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Motivation

There are many indications of exceptional geometrical
structures in maximal supergravity and M theory:

e Ubiquity of exceptional groups: Egg), Er7), Eggs), - -

[Cremner, Julia(1979)]
® Presence of form fields beyond standard geometry
e Extra (central charge) coordinates beyond D = 117
has led to several attempts to generalise geometry
® Double Field Theory rsiege1(1992) ;1u11(2005) ;Hohm, Hu11, Zwiebach (2010) , .. .]

e Generalised geometry (and ‘non-geometry’) sernan,cedervali,

Kleinschmidt,Thompson(2013); Coimbra,Strickland-Constable,Waldram(2014);...]

e Exceptional geometry rami9ss,2001) ;11(1987) ;KNS (2000) ; Hillmann (2009) ;
Berman,Goadazgar,Perry,West (2011) ;Coimbra,Strickland-Constable,Waldram(2011); GGN(2013);

Hohm,Samtleben(2013)]



Generalised (Geometry

Idea: °‘lift’ exceptional structures found in lower di-
mensions back up to D =11 (or D = 10).

e Eixtend tangent space in accordance with R symmetries [awn(1986) ;N (1987)]
e Extend tangent space to include p-forms [#itchin(2003) ;Gualtieri(2004)]
e Include windings of M2,M5, and KK branes [#u11(2007) ;Pacheco,Waldram(2008)]

e Extra (central charge) coordinates
[...,Siegel(1993) ;dWN(2001) ;West(2003) ;Hillmann(2009) ;Berman,Perry(2011)]

Exceptional duality symmetries necessitate new geo-
metric structures (vielbeine, connections,...) and (per-
haps) extra dimensions beyond D = 11 — two options:

e Postulate new structures ad hoc (‘top-down approach’).
e Derive them by re-writing original theory (‘bottom-up’).

e In either case must ascertain full consistency, either intrinsi-
cally or by comparison with original theory.



Cartan’s Theorem (1909)

states that the most general algebra of vector fields on a
manifold consists (essentially) of the following three: diffeome-
orphisms, volume preserving diffeomorphisms, or symplectomor-
phisms. Or: there are no exceptional algebras of vector fields!
Thus, if a generalised vielbein VM 4 transforms according to

VYaly) = VM) = 5 VY aly)
we can never arrange things such that

Ay (y)
oyN

€ E;7 C GL(56,R) for all y

= extra coordinates are not for real!

as was to be expected since there appear to ex-
ist no consistent supergravity theories beyond D = 11
dimensions (at least, no one has found any so far...)!



More Motivation

What is to be gained from re-writing a known theory
(D = 11 supergravity rsasre)1) into a form that is (or is
not??) on-shell equivalent to the original theory?

e Derivation of non-linear Kaluza-Klein ansatze

— Consistency of S” compactification raun(1987),pilch,HN(2012) ,GGN(2013)]

— Scherk-Schwarz compactifications [samtieben(2008);GGN(2013)]

e Understanding origin of embedding tensor from higher
dimensions and compactification.

e ... and perhaps: new maximal supergravities?

[Dall’Agata,Inverso,Trigiante(2012) ;dWN(2013)]
Also, crucial new insights for (a long term project!)

e Infinite dimensional extensions: Ejj rsu1iac1983);pm2002), .. .1
or Eq; mest200n1 and emergent space-time?



Reminder: E7(7> from dimensional reduction

Starting from D = 11 supergravity (cremer,iulia,scherk (1978)]
split coordinates as 2" = (z*,y™) and perform 447 split
of bosonic fields Gy and Ayyp:

GMN ) Gmn<28> $H Gm,LL(?) P, G,LLV(1>
Amnp i Amnp(35) © Apmn(21) © Apym(7) © Apwp(1)

To get proper count of scalar degrees of freedom —
dualize seven 2-form fields A, cremer, juia 10791

Key Question: is this structure peculiar to torus re-

duction, or can it be lifted back up to D =117

And: is there a way to reformulate D = 11 (or IIA,
IIB,...) supergravity that makes these hidden symme-

tries manifest? [ B.dewit and HN,NPB274(1986)363; HN,PLB187(1987)316]



Dualities in eleven dimensions

3-form /6-form duality

V2
FMl---M7 = 7'D[M1AM2M7] +7!7A[M1M2M3DM4AM5M6M7]
) - M~
—E\/;ieMl...Mn (\I/RFMg"'M“RS\PS + 12\I/M8FM9M10\PM11>
defines dual 6-form A®) = Ay;ypors, with

3 1
OAMNPQRS = — d \/§€FMNPQR\PS] + gSF[MN\PPAQRS]

Relations are valid on-shell and at full non-linear level.

By contrast, dualisation of gravity works only at linear
level, and without matter sources:

Gun =nun +hyy: hyn < hageg

In particular, ‘dual supergravity’ does not even exist

at linear level « [Bergshoeff,deRoo,Kerstan,Kleinschmidt,Riccioni(2008)]



Existing no go theorems suggest that D = 11 Lorentz
covariance must be abandoned if interactions are to be
inCluded ConSiStentIY! [Bekaert,Boulanger,Henneaux (2003)]

= more 4+7 decompositions:

Apn PQRS - Amnpqrs<7) S> Aumnpqr(zl) 5> Auvmnpq<35) S> Auv,omnp<35) D
hMyuMg\N : 0@ humnpqrst\u(7) D h,ul/mnpqrs\t(49) D huupmnpqr|s(147) D

Now we see that also fields other than scalars can be
re-packaged into E;7) multiplets in eleven dimensions:

Vectors: 7H21H21H7 =56 (electromagnetic duality)
2-forms: 7®35P496d--- =133 (E7(7) Noether current)
3-forms: 163501470 --- =912 (embedding tensor)

— Beyond kinematics main challenge is to show that full D = 11

theory (supersymmetry variations and field equations) can be

rewritten in an E;7xSU(8) covariant way!



NPB274(1986)363 in short

447 decomposition of elfbein (in triangular gauge)

A—1/26;La Bumema

a

Eyiz,y) = ( ) : A =detey,”

0 Em
Similar redefinitions of fermions — chiral SU(8)

@, = A4 (iys) T2 (U — 3957 lVe) , @ or = 3(1E%) ¢,
Xapc = %ﬂiA—1/4(i75)_1/2\Ifa[AFch] ;XY or xape = (1+95)Xuse

V2

= 0B," = ?eﬁfB [2\/§§Ag05 +ECWLXABC} + h.c.
with generalised vielbein = GV
ey = iIATV2HPTT™D) 45,  B(z,y) € SU(S)

whence €’}; becomes an SU(8) tensor!
Tangent space symmetry: SO(1,10) — SO(1,3) x SU(8)



Generalization to remaining 21 + 21 4+ 7 = 49 vectors: [awy,ceN(2013)]

1
B,um - _§B,uma B,umn — _3\/§ (Aumn - B,upApmn)a

mn mn \/i
B, = —3\/2 " PL-P5 <Aup1---p5 — By Agpy-ps — e (Aumpz — Bquqplpz)Ap3p4p5

B,um = —18 nnl"'n7 <A”n1...n7,m + (36 — 1) (A,lml-~-n5 o BMpAp”1-~-”5> A”6”7m

) V2
+ CAm---nﬁ (Aw’wm o BupApn7m) + E (Almlnz o BMpApnmz) An3n4n5An6n7m

where 5, = dual (magnetic) graviphoton. Requiring

V2 : _
5B,umn - ?emnAB [2\/§5A§05 + 507;LXABC] + h.c.
leads to more generalised vielbein components = extend e'}; to

full 56-plet (e'i5, €mnan, €4p, €map) = 56-bein in eleven dimensions!



56-bein 1n eleven dimensions

V2i V2

V" ap = —g €AB = —?A_WFZLB = V"™ = = V"5,
Vinap = —gﬁ_m (anAB + 6\/§AmoniB) ,
V™" up = _g - %nmnplm%ﬁ_lm Lpi-psaB + 60\/§Ap1p2p3rp4p5143
o 6!\/§(qu1"'175 o gqu1p2Ap3p4p5) rzqélB] )
Vin g = _g : %npl"'pm—m (Tppopr Do) aB + 12672 AppipoT s AB
+3V2 X T Ay + gAmmAmm) b

9! V2
+ 5 (Amp1---p5 + ﬁAmmeAp?,mm) ApﬁmqrqAB]



V(e, A% A©) has all the requisite properties of an Er(7) matrix:

VP = Vap)® ,  VWAB = (M)
where we have combined the GL(7) indices into SL(8) indices
Vi = Vi, Vins) . Y= (V™ V™)
With proper E; indices M, N,... in 56 representation
Vm= Vi, V), VWM =MV = (VU V)
and symplectic form QMY
Vi " Vv ag = VmasVn ™ =i Quy,
QMNVVABVyop = i 665,
OMVYABYCP =0 = e Sp(56,R)
(for E;;y have to work a little harder...)

= Ey(7) covariant form of vector transformation in D = 11:

SBM = ivM g (éC%XABC + 2\/55%5) + h.c.



Extending general covariance

Standard behaviour under internal diffeomorphisms " = " (z, y):
V" ap = POV ap — 0" VP up — %@ofp V" AB
OVmnAB = §'0pVmn 4B — 20" Vopap — %@afp Vi AB
SV™ ap = POV 4p + 20,6V yp + %@jgpvm”AB
OVm aB = E°0pVmap + On&Vpup + %apﬁp Vin AB

Due to its explicit dependence on A® and A® V also transforms
under 2-form gauge transformations with parameter &,,,(x, y):

§Amnp = 3 Ombpl > OAmupgrs = 3V20bnpAyy =

5VmAB = O, 5anAB - 36\/58[m€np] VpABa
5anAB — 3\/5 nmnpqrstapgqr Vst AB, 5Vm AB — 18\/5 a[mfnp] VnpAB



Idem for 5-form gauge transformations
0Amnp =0,  0Amnpgrs = 6! Ombnpgrs) =
V" ap = 0V an = 0, SV™ ap = 6 - 612" P g e Vg,
Vi ap =3 - 6V 20" 0 E 0 e Vigns AB
These formulas can be neatly summarised as

SAVmas = LaVrmap
with AM = (€m,€,,,6™,¢,) and generalised Lie derivative:

. 1 1
LaX = QAN@\/’XM + G(ta)MN(ta>pQ69APXN + ;w a/\/ANX'M
= unifies internal diffeomorphisms and tensor gauge transfor-

mations and suggests extra coordinates: 4456 instead of 4+77
But only consistent with Section Constraint:

MN _ OMN _ _

£ OMR@0y = DOm0y =0 & Oy =0for M#m
[Coimbra,Strickland-Constable,Waldram(2012) ;Berman,Cederwall ,Kleinschmidt,Thompson(2013)]

Back to seven (or six) internal coordinates!



Generalised Vielbein Postulate = GVP

56-bein obeys a generalisation of the usual GVP, both for external
and internal dimensions. For external dimensions, we have

0,V MmaB + QﬁBNVM a8+ Q5 1aVm e = PuacpVm”

where ﬁA was defined above. To be compared with D = 4 relation
OV Mmij — QBMPXPMN + QZ[iVM VNG = Piit V™

where X, generate the gauge algebra = furnishes higher dimen-
sional origin of embedding tensor O, via

XMNP = @Ma(ta)/\/j)
This correspondence has been checked for S” compactification
(where gauging is purely electric) [cen:1309.02661 and Scherk-Schwarz

compactifications [cen:1312.1061] (Where gauge fields are usually both

electric and magnetic).

— may thus explain new SO(S) gaugings [Dall’Agata,Inverso,Trigiante,

PRL109(2012)201301] via U(1) duality rotation in D = 11!



Internal GVP a la dWN and GGN

OnVman — Toad Vv ap + QSiaVunc = PrnapcpVm”

with SU(8) connection

1 o V2 ae V2
QmAB = —ZWmab 1—WAbB + 4—8 Finabe 1—WAbB T M—-GlFmadeef Filbgdef7

and ‘non-metricity’
V2

Puapep = §Fmabc FABI%C’D] -

V2
56 - 5!

bed
Fmabcdef FFABFCC'D?f

E7)-valued generalised ‘affine’ connection I';, AV = L% (ta) Yok

(L) = -T2+ 15pT9 (Ty)s® = =217

4Yn* mq» mn>
n __ np1-Pe = nyeng 1 ong-ngpipops =
(Fm)S — \/577 —m|p1--pg> (Fm) — \/§77 —m/|p1pap3

where

_ 1 _
Eplmng = DpAmng — ZFpmnq = Zjmlnpg) = U

- 1 -
Eplmy-mg — DpAml---mG — _Fpml---m6 + ... = Zplmimg] = 0

7!



e These connections (as determined from D = 11 su-
pergravity) satisfy all covariance properties!

e but have non-vanishing components only along seven
dimensions, vanish along all other directions.

So what about connection coefficients for M # m

= OmVnaB —Tn” Ve ap+ QSaVysic = PmascpVn©” 77

Possible (and even required, see below), but:

e Connections become highly ambiguous, and are not
fixed by requiring absence of (generalised) torsion.

e Full (generalised) covariance incompatible with ex-
pressibility in terms of V and 9V only.

e Remarkably, supersymmetric theory is insensitive
to these ambiguities and other difficulties!



Torsion

Definition from generalised geometry (csw(2014) ;Cederwall,Edlund,Karlsson(2013)]
TNKM = FNKM — 12 PMKPQ FPNQ + 4]P)MKPNFQPQ
This is the 912 representation in 56 x 133 — 56 @ 912 & 6480.

A simple component-wise calculation using the components of I
shows that the generalised torsion does indeed vanish, e.g.

8 8 8 8 r8 8 ¢8 r8
Tm8n8p — I‘m8nSp — 48 PP n8q r8 I‘q8mS + 16 PP n8q m8rr8 q8

2

- anp__]:‘rmr(sp =0
e

]

TSSt — 1 P4 57“)

if ordinary torsion [',,,” = 0. Similarly (using P"z — 130594

.
TmS n8pq — I‘mS n8pq + 2Fr8 ms [pég]

_ pat1..t5 (= - -

= 3\/577 ° (um\ntl...tg) — Cpjmty..ts T 5=t1\mnt2...t5)

:21\/§77pqt1mt5E[m|nt1...t5] = 0 etc.

= irreducibility properties of I'\\" are crucial for T " = 0!

[GGNHS, to appearl]



Absorbing non-metricity

[Hehl,VonDerHeyde,Kerlick,Nester(1976); M.Perry, private communication]

Cf. GVP of ordinary differential geometry
Onen’ + wmpen’ — e =0
But there is a more general expression
Onen’ + wmsen’ — [P e’ = Thnnte, + P e,’

with torsion 7),,,’ and non-metricity P, ,, = legnp, which can be
absorbed by redefinitions

e — I — Pl en)depc,

Lo — Ton” — P’y en]depc
Idem for exceptional geometry:
Crn” — Taun” = T’ —i(VNABPM ABCDVPCD_VNABPMABCDVPCD>
so that the internal GVP becomes

OmVn ap — Dan"Vpap + Q5uaVv e = 0



Supersymmetric theory

Supersymmetry variations of bosonic fields
Je,® = & Yua + EaY Y

BN = VMg (smuXABC + 2\/55%5) + h.c.

1
oVMyp = 2v/2pMEP <€[AXBCD] + 5 €ABCDEFGHE XFGH>

are derwwed from D =11 SUGRA in (aw,can, while pos-
tulated in recent approaches to exceptional geometry.

To establish agreement for the supersymmetry varia-
tions of fermions is more tricky! Recall ramsse);
1 1 PABCD

S o< oo+ e™B9, (v,eR) + iemABQmBC’Yué?C 2€CD

1
m[ABamgC] . §em[ABC?mDC]ED

1 2
__éegEfﬁ?ﬂABéﬂ o _én_PABCDgE

Yu€D

% x -+ e



ABCD
Pm

To absorb non-metricity in these variations, must redefine

SU(S) connection [GGNHS, to appear]

Quma” — Oma” = Qua® + Quid®

where

Quma® = Rapa® +UpA"

Y)
Rua® = 3 (V'"PVMPE Poacpe + V" acVmpre P,"CPF)

2012
+ o7 (V'"PEVAPE Poacpe + V" pEVac P,7PF)

Tt
~ 547 (V' PV Pocppr + V" cpVuer P.CPFF)
Unma® = YVmepuPPs = VP ucpa

where ul“PBl, =0, uC48, =0 in 1280 of SU(8).

B

Redefinition requires SU(8) connection components along M # m!



Leads to very compact expressions:

o o -+ YMAPD ()5 (e0)
5XABC X .-+ VM[ABDM(Q)EC]

Also: requires extra components 9, for M # m and

Tan” — Tan® =Tun” + (VP 45Qum VN = VPPQua“ Vo)

After all these operations we are left with fully covariant and
torsion-free connections and a standard GVP

OmVnap — Tjun"Vpap + QS aVvpic = 0

NB: absence of torsion does not fix affine connection uniquely,

irremovable ambiguity is in 1280 of SU(8).

[Coimbra,Strickland-Constable,Waldram(2012) ;Cederwall ,Edlund,Karlsson(2013) ;GGNHS (2014)]



Conclusions

e Starting from ‘old’ results rami9ss);can(2013)1 one can con-
struct generalised SU(8) and affine connections that
satisfy all required covariance properties.

e These cannot be written in terms of just V and 0V,
unlike in GGeneral Relativity, even with zero torsion.

e SUSY theory smartly picks just the right combina-
tions which are insensitive to ambiguities/difficulties
encountered in generalised geometry constructions.

e Only in this supersymmetric context ‘old’ results
agree with more recent constructions! (cemso14)]

e New theories by w-deformations?



