Constraining and Un-constraining Supergravities



What you must know about supergravity but do not want to ask string theory?
e A randomly chosen supergravity theory, as it stands, is inconsistent

> Restrictions are too few

(notably from anomalies Ic(ll): Igo =dIl”

0 1
d+1 5]<§+)1 — dlc(z ))

> imagination is even sparser (new ingredients ?)

> Global surprises

Part I: Discrete anomalies in D=8

e Work with Bing Xin Lao

Part ll:  Quick D=6 review

e Work with Peng Cheng and Stefan Theisen

Part lll:  Exotic backgrounds

e Work with Peng Cheng and llarion Melnikov



D=10 Super-Poincaré Representations with 16 supercharges:

B.L.G.

representation

multiplet

SO(8)

8, x 24 =35 +28 4148, + 56_
24 =8, +8_

gravity - anomalous

Yang-Mills - anomalous

Gravity + YM < Anomaly cancelation possible if

w Tio = X4(R,F) A Xs(R, F)

x Gauge group:

> Anomalous Bl

> GS couplings ~ By A Xg(R, F)

Eg x Eg, SO(32) ... but also U(1)*%, Eg x U(1)**®
dH = X4(R,F) ~trRAR—trFAF

D=10 Super-Poincaré Representations with 32 supercharges:

B.L.G.

representation

multiplet

SO(8)

SO(8) x SO(2)

2% =35+28+1+56,+8,+8, +56_ +8 +56, | (1,1) - lIA
28 =350 +28 o+ 1 4+ (84) 3+ (56_)_4 (0,2) - IIB
+ (35 )0+ 282+ 14+ (84)3+ (56 )1




D=8/9 theories (Circle / T? reductions) with 16 suprecharges

For ['Uglo =0=L,H D S X10
iﬁ de = 7*T (L, e=0)
Xog

e dHy; =0

H = Hs+ Hy N e, dH =0 =
e dHy;=-HyAT =—F?+ F?

Supergravity in D=9/8 - theory with SO(1, N,R) / SO(2, N 4+ 1,R) symmetry
* Global anomalies = N -odd

*= Parity acts as an internal symmetry = N =1,9,17

> non-orientable manifolds are consistent backgrounds!
x String constructions known for N =1, 9, 17

*= No parity anomalies



Discrete anomalies

e D=8 theory with maximal supersymmetry (32 supercharges)

> moduli space: “¢73 x SZit)

o IIB: 7 - complex structure of T2
o M: T = —2Cg910 + VOZ(TB)

> S®) invariant under diffs, but .... not under SL(2,Z)

e Ungauged theory has composite U(1) anomalies:

o I1p=1% 2— {2>< 115/28 4x 2119 + 2 X %Il/g+2><ISD}

> 0y = (Vi + 5Qur” + 3QU'T] €
> other fermions are also chiral

8 —form

> doublet of chiral three-forms (with +1 and -1 U(1) charges)
> F = 4TAdT  the curvature of the composite connection Q = —dr; /27

4175
e Upon gauge fixing composite U(1) anomaly becomes SL(2,
o Xs = 4= (5p1(TX)? — p2(TX)) - present in D=10/11

Z) anomaly!



Many lives of Xy

Euler density:

> X = m €S Raas Ragas agas Razas
1 c d
o Gurvature two-from Rap = 5Rapcae® Ne
Spinor density:
N 1 1
> X = an)z " 2%

Eil'.'iSRalaQ (Falag)iliz Ra3a4 (Fa3a4)i3i4 Ra,5a,6 (Fa5a6)’i5i6 Ra7a8 (Fa7a8)7377;8
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M5 Anomaly & Inflow mechanism

11D supergravity: Ssuera = 73 | R*¥ 1 — 5G4 N %Gy — 2C5 A Gy A Gy
M5: dG4 = Q5(M5)

(2,0) tensor multiplet on M5:

e Woldvolume chiral 2-form

o Ig = == (16p1 (TW)? — 112po(TW)) ~ L(TW)

e Worldvolume fermions

o Ip = L A(TW)chS(N)

o N-trivial:  Ip =4 x JATW) = Lo (14p1 (TW)? — 8po(TW))
o Total anomaly: I20) = 55 (301 (TX)? — po(TX))

e Cancelled via inflow from a bulk coupling ~ C5 A Xy

G10X3 = 55(MB)X(TX) & d7'6d a0

e For nontrivial normal bundle: §(C' A G A G) is needed

Consistency of the supergravity theory together with BPS objects



Anomalous variation in the D=8 path integral:

—12/EX8(R)

with

| d\ 2 b
e BMT) (07_'+ > , M € ! , MeSL2,R), T7€eH
cT +d c d

can be canceled in quantum theory with SL(2,Z) € SL(2,R)

e Counterterm: 3 . 2
AS®) =12 [ arg(of (7)) Xs(R)

> cancels the SL(2,7Z) anomaly
> non-trivial phase (multiplier system)
o f[Xg—F%G/\G}EZ
> large volume limit: M, oo S =27 [71 [Xs + G AG]

> subtle contribution from the classical action



D=8 theories with 16 supercharges

Think of T? reductions of Heterotic strings

SO(2,1)

S0 xsoq coset

e Composite U(1) couplings to fermions are chiral

e Anomaly cancellation: AS®) = [ f(z,2) YL

o for D=8 heterotic string with U(1)* x G (rank G = 16)
> f(z,z) - modular function of 7"and U - scalars in U (1) multiplets

> Y& =
syt | (248 + dimG) [ S 4 URE N — (1rR2)? 4 L R2TrF? + 3T R
o AS®) agrees with the string amplitude only for
> G = 50(32)
> G = Fg x By

e st 5o | [ () 0 ()



For other G:
Samp — / [Nl-Atrivial + NQAdeg. T NB«Anon-deg.]

> Ny, No, N3 - normalisations

> Auivial - T2 reduction of D=10 GS term

> Ageg CONtains Y&

> Anon-deg CONtains Y& + massive VM contributions

o }/880(8)4 = —32(;77)4 {(trR4 — i(trRz)z) + % Z?:l (%tTR2 + QtTFiZ)Q}

e Can be put on spaces with positive ¢; (T X), but ... T? degenerates and massive
states can become massless

e For X = P! the resulting D=6 (1,0) theories without contribution from D=8 massive
states have chiral anomalies

o Supergravity on non-spin, non-orientable, singular spaces



General story:

The compensating U(1) transformation for SO(2,[; R) transformation M::

—iS(M,Z) _ i(M, Z)
J (M, Z)|

€

(Z - coordinates on the generalized upper half plane)

Conterterm: 1 .
S = —/arg\I!(Z)Y8

r

with

e U(Z) can be constructed as a Borcherds product:

F(T) =X er /L 2onezqiy) €V M)ey(nT)  hol. modular form of weight £ =1 — /2
= U(Z) =1lger /1 Hmem%w) U ()2
m<
U (Z) - meromorphic function on H; of (rational) weight » = ¢(0,0) /2 for the modular
group I'(L) with character x (if ¢(0,0) € 27Z)



Is the theory well-defined when the counterterm is not?

> > dB,mH(B,m).

BeL' /L meZ+q(B)

m<0
where rational quadratic divisors (RQD):
H(B,m)= Y Hx whith Hy={[Z]€K"[(Z,\) =0}
AEB+L
q(A)=m

Reflective holomorphic modular form for the modular group I'(L) - zeroes are
contained in the union of RQDs ¢+ associated to roots of L:

The reflection op:a— a — 2&?}?6, o €L belongsto O™ (L)

Reflection symmetry of L. = extra massless states (sym. enhancement)

Reflective lattices (admit reflective modular forms):
> x =1
> finite number with [ < 26 ... mostly classified

> further constrains (more restricitons? ... 2-reflective, simple?)



D=6 Super-Poincaré Representations with 8 supercharges:

B.L.G. representation multiplet
(2,3;1) x 22 =(3,3;1) + (1,3;1) + (2,3;1) | gravity
SO(4) x SU(2) | (2,1;1) x 22 =(3,1;1)+(1,1;1) + (2,1;1) | tensor
(1,2;1) x 22 =(2,2:1) + (1,2;1) Yang-Mills
=(2,1;1)+(1,1;2) hyper

Chiral bosonis and fermionic fields = Anomalies

Anomaly cancelation possible if
* Iy = 2Q45 XX
> a,8=0,1,..np
> (2,5 - Symmetric inner product on the space of tensors with (1, nr) signature

« GSS couplings  ~ Q.3BYXY

~ Anomalous Bl dH® = X}



Anomaly-free theories:

erturbative: =1 =24
e Heterotic strings on K3 P | nT (€2 )
non-perturbative: ny > 1 (cg + Nyss = 24)

e Perturbative IIB constructions (K3 orientifolds)

e F-theory
> Geometrisation of the necessary conditions for the anomaly cancellation

> Kodaira condition for elliptic CY3’s = bound of physical couplings

e Anomaly-free supergravity models ( e.g. nr = 9 + 8k and G = (Eg)*)

Questions:

e Extra consistency conditions?
*x YES - unitarity of the worldsheet theory of the“supergraity strings” - according
to H-C.Kim, G. Shiu and C. Vafa
e A (geometric) bound that all consistent theories should satisfy?
*x The subject of this talk



A cartoon of the situation that can be imagined

All 6D minimal supergravitie

Inconsistent (anomalous) theories

The plan

e Review the unitarity argument in D=6 and ...

*= Explain why we are we look answers to D=6 questions in D=5
e ... re-examine the unitary from D=5 point of view

e Establish a (geometric) bound for consistent theories



Supergravity strings in D=6

Consider an anomaly free D=6 theory with 8 spuercharges with

e np tensor multiplets
e Yang-Mills multiplets with a group G' = ||, G

e hypermultiplets in different representations of the gauge group.
The anomaly polynomial:
x Iy = 2Q45 XX
> a,3=0,1,..nr
> (1,5 - Symmetric inner product on the space of tensors with (1, nr) signature
x X§ = ga®trR? + 57, b o Trag FY

> a,b; € Rb"T — determined by the field content of the theory
Dyonic BPS strings with (0,4) worldsheet supersymmetry:

* dH® = X¢ +Q[[o_, 0 (%) dz”

> Q% — string charges



Anomaly inflow from QaﬁBg‘Xf to the BPS string = (0,4) anomaly:

L= 000 (X (o)l + 5@°x (V) )
_ _% QapQ” (ap1(TW2) — 2 (Q% + aP) c2(SU(2)1) + 2 (Q° — ) c2(SU(2)2) + ...

Need to use:

> 6 (z%)dx® — a particular representation of the Thom class @ for i : Wy — Mg

«  Thom isomorphism: i*P = x(N)
> tI‘R2|TW2 = —2p (TWQ) — 2P (N)
> X(N) — CQ(SU(Q):[) — CQ(SU(Q)Q) and pl(N) = —2(62<SU(2)1) + CQ(SU(Q)Q)

> SU(2), — R-symmetry of the interacting part of the SCFT

Central charges (with c.0.m contribution):

c, —Cr = —6Qa5ao‘Q55—6Q-a
cR = 32pQ°Q" —6Qu50°Q° +6=3Q-Q—6Q-a+6



Constraints on charges ()

e Well-defined moduli space:
o 5-7>0, 5:-6,>0, 7-a<0
o 7€ Rb"T — a (1,nr) vector on the tensor branch ( SO(1,n7)/SO(nr) MS)

e Non-negative tension:
©J- Q=0

e Non-negative levels for SU(2); and G, affine current algebras
ok=32(Q-Q+Q-a+2)>0 and k;=Q b >0
Unitarity constraint on the worldsheet theory

> Left-moving current algebra for GG is bounded by ¢y,

¥, b lME <o) 4 =30.Q-9Q a+2
> Allows to rule out anomaly-free supergravities without string-theoretic realisations

> |s not directly comparable with geometric bounds



Why is it worthwhile to re-examine the question in D=57

e Different way of packing the (same) information

o Consider e.g. reduction on a smooth elliptic CY3

> D=6: Los ~ baijBS NFANF? < part of CY intersection form
> D=5: - —:Cryxk A NFIANF7 < entire CY intersection form
(C[JK:fW]/\WJ/\CUK; IIl,...,RT—I—nv—I—l)

o In the S* reduction from D=6 to D=5, a one-loop computation should reveal new
info and ... “hide” the anomaly

e Different scaling of central charges w.r.t string charge @
o D=6 cL,cR~#Q - Q+#Q -a+#"
0 D=5 cr,cr~H#Q-Q-Q+#Q a+#

o General questions about which theories are liftable

o reductions with Wilson lines

o reductions with discrete holonomies

o Unitarity constraints for generic minimal D=5 theories...



Anomaly cancellation in D=6 (2n) & gauge/diff invariance in D=5 (2n-1)

o St resuction of the GS terms:

O(tyLgs) 0 M
¢ no D=5 anomaly to cancel it
Consider the simplest situation - nr = 1 and Mg = M5 x S (no curvature):

> Is=XsAXy;  Les=BoAXy; dH=X, (H=dB+Xx")
> reduction: By — (Ba, A1);  Xa > (24, 3)

o (day,dzs) = 0; (g = dazéo), T3 = dwgo)); (5dx§0) = dazg), 5:1350) =0)
> Lgs— Ay ANxy+ Bo ANxg — dBs A ZE;O) — ﬁQLx;O) — a;'éo) A :Uém

o CS-like terms with field dependent coefficients - not gauge/diff invariant

¢ Can be cancelled by integrating out massive KK modes from chiral fields

¢ Conditions for cancellation - the same as for the anomaly cancelation in D=6

¢ many cases worked out by E. Poppitz, M, Unsal, F. Bonetti, T. Grimm, S.
Hohenegger, P. Corvilain, D. Regalado ....



Another (scheme-independent) way to look at the problem

>  Reduction of the anomaly

Mo, 1 xSt Moy 1

o A/ Aand F/F — fields and curvatures in D=2n/2n-1

o e — the variation (gauge or diffeomorphism) parameter,
o ® — Wilson line along the circle (for gravity ® - graviphoton curvature)
o . — trace over group indices

> X(AF) =219, ,(AF) - Bardeen-Zumino polynomial
¢ ... indicate correction terms when G — G’ or Diff(Ms,,) — Diff(Ms,,—1)

> Local counterterm —® - X is always possible but can never be lifted to D=2n

>  Liftability = different counterterm

Obstruction to liftability



New CS couplings in D=5
> involve reduced D=6 YM fields, and the graviphoton

k k
Lo = = AN FN P Q—QAKK A trR?

& ko = 2(9 — nT) and kr = 8(12 — nT)

> Anomaly inflow

k
cr=hoQk+ 5 Qe and ¢ = ko Qf + kr Qu

o The string source: dF = dp(r)es /2
e dp(r)es/2 — smooth representative of Thom class

e ¢, — (lobal angular form
o e Nex Neg =2pi(N)
o trR2|ryw, = —2p1(TW3) — 2p1(N)
> In D=5 there are strings with cubic central charges (not quadratic!)

>  All strings with cubic central charges carry some magnetic KK charge



Central charges for D=5 BPS strings

1
cr=CrirQ'Q’Q" + ia[QI and cr = CrirQ' Q7 Q" + arQ’
O I=1,...np4+ny+1
> BPS strings in D=6 with transverse S' (normal bundle R? x S1)

o Recall
I4 ~ QQBQQ (aﬂpl(TWQ) — 2 (Qﬁ + CLB) CQ(SU(2)1) + 2 (QB — CLB) CQ(SU(Z)Q) + )

o Take c3(SU(2)1) = ¢2(SU(2)2) = c2(N),
c, =2cp = —12Q45a% QF = —12Q - a
>  The interacting part of SCFT
¢t = —6Q-a—6 and M =_-12Q -a—3

>  The unitarity condition for linear strings

<M =-12Q -a—3

Z Q- b, +h

)



Kodaira positivity and F-theory models

> In all F-theory models the following bound holds:
jo(=12a =) a;b;) >0

> j € Rb™*T — a (1,n7) vector on the tensor branch
> a,b; € Rb"T — determined by the field content of the theory
> x; — number of D7 needed for G; (multiplicity of respective singularity)

>  Follows from the Kodaira condition - requirement that elliptic fibration over base B
with singularities over divisors S; is CY:

> Y — residual divisor which must be effective
> For any nef divisor D : D-Y=D-(-12K - > . x;5;) >0

> KPC (j-(—12a — ), x;b;) > 0) is not expected to be satisfied in any consistent
D=6 theory



The unitariry bound should hold in all consistent D=6 theories

> The strongest for of the constraint:

dlmG dim G
12a—Zb 1+hv > 12a—Zb 5 b+hv)23

¢ If the strong form is satisfied, it will hold also for @ - b > 1
o If it fails, need to check if ) - b; = 1 is possible
o Impose: Q- Q+Q-a+2>0, k=Q-b,>0 and —Q-a>0

>  (Assuming D=6 theory is F-theoretic) UC can be converted into geometric form:

. dim G*

>« Is always larger than y:

Type of gauge algebra | z; — y; Gauge algebra

K <2 | su(m), sp(1), sp(2), sp(3) in Kodaira type I
Ky > 2 All other groups




Comparing UC and KPC

D-Y >3- (z;—y)D-S

e In most of the cases the bound is automatic given KPC (KPC is stronger than UC)
> At least 3 gauge group factors (gauge divisors S; 2 3 (D - S1.2.3 > 0 holds))

> At least 2 gauge groups and at least 1 is type K (z; — D@g?f}jy > T, — Yy > 2)

e In other cases, KPC may be satisfied while UC is violated if
12n -3 < ZMD'SL' < 1277,—2(%- — ;) D - S;
> Y =—-12K — ) . x;S; — NOT numerically 0 (GDs S; do not sweep —12K)

e 3 cases when UC imposes stronger constraints

> 35S, €{S;}andnefD: D-S1=1, D-S;=000i#1)& —D-Ke€Z,
= D-Y >1forSU(12n) and D-Y >2for SU(12n — 1)

> 351 €{S;}forD-Y >1 = S50(24n —5), SO(24n — 4) or Sp(6n) ( 112, type)

> 351,52 € {S;}forD-Y >1 = SU(a) x SU(12n — a), Sp(1) x SU(12n — 2),
Sp(2) x SU(12n —4) or SU(12n — 6) x Sp(3) ( Iz, 14 and I type)



Example: SU(N) x SU(N), ng = 2 ( bifundamentals) and ny = 9

Q = diag (+1, (—1)7), a=(—
by = (1,-1,—-1,-1,0%), by

|
~—
\.l\D
=
<
= o
—~—~
|
[
~—
o
~—~—

> @Q=(1,0,0,0,—1,0..,0)

> Q-Q=0,Q-a=-2andQ-b1=0Q by =1

> UGC: 2(N—-1)<24-3 = N<I11 (stronger bound in D6 UC)
> KPC: 2N < 24— N <12

>  Assuming F-theoretic realisation: —12K = NS;1+ NSy +Y

>

For N > 4, the singular divisors are of type Iy
oS- K=5 -K=0
¢ 2 bifundamental hypers: 51 -5, =—-2=55-5,and 5| - Sy = 2
o np = 9 translates into K - K = 0.

> Canverify that Y = —12K — 125, — 1255 has to be numerically non-trivial
(—12K = 1257 + 1255 cannot be realised on the base B of an elliptic Calabi-Yau
threefold with the required singularity structure)



A refined cartoon of the space of D=6 theories

All 6D minimal supergraviti

geometric constraints

Inconsistent (anomalous) theories Unitarity Constraints

... .and much left to be understood about consistency of quantum gravity



Exotic (sugra) backgrounds

o D=6 anomalies - [AG-W] I35 — 2114 5 — 8Isp = 0

o 0x2+5Ilsp —blsp = anomaly-free (0, 2) theory with 21 TM
> |IB compactified on K3

o 0x 14 Isp — Isp = anomaly-free (0, 1) theory with 9 TM & 12 HM
> The origin of this theory?

o (0,2)theory: M = 0(5,21)/0(5) x O(21)

o Freely-acting Z, involution (Enriques) o :

o USp(4) — USp(2) x USp(2)
> gravitini: 4 — (2,1)" +(1,2)"
> tensorsin GM: 5 — (1,1)T +(2,2)~
> o has -1 eigenvalues acting on H(2:9 and H(2), +1 on H(LD+
> o has [(+1)?, (=1)'9] eigenvalues acting on H1)-

_0(1,9) 0(4,12)
© M X My = 0©) X O@)x0(12)

e Enriques is not a spin manifold!



Duality action on fermions:
e (bosonic) duality symmetry SL(2,Z) = pinTGL(2,7)

e Lorentz symmetry SO(1,9) + duality group = faithful action on the fermions
by Sping(1,9)

1 — Zy -5 Sping(1,9) — SO(1,9) x GL(2,Z) —> 1
e Duality group pin" GL(2, Z) includes the spacetime fermion number ™ F
e map f sends the Z, generator to (—Ig, e F) € Spin(1,9) x pin" GL(2,7)
e Generic SL(2,Z) = axion-dilaton dependent tranformation of fermions
Perturbative backgrounds (constant axion-dilaton) :
e Perturbative duality symmetries  Gper C pinTGL(2,7)
Gper = Dg = (r,s | r* = 5% = (r8)* = 1)

o r =L and s = II worldsheet parity
o Zo X Zo analogue of bosonic SL(2,7)

1 — Z5 L Spin’d(1,9) — 50(1,9) X Lo X g — 1



e Fermions on 10D oriented spacetime X - sections of F ® T'x
transition functions - in Spin’y(1,9).

e For X =R x Y, F=F,aoF. ((16= (41,2)3(4,2,1))
o Existence of fermionsin 7, = chiral Spin’,(4) structure on Y
e Y/Gg = Enriques surface .... no spinors (on sections of 7,: Ug -S = i03S5)

e 7o Symmetry, with generator
U = (g, II) € SO(4) x Gy .

o liftto Spin'y(4):  Ug-S = —03S02

e Inv. fermions solving S = —0,S092 = (1/2) susy on non-spin background
Flat F-theory

e FHSV CY (holonomy SU(2) x Zo C SU(3))

e Other examples:
o O3 x St- Ug- (21,722,273, 74) = (w1 +1/2, —29, —T3,74)
o Non-pertutrbative relatives O; for Zs, Z4 and Zg
o Smooth non-spin 7 manifolds as Seifert bundles over singular C'Y3/T



Non-orientable |IA backgrounds

e Circle T-duality on Enr x S*
¢ no orientifold by WS parity
o additional circle action on NS fields: 7} (77 = id) :

XP = X & X2 AP

o lIAsymmetry:  Uja =1, 'UpTL =1 'Uge™ 11T}
O 17T, =1Rr1I
& Rs =1TiTr - spacetime reflection

e IIA symmetry: Uipn = RsUge™FL 1T

o RsUg is free on Enr x St
o Volume projected out! X = (Y x SY)/Zy  with Zy = (o, p)

e Perturbative string description of nonoreinted background with a sugra limit

e massless spectrum agrees with [IB on Enr x S
¢ 11 vectors, 58 scalars
& can be obtained from M-theory



M-theory lift, pinors & spacetime supersymmetry

e IIA on Enr x S* lifts to M-theory on FHSV CY Z = (Y x St x 81)/Z,
o e™FLinllA < Reflection on M-theory circle

o IIA GSO - 10D spacetime reflection + WS parity

e |IA geometry:

o X = (Y x S')/Z, - a circle bundle over Enr.
o projection p; : X— X forgets the circle direction
o sectioni; : X—X given by i1 (x) = (2,0) (i1p; = id; and pyi; = idy)
o Z - circle bundle over X
o projection ps : Z—X & section iy : X—Z
e Stiefel-Whitney classes:
o we(Tg) + wi(Tg) Ywi(Tk) =0
o Pin— structure

o lift to the pinor bundle of Hol(X) (SU(2) x Zs € O(5) (hot SO(5)!))

= non-zero covariantly constant sections
= spacetime susy



Global future
e dual descriptions (e.g. heterotic strings)
e M-theory on non-spin manifolds (cf. m,. structure based on sugra description)
e situation when the WS description is not possible

e (lower-dimensional) spacetime physics with discrete (gauge) symmetries



