fiber sequence.

199
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Proof. By taking pullback squares repeatedly, we obtain the diagram

QF) — 1

Q (i)l constrefl,
QE) 2, oB) — 1
l P consty,
l g, F— T
p
1—— B.

constp, ]

Definition 19.1.3. We say that a consecutive pair of pointed maps between

pointed sets

A#B%C

is exact at B if we have

for any b: B.
Remark 19.1.4. If a pair of consecutive pointed maps between pointed sets

A%B%C

is exact at B, it directly that im(f) = fiby(c). Indeed, such a pair of pointed
maps is exact at B if and only if there is an equivalence e : im(f) ~ fiby(c)
such that the triangle

im(f) —=— fiby(c)

NS

commutes. In other words, im(f) and fib,(c) are equal as subsets of B.

Lemma 19.1.5. Suppose F' — E — B is a fiber sequence. Then the sequence

il el
IFllo == IIEllo = |IBllo

is exact at | E|o.
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Proof. To show that the image iml|i|o is the fiber fiby,,([boly), it suffices to
construct a fiberwise equivalence

H(z;HEHO)Hfibuz‘uo(fU)H,l =~ ||pllo(x) = |bolo-
By the universal property of 0-truncation it suffices to show that

iy llfibyago (10|, = Ipllo(lo) = lbol-

First we note that

Ipllo(lzlo) = [bolo == [p(2)lo = 1bolo
=~ [Ip(x) = bol| -

Next, we note that
fibyiyo ([2lo) = 22 ey mo lillo () = 1zlg
~ ([ lilloylo) = Izl
=[S e i@l = Il
= || e i) = w1 |
Therefore it follows that

iy, (2l = || e liCw) = a2l

= |Sryi) =4

-1

-1

Now it suffices to show that (Z(y:F) i(y) = z) ~ p(x) = by. This follows by
the pasting lemma of pullbacks



202 LECTURE 19. THE LONG EXACT SEQUENCE

Theorem 19.1.6. Any fiber sequence F — E — B induces a long exact
sequence on homotopy groups

19.2 The Hopf fibration

Our goal in this section is to construct the Hopf fibration, i.e. a fiber sequence
St — §* - §%

This fiber sequence involves the complex multiplication of the unit sphere in
the complex number, which is a circle. Viewing the circle as a subspace of the
complex numbers, we write 1 for the base point of the circle.

Definition 19.2.1. We define the complex multiplication operation
pe St — (St = sh.
Construction. By the universal property of the circle, it is equialent to define
pc(l) : St — st
ap,,.. (loop) : uc(1) = pc(l).

The function pc(1) is multiplication by 1, which is the identity function. The
type of ap,. (loop) is equivalent to the type of homotopies

ids: ~ ids:.

We construct this homotopy by induction on S!. Therefore it suffices to
construct

p:1=1
q : trp(loop,p) =p
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Lemma 19.2.2. The complex multiplication operation uc on the circle satisfies
the unit laws

left_unite(z) : pc(l,z) ==
right_unite(x) @ pc(x,1) =z
coh_unit : left_unite(1) = right_unite(1),

and the functions uc(x, —) and pc(—,y) are equivalences for each x : S* and
y : St respectively.

Lemma 19.2.3. Both commuting squares in the diagram

pr pr
St «+—L st xst 22,5 st

Lo

1 St 1

are pullback squares.
Corollary 19.2.4. There is a fiber sequence

St st xSt — 2.
Lemma 19.2.5. The join operation is associative

Proof.
A—  AX(C — AxC

I | I

AXB+— AxBx(C —— AxC

| | |

B+———BxC ——C

Corollary 19.2.6. There is an equivalence S' x S! ~ S3.
Theorem 19.2.7. There is a fiber sequence St — S — S2.

Lemma 19.2.8. Suppose f : G — H is a group homomorphism, such that the

sequence

0 G-l H 0

is exact at G and H, where we write 0 for the trivial group consisting of just
the unit element. Then f is a group isomorphism.
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Corollary 19.2.9. We have m3(S?) = Z, and for k > 2 we have m(S?) =
e (S?).

Exercises

19.1 Give the 0-sphere S the structure of an H-space.

19.2 For any pointed type A, give Q(A) the structure of an H-space.

19.3 Show that the type of (small) fiber sequences is equivalent to the type of
quadruples (B, P, by, xg), consisting of

B:U
P:B—-U
by : B
xo : P(by).
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