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INTRODUCTION

The notion of logos was introduced by Boardman and Vogt in their work on
homotopy invariant algebraic structures [BV]. The following notes are a collection
of assertions on logoi, many of which have not yet been formally proved. The
unproven statements can be regarded as open problems or conjectures. Our goal
is to show that category theory can be extended to logoi, and that the extension
is natural. The extended theory has applications to homotopy theory, homotopical
algebra, higher category theory and higher topos theory. Part of the material is
taken from a book under preparation [J2], other parts from the talks I gave on the
subject during the last decade, and the rest is taken from the literature. A first
draft of the notes was written in 2004 in view of its publication in the Proceedings of
the Conference on higher categories held at the IMA in Minneapolis. An expanded
version was used in a course given at the Fields Institute in January 2007. The
latest version was used in a course given at the CRM in Barcelona in February
2008.

A Kan complex and the nerve of a category are basic examples of logoi. A logos
is sometime called a weak Kan complex in the literature [KP]. We have introduced
the term quasi-categories to stress the analogy with categories. We now prefer using
the term logos because it is shorter.

Logoi abound. The coherent nerve of a category enriched over Kan complexes
is a logos. The left (and right) barycentric localisations of a model category is a
logos. A logos can be large. For example, the coherent nerve of the category of
Kan complexes is a large logos U. The fact that category theory can be extended
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to logoi is not obvious a priori, but can discovered by working on the subject. It is
essentially an experimental fact.

Logoi are examples of (0o, 1)-categories in the sense of Baez and Dolan. Other
examples are simplicial categories, Segal categories and complete Segal spaces
(here called Rezk categories). Simplicial categories were introduced by Dwyer and
Kan in their work on simplicial localisation. Segal categories were introduced by
Schwnzel and Vogt under the name of A-categories [ScVo] and were rediscovered
by Hirschowitz and Simpson in their work on higher stacks. Complete Segal spaces
were introduced by Rezk in his work on homotopy theories. To each of these ex-
amples is associated a model category and the four model categories are Quillen
equivalent. The equivalence between simplicial categories, Segal categories and
complete Segal spaces was established by Bergner [B2]. The equivalence between
logoi, Segal categories and complete Segal spaces was established by Tierney and
the author [JT2]. The equivalence between simplicial categories and logoi was es-
tablished by Lurie [Lul] and independantly by the author [J4]. Many aspects of
category theory were extended to Segal categories by Hirschowitz, Simpson, Toen
and Vezzosi. For examples, a notion of Segal topos was introduced by Simpson
and a notion of homotopy topos by Toen and Vezzosi along ideas of Rezk. The
development of derived algebraic geometry by Toen and Vezzosi [TV1] and inde-
pendantly by Lurie [Lul] is one of the main incentive for developing the theory of
logoi. A notion of stable Segal category was introduced by Hirschowitz, Simpson
and Toen. Lurie has recently formulated his work on oo-topoi (here called homo-
topoi) in the language of logoi [Lul]. In doing so, he has extended a considerable
amount of category theory to logoi. Our notes may serve as an introduction to his
work [Lu2][Lu3] [Lu4] [Lu5]. Many ideas introduced in the notes are due to Charles
Rezk. The notion of reduced category is inspired by his notion of complete Segal
space, and the notion of homotopos is a reformulation of his notion of homotopy
topos. The observation that every diagram in a homotopos is a descent diagram is
due to him.

Remark: the list (0o, 1)-categories given above is not exhaustive and our account
of the history of the subject is incomplete. The notion of A..-space introduced by
Stasheff is a seminal idea in the whole subject. A theory of A, -categories was
developped by Batanin [Batl]. Many aspects of category theory were extended to
simpicial categories by Bousfield, Dwyer and Kan, and also by Cordier and Porter
[CP2|. The theory of homotopical categories by Dwyer, Hirschhorn, Kan and Smith
is closely related to that of logoi [DHKS].

The theory of logoi depends on homotopical algebra for its formulation. A basic
result states that the category of simplicial sets S admits a Quillen model structure
in which the fibrant objects are the logoi (and the cofibration are the monomor-
phisms). This defines the model structure for logoi. The classical model structure
on S is a Bousfield localisation of this model structure. Many aspects of category
theory can be formulated in the language of homotopical algebra. For example,
the category of small categories Cat admits a natural model structure in which the
weak equivalences are the equivalence of categories. The corresponding notion of
homotopy limit is closely related to the notion of pseudo-limit defined by category
theorists.
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Many aspects of homotopical algebra become simpler and more conceptual when
formulated in the language of logoi. This is true for example of the theory of
homotopy limits and colimits which is equivalent to the theory of limits and colimits
in a logos. We hope that this reformulation of homotopical algebra will greatly
simplify and clarify the proofs in this subject. This may not be entirely clear at
present because the theory of logoi is presently in its infancy. A mathematical
theory is a kind of social construction, and the complexity of a proof depends on
the degree of maturity of the subject. What is considered to be ”obvious” is the
result of an implicit agreement between the experts based on their knowledge and
experience.

The logos U has many properties in common with the category of sets. For
example, it is cocomplete and freely generated by one object (its terminal object).
It is the archetype of a homotopos, A prestack on a simplicial set A is defined to be a
map A° — U. A general homotopos is a left exact reflection of a logos of prestacks.
Homotopoi can be characterized abstractly by a system of axioms similar to those
of Giraud for a Grothendieck topos. They also admit an elegant characterization
due to Lurie in terms of a descent property discovered by Rezk.

All the machinery of universal algebra can be extended to homotopy theory via
the theory of logoi. An algebraic theory is defined to be a small logos with finite
products T, and a model of T' to be a map T"— U which preserves finite products.
The models T'— U form a large logos Mod(T) which is complete an cocomplete.
A wariety of homotopy algebras is a logos equivalent to a logos Mod(T) for some
algebraic theory T. The homotopy varieties can be characterized by system of ax-
ioms closely related to those of Rosicky [Ros|. The notion of algebraic structure was
extended by Ehresman to include essentially algebraic structures defined by a limit
sketch. The classical theory of limit sketches and of essentially algebraic structures
are easily extended to logoi. For example, the notions of groupoid and of category
are essentially algebraic. A category object in a finitely complete logos X is defined
to be a simplicial object C' : A° — X satisfying the Segal condition. The theory
of limit sketches is a natural framework for studying homotopy coherent algebraic
structures in general and higher weak categories in particular. The logos of models
of a limit sketch is locally presentable and conversely, every locally presentable lo-
gos is equivalent to the logos of models of a limit sketch. The theory of accessible
categories and of locally presentable categories was extended to logoi by Lurie.

A para-variety is defined to be a left exact reflection of a variety of homotopy
algebras. For example, a homotopos is a para-variety. The logoi of spectra and of
ring spectra are also examples. Para-varieties can be characterized by a system of
axioms closely related to those of Vitale [Vi].

Factorisation systems are playing an important role in the theory of logoi. We
introduce a general notion of homotopy factorisation system in a model category
with examples in Cat and in the model category for logoi. The theory of Dwyer-Kan
localisations can be described in the language of homotopy factorisation systems.
This is true also on the theory of prestacks.

The theory of logoi can analyse phenomena which belong properly to homotopy
theory. The notion of stable logos is an example. The notion of meta-stable logos
introduced in the notes is another. We give a proof that the logos of parametrized
spectra is a homotopos (joint work with Georg Biedermann). We sketch a new proof
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of the stabilisation hypothesis of Breen-Baez-Dolan [Si2]. We give a characterisation
of homotopy varieties which improves a result of Rosicky.

There are important differences between category theory and the theory of logoi.
One difference lies in the fact that the diagonal of an object in a logos is not
necessarly monic. The notion of equivalence relation is affected accordingly. Every
groupoid in the logos U is an equivalence groupoid. This is true in particular if
the groupoid is a group. The classyfying space of a group G is the quotient of the
terminal object 1 by G,

BG =1/G.
Of course, this sounds like a familiar idea in homotopy theory, since BG = E/G,
where E is a contractible space on which G is acting freely. The fact that every
groupoid in U is an equivalence groupoid has interesting consequences. In alge-
bra, important mental simplications can be obtained by taking a quotient by a
congruence. For example, we may wish to identify two objects of a category when
these objects are isomorphic. But the quotient does not exist as a category, unless
there is a way to identify the objects coherently. However, the quotient category
always exists when C' is a category object in U: if J(C) denotes the groupoid of
isomorphisms of C, then the quotient C’ is constructed by a pushout square of
categories,
J(C)——C

-

BJ(C) — (",

where BJ(C) is the quotient of Cy by the groupoid J(C). The quotient category C’
satisfies the Rezk condition: every isomorphism of C’ is a unit; we shall say that it
is reduced. Moreover, the canonical functor C' — C’ is an equivalence of categories!
An important simplification is obtained by working with reduced categories, since
a functor between reduced categories f : C — D is an equivalence iff it is an
isomorphism! The notion of reduced category object is essentially algebraic. It
turns out that the logos of reduced category objects in U is equivalent to Uy, the
coherent nerve of QCat. This follows from the Quillen equivalence between the
model category for logoi and the model category for Rezk categories citeJT2. Hence
a logos is essentially the same thing as a reduced category object in U.

In the last sections we venture a few steps in the theory of (oo, n)-categories for
every n > 1. There is a notion of n-fold category object for every n > 1. The logos
of n-fold category objects in U is denoted by Cat™(U). By definition, we have

Cat" ™ (U) = Cat(Cat™(U)).

There is also a notion of n-category object for every n > 1. The logos Cat,(U) of
n-category objects in U is a full sub-logos of Cat™(U). A n-category C' is reduced
if every invertible cell of C' is a unit. The notion of reduced n-category object is
essentially algebraic. The logos of reduced n-category objects in U is denoted by
U,,. The logos U, is locally presentable, since the notion of reduced n-category
object is essentially algebraic. It follows that U,, is the homotopy localisation of
a combinatorial model category. For example, it can be represented by a regular
Cisinski model (A, W). Such a representation is determined by a map r : A — U,
whose left Kan extension r : A — U, induces an equivalence between the homotopy
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localisation of (A, W) and U,,. The class W is also determined by r, since a map
f: X — Y in A belongs to W iff the morphism 7 (f) : mX — Y isinvertible in U,,.
The notion of n-logos is obtained by taking A to be a certain full subcategory ©,, of
the category of strict n-categories and by taking r to be the inclusion ©,, C U,. In
this case W the class of weak categorical n-equivalences Weat,,. The model category
(é)n, Weat,,) is cartesian closed and its subcategory of fibrant objects QCat,, has
the structure of a simplicial category enriched over Kan complexes. The coherent
nerve of QCat,, is equivalent to Uy,.

Note: The category ©,, was first defined by the author as the opposite of the
category of finite n-disks D,,. It follows from this definition that the topos 0, is
classifying n-disks and that the geometric realisation functor 0, — Top introduced
by the author preserves finite limits (where Top is the category of compactly gen-
erated topological spaces). See [Ber] for a proof of these results. It was conjectured
(jointly by Batanin, Street and the author) that ©,, is isomorphic to a category T
introduced by Batanin in his theory of higher operads [Bat3]. The conjecture was
proved by Makkai and Zawadowski in [MZ] and by Berger in [Ber]. It shows that

O, is a full subcategory of the category of strict n-categories.

Note: It is conjectured by Cisinski and the author that the localiser Weat,, is
generated by a certain set of spine inclusions S[t] C O[t].

We close this introduction with a few general remarks on the notion of weak
higher category. There are essentially three approaches for defining this notion:
operadic, Segalian and Kanian. In the first approach, a weak higher category is
viewed as an algebraic structure defined by a system of operations satisfying certain
coherence conditions which are themselve expressed by higher operations, possibly
at infinitum. The first algebraic definition of a weak higher groupoid is due to
Grothendieck in his ”Pursuing Stacks” [Gro] [?]. The first general definition of
a weak higher category by Baez and Dolan is using operads. The definition by
Batanin is using the higher operads introduced for this purpose. The Segalian
approach has its origin in the work of Graeme Segal on infinite loop spaces [S1].
A homotopy coherent algebraic structure is defined to be a commutative diagram
of spaces satisfying certain exactness conditions, called the Segal conditions. The
spaces can be simplicial sets, and more generally the objects of a Quillen model
category. The approach has the immense advantage of pushing the coherence con-
ditions out of the way. The notions of Segal category, of Segal space and of Rezk
category (ie complete Segal space) are explicitly Segalian. The Kanian approach
has its origin in the work of Boardman and Vogt after the work of Kan on simplicial
homotopy theory. The notion of logos is Kanian, since it is defined by cell filling
conditions (the Boardman conditions). In the Kanian approach, a weak higher
groupoid is the same thing as a Kan complex. We are liberated from the need to
represent a homotopy type by an algebraic structure, since it can be represented
by itself! Of course, it is instructive to model homotopy types algebraically, and
it is the purpose of algebraic topology to study spaces from an algebraic point of
view. For example, a 2-type can be modeled by a categorical group and a simply-
connected 3-type by a braided categorical group. In these examples, the homotopy
type is fully described by the algebraic model, Partial models are also important as
in rational homotopy theory. The different approaches to higher categories are not
in conflict but complementary. The Kanian approach is heuristically stronger and
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more effective at the foundational level. It suggests that a weak higher category is
the combinatorial representation of a space of a new kind, possibly a higher moduli
stack. The nature of these spaces is presently unclear, but like categories, they
should admit irreversible paths. Grothendieck topoi are not general enough, even
in their higher incarnations, the homotopoi. For example, I do not know how to
associate a higher topos to a 2-category. For this we need a notion of 2-prestack.
But this notion depends on what we choose to be the archetype of an (0o, 2)-topos.
The idea that there is a connection between the notion of weak category and that
of space is very potent. It was a guiding principle, a fil d’Ariane, in the Pursuing
Stacks of Grothendieck. It has inspired the notion of braided monoidal category
and many conjectures by Baez and Dolan. It suggests that the category of weak
categories has properties similar to that of spaces, for example, that it should be
cartesian closed. It suggests the existence of classifying higher categories, in analogy
with classifying spaces. Classifying spaces are often equipped with a natural alge-
braic structure. Operads were originally introduced for studying these structures
and the corresponding algebra of operations in (co)homology. Many new invariants
of topology, like the Jones polynomial, have not yet been explained within the clas-
sical setting of algebraic topology. Topological quantum field theory is pushing for
an extension of algebraic topology and the operadic approach to higher categories
may find its full meaning in the extension.

Note: A theory of higher operads based on cartesian monads was developed
by Leinster. A more general theory is been developed by Batanin and Weber.
The Segalian approach in homotopy universal algebra was developed by Badzioch
[Bad2]. A notion of higher category based on the notion of complicial set is been
developed by Street and Verity. A notion of multi-logoi (or colored quasi-operads)
is been developed by Moerdijk and Weiss.

The support and encouragement of Peter May were essential in completing the
notes. I thank the organisers of the IMA conference for their invitation. I thank
Rick Jardine for the semester spent at the Fields Institute in Toronto. I thank Carles
Casacuberta and Joachim Kock for the semester spent at the CRM in Barcelona.

I thank Joachim Kock, Nicola Gambino, Moritz Groth and Michael Schulman for
correcting various drafts of the notes. I would like to thank also the following peo-
ples for stimulating discussions on logoi, higher categories and homotopy theory
during the last ten years: Mathieu Anel, John Baez, Michael Batanin, Alexan-
der Berglund, Julia Bergner, Clemens Berger, Georg Biedermann, Pilar Carrasco,
Carles Casacuberta, Fugenia Cheng, Denis-Charles Cisinski, James Dolan, Nicola
Gambino, David Gepner, Ezra Getzler, Beatriz Rodriguez Gonzales, Moritz Groth,
Michael Johnson, Panagis Karazeris, Jonas Kiessling, Joachim Kock, Steve Lack,
Yves Lafont, Tom Leinster, Jacob Lurie, Georges Maltsiniotis, Peter May, Ieke Mo-
erdijk, Josh Nichols-Barrer, Simona Paoli, Jiri Rosicky, Michael Schulman, Alexan-
dru Stanculescu, Ross Street, Myles Tierney, Bertrand Toen, Gabriele Vezzosi,
Enrico Vitale, Michael Warren, Mark Weber and Krzysztof Worytkiewicz.

I am indebted to Jon Beck for guiding my first steps in homotopy theory more
than thirty years ago. Jon was deeply aware of the unity between homotopy theory
and category theory and he contributed to both fields. He had the dream of using
simplicial sets for the foundation of mathematics (including computer science and
calculus!). T began to read Boardmann and Vogt after attending the beautiful talk
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that Jon gave on their work at the University of Durham in July 1977. I dedicate
these notes to his memory.

Montréal, December 2006,
Toronto, January 2007,
Barcelona, June 2008

1. ELEMENTARY ASPECTS

In this section we define the notion of logos and describe some of its basic prop-
erties. We introduce the notion of equivalence between logoi.

1.1. For terminology and notation about categories and simplicial sets, see appen-
dix 47 and 49. We denote the category of simplicial sets by S and the category of
small categories by Cat.

1.2. The category A is a full subcategory of Cat. Recall that the nerve of a small
category C is the simplicial set NC' obtained by putting

(NC),, = Cat([n],C)

for every m > 0. The nerve functor N : Cat — S is fully faithful. We shall regard
it as an inclusion N : Cat C S by adopting the same notation for a category and
its nerve. The nerve functor has a left adjoint

71:S — Cat

which associates to a simplicial set X its fundamental category T X. The classical
fundamental groupoid 7; X is obtained by formally inverting the arrows of 7 X. If
X is a simplicial set, the canonical map X — N7y X is denoted as a map X — 71 .X.

1.3. Recall that a simplicial set X is said to be a Kan complez if it satisfies the
Kan condition: every horn A¥[n] — X has a filler Aln] — X,

Ak[n] L> X

Aln].

The singular complex of a space and the nerve of a groupoid are examples. We
shall denote by Kan the full subcategory of S spanned by the Kan complexes. If
X is a Kan complex, then so is the simplicial set X4 for any simplicial set A. It
follows that the category Kan is cartesian closed. A simplicial set X is (isomorphic
to the nerve of) a groupoid iff every horn A*[n] — X has a unique filler.

1.4. Let us say that a horn A¥[n] is inner if 0 < k < n. We shall say that a
simplicial set X is a logos if it satisfies the Boardman condition: every inner horn
A¥[n] — X has a filler A[n] — X. A Kan complex and the nerve of a category are
examples. We may say that a vertex of a logos is an object of this logos and that
an arrow is a morphism. We shall denote by Log the full subcategory of S spanned
by the logoi. We may say that a map between logoi f : X — Y is a functor. If
X is a logos then so is the simplicial set X# for any simplicial set A. Hence the
category Log is cartesian closed. A simplicial set X is (isomorphic to the nerve of)
a category iff every inner horn A¥[n] — X has a unique filler.



QUASI-CATEGORIES 9

1.5. A logos can be large. A logos X is locally small if the simplicial set X is
locally small (this means that the vertex map X,, — XSL'H has small fibers for
every n > 0). Most logoi considered in these notes are small or locally small.

1.6. [J2] The notion of logos has many equivalent descriptions. Recall that a map
of simplicial sets is a called a trivial fibration if it has the right lifting property
with respect to the inclusion dA[n] C A[n] for every n > 0. Let us denote by I[n]
the simplicial subset of A[n] generated by the edges (i, + 1) for 0 < i < n—1
(by convention, I[0] = A[0]). The simplicial set I[n] is a chain of n arrows and we
shall say that it is the spine of An]. Notice that I[2] = A'[2] and that X2 =
X7 x4y XI. A simplicial set X is a logos iff the projection

xAR L, xlI2
defined from the inclusion I[2] C A[2] is a trivial fibration iff the projection X" —

X" defined from the inclusion I[n] C A[n] is a trivial fibration for every n > 0.

1.7. If X is a simplicial set, we shall denote by X (a, b) the fiber at (a,b) € Xo x Xo
of the projection

(s,t) : XT — X101} = x x X

defined by the inclusion {0,1} C I. A vertex of X (a,b) is an arrow a — b in X.
If X is a logos, then the simplicial set X(a,b) is a Kan complex for every pair
(a,b). Moreover, the projection X2P — X7 x,_, X! defined from the inclusion
I[2] € A[2] has a section, since it is a trivial fibration by 1.6. If we compose this
section with the map X% : X2 — X7 we obtain a ”composition law”

X x Xt — X1
well defined up to homotopy. It induces a ”composition law”
X(b,¢) x X(a,b) — X(a,c)

for each triple (a,b,¢) € Xo x Xo x Xp.

1.8. The fundamental category 73 X of a simplicial set X has a simple construction
when X is a logos. In this case we have

71X = hoX,

where hoX is the homotopy category of X introduced by Boardman and Vogt in
[BV]. By construction, (hoX)(a,b) = moX (a,b) and the composition law

hoX (b,c) x hoX (a,b) — hoX(a,c)

is induced by the ”composition law” of 1.7. If f, g : a — b are two arrows in X, we
shall say that a 2-simplex « : A[2] — X with boundary du = (1, g, f),

b
/ &
a———— b,
g
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is a right homotopy between f and g and we shall write v : f =g g. Dually, we
shall say that a 2-simplex v : A[2] — X with boundary dv = (g, f, 1),

a
7N
_—

a 7 b.

is a left homotopy between f and g and we shall write v : f = g. Two arrows
fyg:a—bin alogos X are homotopic in X (a, b) iff there exists a right homotopy
u: f =g g iff there exists a left homotopy v : f =, ¢g. Let us denote by [f] :a — b
the homotopy class of an arrow f : @ — b. The composite of a class [f] : a — b with
a class [g] : b — c is the class [wd;] : @ — ¢, where w is any 2-simplex A[2] — X
filling the horn (g,*, f) : A'[2] — X,

b
f X
c.
wd1

1.9. There is an analogy between Kan complexes and groupoids. The nerve of)
a category is a Kan complex iff the category is a groupoid. Hence the following
commutative square is a pullback,

a

Gpd — . Kan

Cat —"> Log,

where Gpd denotes the category of small groupoids and where the horizontal inclu-
sions are induced by the nerve functor. The inclusion Gpd C Kan has a left adjoint
m : Kan — Gpd and the inclusion Cat C Log has a left adjoint 71 : Log — Cat.
Moreover, the following square commutes up to a natural isomorphism,

Gpd <L Kan

Cat ~—— Log

1.10. We say that two vertices of a simplicial set X are isomorphic if they are
isomorphic in the category 71 X. We shall say that an arrow in X is invertible, or
that it is an isomorphism, if its image by the canonical map X — 7 X is invertible
in the category 71 X. When X is a logos, two objects a,b € X are isomorphic iff
there exists an isomorphism f : a — b. In this case, there exists an arrow g : b — a
together with two homotopies gf = 1, and fg = 1;. A logos X is a Kan complex
iff the category hoX is a groupoid [J1]. Let J be the groupoid generated by one
isomorphism 0 — 1. Then an arrow f : a — b in a logos X is invertible iff the
map f: I — X can be extended along the inclusion I C J. The inclusion functor
Gpd C Cat has a right adjoint J : Cat — Gpd, where J(C) is the groupoid of
isomorphisms of a category C'. Similarly, the inclusion functor Kan C Log has a
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right adjoint J : Log — Kan by [J1]. The simplicial set J(X) is the largest Kan
subcomplex of a logos X. It is constructed by the following pullback square

J(X) —— J(hoX)

X —" s hoX

)

where h is the canonical map. Moreover, the following square commutes up to a
natural isomorphism,

Gpd <L Kan

JT TJ
Cat <—— Log.

1.11. The functor 71 : S — Cat preserves finite products by a result of Gabriel
and Zisman. For any pair (X,Y) of simplicial sets, let us put

T(X,Y) =7 (YY).

If we apply the functor 7; to the composition map Z¥ x YX — Z¥ we obtain a
composition law
7'1(}/, Z) X Tl(X, Y) — Tl(X, Z)

for a 2-category S™, where we put S™(X,Y) = 7(X,Y). By definition, a 1-cell
of S™ is a map of simplicial sets f : X — Y, and a 2-cell f - ¢g: X — Y isa
morphism of the category 71 (X, Y); we shall say that it is a natural transformation
f — g. Recall that a homotopy between two maps f,g : X — Y is an arrow
a: f — g in the simplicial set Y it can be represented as a map X x I — Y or as
amap X — Y. To a homotopy « : f — g is associated a natural transformation
[a] : f — g. When'Y is a logos, a natural transformation [a] : f — ¢ is invertible in
71(X,Y) iff the arrow a(a) : f(a) — g(a) is invertible in Y for every vertex a € X.

1.12. We call a map of simplicial sets X — Y a categorical equivalence if it is an
equivalence in the 2-category S™. For example, a trivial fibration (as defined in
49.4) is a categorical equivalence. The functor 71 : S — Cat takes a categorical
equivalence to an equivalence of categories. If X and Y are logoi, we say that a
categorical equivalence X — Y is an equivalence of logoi, or just an equivalence if
the context is clear. A map between logoi f : X — Y is an equivalence iff there
exists a map ¢ : Y — X and two isomorphisms gf — 1x and fg — ly.

1.13. We say that a map of simplicial sets u : A — B is essentially surjective if
the functor 71 A — 7 B is essentially surjective. We say that a map between logoi
f X — Y is fully faithful if the map X(a,b) — Y (fa, fb) induced by f is a
weak homotopy equivalence for every pair a,b € X3. A map between logoi is an
equivalence iff it is fully faithful and essentially surjective.

2. THE MODEL STRUCTURE FOR LOGOI

The category of simplicial sets admits a model structure in which the fibrant
objects are the logoi. We compare it with the classical model structure the cate-
gory of simplicial sets and with natural model structure on the category of small
categories.
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2.1. Recall that a map of simplicial sets f : X — Y is said to be a Kan fibration if
it has the right lifting property with respect to the inclusion A¥[n] C A[n] for every
n > 0 and k € [n]. Recall that a map of simplicial sets is said to be anodyne if it
belongs to the saturated class generated by the inclusions A¥[n] C A[n] (n > 0,k €
[n]) [GZ]. The category S admits a weak factorisation system (A, B) in which A is
the class of anodyne maps and B is the class of Kan fibrations.

2.2. Let Top be the category of compactly generated topological spaces. We recall
that the singular complex functor r' : Top — S has a left adjoint r which associates
to a simplicial set its geometric realisation. A map of simplicial sets u : A — B is
said to be a weak homotopy equivalence if the map r(u) : mA — r B is a homotopy
equivalence of topological spaces. The notion of weak homotopy equivalence in
S can be defined combinatorially by using Kan complexes instead of geometric
realisation. To see this, we recall the construction of the homotopy category S™
by Gabriel and Zisman [GZ]. The functor 7y : S — Set preserves finite products.
For any pair (4, B) of simplicial sets, let us put

mo(A, B) = mo(B*).

If we apply the functor 7 to the composition map C? x B4 — C4 we obtain
a composition law m(B,C) x mo(A, B) — m(A, C) for a category S™, where we
put S™ (A, B) = mo(A4, B). A map of simplicial sets is called a simplicial homotopy
equivalence if it is invertible in the category S™. A map of simplicial sets u : A — B
is a weak homotopy equivalence iff the map

mo(u, X) : mo(B, X) — mp(A, X)

is bijective for every Kan complex X. Every simplicial homotopy equivalence is a
weak homotopy equivalence and the converse holds for a map between Kan com-
plexes.

2.3. The category S admits a Quillen model structure in which a weak equivalence
is a weak homotopy equivalence and a cofibration is a monomorphism [Q]. The
fibrant objects are the Kan complexes. The model structure is cartesian closed
and proper. We shall say that it is the classical model structure on S and we shall
denote it shortly by (S, Who), where Who denotes the class of weak homotopy
equivalences. The fibrations are the Kan fibrations. A map is an acyclic cofibration
iff it is anodyne.

2.4. The model structure (S, Who) is the Cisinski structure on S whose fibrant
objects are the Kan complexes.

2.5. We shall say that a functor p : X — Y between two categories is an iso-
fibration if for every object x € X and every isomorphism g € Y with target
p(x), there exists an isomorphism f € X with target « such that p(f) = g. This
notion is self dual:a functor p : X — Y is an iso-fibration iff the opposite functor
p° . X° — Y°is. The category Cat admits a model structure in which a weak
equivalence is an equivalence of categories and a fibration is an iso-fibration [JT1].
The model structure is cartesian closed and proper. We shall say that it is the
natural model structure on Cat and we shall denote it shortly by (Cat, Eq), where
FEq denotes the class of equivalences between categories. A functor u: A — Bis a
cofibration iff the map Ob(u) : ObA — ObB is monic. Every object is fibrant and
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cofibrant. A functor is an acyclic fibration iff it is fully faithful and surjective on
objects.

2.6. For any simplicial set A, let us denote by 79 A the set of isomorphism classes
of objects of the category 7 A. The functor 79 : S — Set preserves finite products,
since the functor 7y preserves finite products. For any pair (A, B) of simplicial sets,
let us put
70(A, B) = 70(B%).

If we apply the functor 7 to the the composition map C® x B4 — C4 we obtain
the composition law 74(B, C) x 179(A, B) — 10(A,C) of a category S™, where we
put S™(A, B) = 179(A,B). A map of simplicial sets is a categorical equivalence
iff it is invertible in the category S™. We shall say that a map of simplicial sets
u: A — B is a weak categorical equivalence if the map

To(u, X) : 70(B, X) — 10(4, X)

is bijective for every logos X. A map u: A — B is a weak categorical equivalence
iff the functor
Tl(u7X) : Tl(BvX) - Tl(A7X)

is an equivalence of categories for every logos X.

2.7. The category S admits a model structure in which a weak equivalence is a
weak categorical equivalence and a cofibration is a monomorphism [J2]. The fibrant
objects are the logoi. The model structure is cartesian closed and left proper. We
shall say that it is the model structure for logoi and we denote it shortly by (S, Weat),
where Who denotes the class of weak categorical equivalences. A fibration is called
a pseudo-fibration The functor X +— X¢ is an automorphism of the model structure
(S, Weat). .

2.8. The model structure (S, Weat) is the Cisinski structure on S whose fibrant
objects are the logoi.

2.9. The pair of adjoint functors
T1:S+ Cat: N

is a Quillen adjunction between the model categories (S, Weat) and (Cat, Eq). A
functor u : A — B in Cat is an equivalence (resp. an iso-fibration) iff the map
Nu: NA — NBis a (weak) categorical equivalence (resp. a pseudo-fibration).

2.10. The classical model structure on S is a Bousfield localisation of the model
structure for logoi. Hence a weak categorical equivalence is a weak homotopy equiv-
alence and the converse holds for a map between Kan complexes. A Kan fibration
is a pseudo-fibration and the converse holds for a map between Kan complexes. A
simplicial set A is weakly categorically equivalent to a Kan complex iff its funda-
mental category 71 A is a groupoid.

2.11. We say that a map of simplicial sets is mid anodyne if it belongs to the
saturated class generated by the inclusions A*[n] C Aln] with 0 < k < n. Every
mid anodyne map is a weak categorical equivalence, monic and biunivoque (ie
bijective on vertices). We do not have an example of a monic biunivoque weak
categorical equivalence which is not mid anodyne.



14 ANDRE JOYAL

2.12. We shall say that a map of simplicial sets is a mid fibration if it has the right
lifting propery with respect to the inclusion A¥[n] C A[n] for every 0 < k < n. A
simplicial set X is a logos iff the map X — 1 is a mid fibration. If X is a logos and
C is a category, then every map X — C is a mid fibration. In particular, every
functor in Cat is a mid fibration. The category S admits a weak factorisation
system (A, B) in which A is the class of mid anodyne maps and B is the class of
mid fibrations.

2.13. Recall that a reflexive graph is a 1-truncated simplicial set. If G is a reflex-
ive graph, then the canonical map G — 7 G is mid anodyne. It is thus a weak
categorical equivalence.

2.14. A pseudo-fibration is a mid fibration. Conversely, a mid fibration between
logoi p : X — Y is a pseudo-fibration iff the following equivalent conditions are
satisfied:

e the functor ho(p) : hoX — hoY is an isofibration;

e for every object © € X and every isomorphism g € Y with target p(z),
there exists an isomorphism f € X with target x such that p(f) = g;

e p has the right lifting property with respect to the inclusion {1} C J

2.15. Let J be the groupoid generated by one isomorphism 0 — 1. Then a map
between logoi p: X — Y is a pseudo-fibration iff the map

(o) : X7 =Y xy X

obtained from the square

XJ XJo X

vyJo

yl —=Y,
is a trivial fibration, where jo denotes the inclusion {0} C J.

2.16. Consider the functor k& : A — S defined by putting k[n] = A’[n] for every
n > 0, where A’[n] denotes the (nerve of) the groupoid freely generated by the
category [n]. If X € S, let us put

E(X), = S(A[n], X).
The functor k' : S — S has a left adjoint k. The pair of adjoint functors
ky : (S, Who) < (S, Weat) : k'

is a Quillen adjunction and a homotopy coreflection (this means that the left derived
functor of ki is fully faithful). If X is a logos, then the canonical map k'(X) — X
factors through the inclusion J(X) C X and the induced map k'(X) — J(X) is a
trivial fibration.

2.17. Recall that a simplicial set is said to be finite if it has a finite number of non-
degenerate cells. We say that a Kan complex X is homotopy finite if there exists
a finite simplicial set K together with a weak homotopy equivalence K — X. We
say that a simplicial set A is homotopy finite if there exists a homotopy finite Kan
complex X together with a weak homotopy equivalence A — X. A finite group is
homotopy finite iff it is the trivial group.
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2.18. If X is a logos and A is a simplicial set, we shall say that a weak categorical
equivalence A — X is a strong presentation of X. The strong presentation is finite
if A is finite. We say that a logos which admits a finite strong presentation is
essentially finite. Recall that a reflexive graph is a simplicial set of dimension < 1.
If A is a reflexive graph, then the canonical map A — 7 A is mid anodyne; hence
the free category 7 A is strongly presented by A.

2.19. We say that a simplicial set A is essentially finite if there exists an essentially
finite logos X together with a weak categorical equivalence A — X. A finite simpli-
cial set is essentially finite and an essentially finite simplicial set is homotopy finite,
but the converse is not necessarly true. For example, the monoid freely generated
by one idempotent is homotopy finite (it is contractible) but not essentially finite.

2.20. Let Split be the category with two objects 0 and 1 and two arrows s: 0 — 1
and r : 1 — 0 such that rs = id. If K is the simplicial set defined by the pushout
square

Al 2> A2

1—K
then the obvious map K — Split is mid anodyne. Hence the category Split is
essentially finite. Observe that Split contains the monoid freely generated by one

idempotent as a full subcategory. Hence a full subcategory of an essentially finite
category is not always essentially finite.

2.21. Let us say that a class of monomorphisms A C S has the right cancellation
property if the implication

vue A and uedAd = wved

is true for any pair of monomorphisms v : A — Band v: B — C. Let A C S
be a saturated class of monomorphisms having the right cancellation property. Let
I[n] C A[n] be the spine of A[n]. If the inclusion I[n] C Aln] belongs to A for
every n > 0, then every mid anodyne map belongs to .4 [JT2].

2.22. (Cisinski) The localizer Weat in the category S is generated by the set of
spine inclusions I[n] C A[n] (n > 0). Let us give a proof. Let W C S be a localizer
which contains the inclusions I[n] C A[n] for n > 0. We shall denote by Fib(WW)
the class of fibrant objects of the model structure defined by W. The result will be
proved by 51.10 if we show that every object of Fib(W) is a logos. If C is the class
of monomorphisms, then the class W N C is saturated, since W is a localizer. But
W NC has the right cancellation property, since W satisfies ”3 for 2”7. Thus, W NC
contains the mid anodyne maps by 2.21. It thus contains the inclusion A¥[n] C A[n]
for every 0 < k < n. This shows that every object of Fib(WW) is a logos.

3. EQUIVALENCE WITH SIMPLICIAL CATEGORIES

Simplicial categories were introduced by Dwyer and Kan in their work on sim-
plicial localisation. The category of simplicial categories admits a Quillen model
structure, called the Bergner-Dwyer-Kan model structure. The coherent nerve of a
fibrant simplicial category to a logos. The coherent nerve functor induces a Quillen
equivalence between simplicial categories and logoi.
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3.1. Recall that a simplicial category is a category enriched over simplicial sets.
A simplicial functor between simplicial categories is a strong functor, that is, an
enriched functor. We denote by SCat the category of simplicial categories and
simplicial functors. An ordinary category can be viewed a simplicial category with
discrete hom. The inclusion functor Cat C SCat has a left adjoint

ho : SCat — Cat

which associates to a simplicial category X its homotopy category hoX. By con-
struction, we have (hoX)(a,b) = myX(a,b) for every pair of objects a,b € X. A
simplicial functor f : X — Y is said to be homotopy fully faithful if the map
X(a,b) — Y(fa, fb) is a weak homotopy equivalence for every pair of objects
a,b € X. A simplicial functor f : X — Y is said to be homotopy essentially
surjective if the functor ho(f) : hoX — hoY is essentially surjective. A simpli-
cial functor f : X — Y is called a Dwyer-Kan equivalence if it is homotopy fully
faithful and homotopy essentially surjective. We shall say that a simplicial functor
f: X =Y is trivial fibration iff the map Ob(f) : ObX — ObY is surjective and the
map X(a,b) — Y (fa, fb) is a trivial fibration for every pair of objects a,b € X.
It was proved by Bergner in [B1] that the category SCat admits a Quillen model
structure in which the weak equivalences are the Dwyer-Kan equivalences and the
acyclic fibrations are the trivial fibrations. The model structure is left proper and
the fibrant objects are the categories enriched over Kan complexes. A simplicial
functor f : X — Y is fibration iff it is a Dwyer-Kan fibration, that is, the map
X(a,b) — Y (fa, fb) is a Kan fibration for every pair of objects a,b € X, and the
functor ho(f) is an iso-fibration. We say that it is the Bergner model structure
or the model structure for simplicial categories We shall denote it by (SCat, DK),
where DK denotes the class of Dwyer-Kan equivalences.

3.2. Recall that a reflexive graph is a 1-truncated simplicial set. Let Grph be the
category of reflexive graphs. The obvious forgetful functor U : Cat — Grph has a
left adjoint F'. The composite C' = FU is a comonad on Cat. It follows that for
any small category A, the sequence of categories C,, A = C"T1(A) (n > 0) has the
structure of a simplicial object C.(A) in Cat. The simplicial set n — Ob(C,,A)
is constant with value Ob(A). It follows that C.(A) can be viewed as a simplicial
category instead of a simplicial object in Cat. This defines a functor

C, : Cat — SCat.

If A is a category then the augmentation C,(A) — A is a cofibrant replacement
of A in the model category SCat. If X is a simplicial category, then a simplicial
functor C(A) — X is said to be a homotopy coherent diagram A — X. This notion
was introduced by Vogt in [V].

3.3. The simplicial category Cy[n] has the following description. The objects of
C,[n] are the elements of [n]. If 4,5 € [n] and i > j, then Cy[n|(3,5) = 0; if i < j,
then the simplicial set Cy[n](i,7) is (the nerve of) the poset of subsets S C [i.j]
such that {i,7} C S. If i < j <k, the composition operation

Ciln](4, k) x Ci[n] (i, j) — Ci[n](i, k)
is the union (7,5) — T US.
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3.4. The coherent nerve of a simplicial category X is the simplicial set C'X ob-
tained by putting
(C'X), = SCat(C,[n], X)

for every n > 0. This notion was introduced by Cordier in [C]. The simplicial
set C'(X) is a logos when X is enriched over Kan complexes [?]. The functor
C':SCat — S has a left adjoint Cy and we have C1A = C, A when A is a category
[J4]. Thus, a homotopy coherent diagram A — X with values in a simplicial
category X is the same thing as a map of simplicial sets A — C'X.

3.5. The pair of adjoint functors
C):S < SCat: C"

is a Quillen equivalence between the model category (S, Weat) and the model cat-
egory (SCat, DK) [Lul][J4].

3.6. A simplicial category can be large. For example, the logos of Kan complezes
U is defined to be the coherent nerve of the simplicial category Kan. The logos U
is large but locally small. It plays an important role in the theory of logoi, where it
is the analog of the category of sets. It is the archetype of a homotopos, also called
an oo-topos.

3.7. The category Log becomes enriched over Kan complexes if we put
Hom(X,Y) = J(Y¥)

for X,Y € Log. For example, the logos of small logoi Uy is defined to be the
coherent nerve of the simplicial category Log. The logos U; is large but locally
small. It plays an important role in the theory of logoi where it is the analog of the
category of small categories.

4. EQUIVALENCE WITH REZK CATEGORIES

Rezk categories are the fibrant objects of a model structure on the category
of simplicial spaces. They were introduced by Charles Rezk under the name of
complete Segal spaces. The first row of a Rezk category is a logos. The functor
induces a Quillen equivalence between Rezk categories and logoi.

4.1. Recal that a bisimplicial set is defined to be a contravariant functor A x A —
Set and that a simplicial space to be a contravariant functor A — S. We can
regard a simplicial space X as a bisimplicial set by putting X,,, = (X,) for every
m,n > 0. Conversely, we can regard a bisimplicial set X as a simplicial space by
putting X,, = X, for every m > 0. We denote the category of bisimplicial sets
by S). The boz product ADB of two simplicial sets A and B is the bisimplicial
set ALIB obtained by putting

(ADB)mpn = Ay % By,

for every m,n > 0. This defines a functor of two variables J: S x S — S@ . The
box product funtor O : S x S — S is divisible on each side. This means that
the functor AJ(—) : S — S admits a right adjoint A\(—) : S — S for every
simplicial set A, and that the functor (—)OB : S — S® admits a right adjoint
(=)/B : 8 — 8 for every simplicial set B. For any pair of simplicial spaces X
and Y, let us put

Hom(X,Y) = (Y*)o
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This defines an enrichment of the category S®) over the category S. For any
simplicial set A we have A\X = Hom(AO1, X).

4.2. We recall that the category of simplicial spaces [A°, S] admits a Reedy model
structure in which the weak equivalences are the term-wise weak homotopy equiv-
alences and the cofibrations are the monomorphisms. The model structure is sim-
plicial if we put Hom(X,Y) = (YX)q. It is cartesian closed and proper.

4.3. Let I[n] C A[n] be the n-chain. For any simplicial space X we have a canonical
bijection
I[n]\X = Xl X30:a1 Xl Xoees X80:61 Xl?

where the successive fiber products are calculated by using the face maps 9y, 01 :
X7 — Xo. We say that a simplicial space X satisfies the Segal condition if the map

A\X — In)\X

obtained from the inclusion I[n] C Aln] is a weak homotopy equivalence for every
n > 2 (the condition is trivially satisfied if n < 2). A Segal space is a Reedy fibrant
simplicial space which satisfies the Segal condition.

4.4. The Reedy model structure on the category [A°, S| admits a Bousfield local-
isation with respect to the set of maps I[n]dJ1 — A[n]O1 for n > 0. The fibrant
objects of the local model structure are the Segal spaces. The local model structure
is simplicial, cartesian closed and left proper. We say that it is the model structure
for Segal spaces.

4.5. Let J be the groupoid generated by one isomorphism 0 — 1. We regard J as
a simplicial set via the nerve functor. A Segal space X is said to be complete, if it
satisfies the Rezk condition: the map

INX — J\X

obtained from the map J — 1 is a weak homotopy equivalence. We shall say that
a complete Segal space is a Rezk category.

4.6. The model structure for Segal spaces admits a Bousfield localisation with
respect to the map JO1 — 101. The fibrant objects of the local model structure
are the Rezk categories. The local model structure is simplicial, cartesian closed
and left proper. We say that it is the model structure for Rezk categories.

4.7. The first row of a simplicial space X is the simplicial set r(X) obtained by
putting rw(X), = X,o for every n > 0. The functor rw : S — S has a left
adjoint ¢ obtained by putting ¢(A) = AO1 for every simplicial set A. The pair of
adjoint functors

c: S« S® .y

is a Quillen equivalence between the model category for logoi and the model cate-
gory for Rezk categories [JT2].
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4.8. Consider the functor t' : S — S defined by putting
t'(X)mn = S(A[m] x Al[n], X)

for every X € S and every m,n > 0, where A’[n] denotes the (nerve of the) groupoid
freely generated by the category [n]. The functor ¢' has a left adjoint #, and the
pair

tg:S(2)<—>S:t!

is a Quillen equivalence between the model category for Rezk categories and the
model category for logoi [JT2].

5. EQUIVALENCE WITH SEGAL CATEGORIES

Segal categories were introduced by Hirschowitz and Simpson in their work on
higher stacks. They are fibrant objects in a model structure on the category of
precategory. The first row of a fibrant Segal category is a logos. The functor
induces a Quillen equivalence between Segal categories and logoi.

5.1. A simplicial space X : A° — S is called a precategory if the simplicial set X
is discrete. We shall denote by PCat the full subcategory of S(2) spanned by the
precategories. The category PCat is a presheaf category and the inclusion functor
p* : PCat C S® has a left adjoint p; and a right adjoint p,.

5.2. If X is a precategory and n > 1, then the vertex map v, : X,, — Xg“ takes
its values in a discrete simplicial set. We thus have a decomposition

Xo= || X(),
aGX([)"]O

where X (a) = X(ag,...,a,) denotes the fiber of v,, at a = (ag, - ,a,). A precat-
egory X satisfies the Segal condition iff he canonical map

X(ag,a1,...,a,) — X(ag,a1) X -+ X X(an-1,an)

is a weak homotopy equivalence for every a € X([)"]O and n > 2. A precategory
which satisfies the Segal condition is called a Segal category.

5.3. If C is a small category, then the bisimplicial set N(C) = COI is a Segal
category. The functor N : Cat — PCat has a left adjoint

71 : PCat — Cat

which associates to a precategory X its fundamental category 7 X. A map of
precategories f : X — Y is said to be essentially surjective if the functor 7 (f) :
71X — 7Y is essentially surjective. A map of precategories f : X — Y is said to
be fully faithful if the map

X(a,b) = Y(fa, fb)

is a weak homotopy equivalence for every pair a,b € Xy. We say that f: X — Y is
a categorical equivalence if it is fully faithful and essentially surjective.
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5.4. In [HS], Hirschowitz and Simpson construct a completion functor
S :PCat — PCat

which associates to a precategory X a Segal category S(X) “generated” by X. A
map of precategories f : X — Y is called a weak categorical equivalence if the
map S(f): S(X) — S(Y) is a categorical equivalence. The category PCat admits
a left proper model structure in which a a weak equivalence is a weak categorical
equivalence and a cofibration is a monomorphism. We say that it is the Hirschowitz-
Simpson model structure or the model structure for Segal categories. The model
structure is cartesian closed [P].

5.5. We recall that the category of simplicial spaces [A°, S] admits a Reedy model
structure in which the weak equivalences are the term-wise weak homotopy equiva-
lences and the cofibrations are the monomorphisms. A precategory is fibrant in the
Hirschowitz-Simpson model structure iff it is a Reedy fibrant Segal category [B3].

5.6. The first row of a precategory X is the simplicial set 7(X) obtained by putting
(X)), = Xpo for every n > 0. The functor r : PCat — S has a left adjoint h
obtained by putting h(A) = A1 for every simplicial set A. It was conjectured in
[T1] (and proved in [JT2]) that the pair of adjoint functors

h:S~ PCat:r

is a Quillen equivalence between the model category for logoi and the model cate-
gory for Segal categories.

5.7. The diagonal d*(X) of a precategory X is defined to be the diagonal of the
bisimplicial set X. The functor d* : PCat — S admits a right adjoint d, and the
pair of adjoint functors

d* :PCat «— S :d,

is a Quillen equivalence between the model category for Segal categories and the
model category for logoi [JT2].

6. MINIMAL LOGOI

The theory of minimal Kan complexes can be extended to logoi. Every logos has
a minimal model which is unique up to isomorphism. A category is minimal iff it
is skeletal.

6.1. Recall that a sub-Kan complex S of a Kan complex X is said to be a (sub)model
of X if the inclusion S C X is a homotopy equivalence. Recall that a Kan complex
is said to be minimal if it has no proper (sub)model. Every Kan complex has
a minimal model and that any two minimal models are isomorphic. Two Kan
complexes are homotopy equivalent iff their minimal models are isomorphic.

6.2. We shall say that a subcategory S of a category C is a model of C if the
inclusion S C C'is an equivalence. We say that a category C is skeletal iff it has no
proper model.
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6.3. A subcategory S of a category C is a model of C iff it is full and
Ya € ObC b€ ObS a~b,

where a ~ b means that a and b are isomorphic objects. A category C' is skeletal iff

Va,b e ObC a~b = a=0b

6.4. Let f : C — D be an equivalence of categories. If C' is skeletal, then f is
monic on objects and morphisms. If D is skeletal, then f is surjective on objects
and morphisms. If C and D are skeletal, then f is an isomorphism.

6.5. Every category has a skeletal model and any two skeletal models are isomor-
phic. Two categories are equivalent iff their skeletal models are isomorphic.

6.6. (Definition) If X is a logos, we shall say that a sub-logos S C X is a (sub)model
of X if the inclusion S C X is an equivalence. We say that a logos is minimal or
skeletal if it has no proper (sub)model.

6.7. (Lemma) Let S C X be model of a logos X. Then the inclusion u : S C X
admits a retraction r : X — S and there exists an isomorphism « : ur ~ 1x such
that cou =1,.

6.8. (Notationj) If X be a simplicial set and n > 0, consider the projection
9 XA[n] _ X@A[n]

defined by the inclusion dA[n] C Aln]. Its fiber at a vertex z € X224 is a
simplicial set X(z). If n = 1 we have z = (a,b) € Xy x Xo and X (x) = X (a,b).
The simplicial set X (z) is a Kan complex when X is a logos and n > 0. If n > 0,
we say that two simplices a,b : A[n] — X are homotopic with fized boundary, and
we write a ~ b, if we have da = 0b and a and b are homotopic in the simplicial set
X (0a) = X(0b). If a,b € Xy, we shall write a ~ b to indicate that the vertices a
and b are isomorphic.

6.9. (Proposition) If S is a simplicial subset of a simplicial set X, then for every
simplex = € X,, we shall write 0z € S to indicate that the map 0z : 0A[n] — X
factors through the inclusion S C X. If X is a logos, then the simplicial subset S
is a model of X iff

Vn>0 VaeX, (lacS = eSS axb).
A logos X is a minimal iff
Yn>0 Va,beX, (azb = a:b).

6.10. Let f: X — Y be an equivalence of logoi. If X is minimal, then f is monic.
If Y is minimal, then f is a trivial fibration. If X and Y are minimal, then f is an
isomorphism.

6.11. Every logos has a minimal model and any two minimal models are isomor-
phic. Two logoi are equivalent iff their minimal models are isomorphic.

7. DISCRETE FIBRATIONS AND COVERING MAPS

We introduce a notion of discrete fibration between simplicial sets. It extends the
notion of covering space map and the notion of discrete fibration between categories.
The results of this section are taken from [J2].
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7.1. Recall that a functor p : £ — C between small categories is said to be a
discrete fibration, but we shall say a discrete right fibration, if for every object
x € E and every arrow g € C with target p(x), there exists a unique arrow f € E
with target = such that p(f) = g. For example, if el(F') denotes the category of
elements of a presheaf F € C, then the natural projection el(F) — C is a discrete
right fibration. The functor F + el(F') induces an equivalence between the category
of presheaves C and the full subcategory of Cat/C spanned by the discrete right
fibrations £ — C. Recall that a functor u : A — B is said to be final, but we shall
say 0-final, if the category b\ A defined by the pullback square

b\AHA

)

b\BHB

is connected for every object b € B. The category Cat admits a factorisation system
(A, B) in which A is the class of 0-final functors and B is the class of discrete right
fibrations.

7.2. A functor p : E — C is a discrete right fibration iff it is right orthogonal to
the inclusion {n} C Aln] for every n > 0. We shall say that a map of simplicial
sets a discrete right fibration if it is right orthogonal to the inclusion {n} C A[n]
for every n > 0. We shall say that a map of simplicial sets v : A — B is 0-final
if the functor 7 (u) : 1A — 71 B is O-final. The category S admits a factorisation
system (A, B) in which A is the class of O-final maps and B is the class of discrete
right fibrations.

7.3. For any simplicial set B, the functor 7, : S — Cat induces an equivalence
between the full subcategory of S/B spanned by the discrete right fibrations with
target B and the full subcategory of Cat/B spanned by the discrete right fibrations
with target 7 B. The inverse equivalence associates to a discrete right fibration with
target 71 B its base change along the canonical map B — 71 B.

7.4. Dually, a functor p : E — C' is said to be a discrete opfibration, but we shall
say a discrete left fibration, if for every object * € E and every arrow g € C with
source p(x), there exists a unique arrow f € E with source z such that p(f) =g¢. A
functor p: E — C'is a discrete left fibration iff the opposite functor p° : E° — B°
is a discrete right fibration. Recall that a functor v : A — B is said to be initial,
but we shall say 0-initial, if the category A/b defined by the pullback square

Alb—— A
G
B/b——> B

is connected for every object b € B. The category Cat admits a factorisation
system (A, B) in which A is the class of O-initial functors and B is the class of
discrete left fibrations.
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7.5. A functor p: E — C is a discrete left fibration iff it is right orthogonal to the
inclusion {0} C A[n] for every n > 0. We say that a map of simplicial sets is a
discrete left fibration if it is right orthogonal to the inclusion {0} C Al[n] for every
n > 0. We say that a map of simplicial sets u : A — B is 0-initial if the functor
71(u) : m A — 7 B is O-initial. The category S admits a factorisation system (A, B)
in which A is the class of 0-initial maps and B is the class of discrete left fibrations.

7.6. For any simplicial set B, the functor 74 : S — Cat induces an equivalence
between the full subcategory of S/B spanned by the discrete left fibrations with
target B and the full subcategory of Cat/B spanned by the discrete left fibrations
with target 71 B. The inverse equivalence associates to a discrete left fibration with
target 71 B its base change along the canonical map B — 11 B.

7.7. We say that functor p: E — C'is a 0-covering if it is both a discrete fibration
and a discrete opfibration. For example, if F' is a presheaf on C, then the natural
projection el(F') — C' is a 0-covering iff the functor F' takes every arrow in C to
a bijection. If ¢ : €' — m;C is the canonical functor, then the functor F' — el(F'c)
induces an equivalence between the category of presheaves on mC and the full
subcategory of Cat/C spanned by the O-coverings £ — C. We say that a functor
u: A — B is 0-connected if the functor m (u) : m A — 71 B is essentially surjective
and full. The category Cat admits a factorisation system (A, B) in which A is the
class of 0-connected functors and B is the class of O-coverings.

7.8. We say that a map of simplicial sets £ — B is a 0-covering if it is a discrete
left fibration and a discrete right fibration. A map is a 0-covering if it is right
orthogonal to every map A[m] — Aln] in A. Recall that a map of simplicial sets
is said to be 0-connected if its homotopy fibers are connected. A map u: A — B
is 0-connected iff the functor 7y (u) : 1 A — m B is O-connected. The category S
admits a factorisation system (A, B) in which A is the class of 0-connected maps
and B is the class of 0-coverings.

7.9. If B is a simplicial set, then the functor 7 : S — Gpd induces an equivalence
between the category of 0-coverings of B and the category of 0-coverings of m B.
The inverse equivalence associates to a 0-covering with target m; B its base change
along the canonical map B — m B.

8. LEFT AND RIGHT FIBRATIONS

We introduce the notions of left fibration and of right fibration. We also introduce
the notions of initial map and of final map. The right fibrations with a fixed
codomain B are the prestacks over B. The results of the section are taken from
[J2].

8.1. Recall [GZ] that a map of simplicial sets is said to be a Kan fibration if it has
the right lifting property with respect to every horn inclusion h* : A*¥[n] C A[n]
(n >0 and k € [n]). Recall that a map of simplicial sets is said to be anodyne if it
belongs to the saturated class generated by the inclusions h%. A map is anodyne iff
it is an acyclic cofibration in the model category (S, Who). Hence the category S
admits a weak factorisation system (A, B) in which A is the class of anodyne maps
and B is the class of Kan fibrations.
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8.2. We say that a map of simplicial sets is a right fibration if it has the right lifting
property with respect to the horn inclusions h* : A¥[n] € A[n] with 0 < k < n.
Dually, we say that a map is a left fibration if it has the right lifting property with
respect to the inclusions hX with 0 < k <n. A map p: X — Y is a left fibration
iff the opposite map p° : X° — Y° is a right fibration. A map is a Kan fibration iff
it is both a left and a right fibration.

8.3. Our terminology is consistent with 7.2: every discrete right (resp. left) fibra-
tion is a right (resp. left) fibration.

8.4. The fibers of a right (resp. left) fibration are Kan complexes. Every right
(resp. left) fibration is a pseudo-fibration.

8.5. A functor p: E — B is a right fibration iff it is 1-fibration.

8.6. A map of simplicial sets f: X — Y is a right fibration iff the map
(i, f): XT YT xy X

obtained from the square

XILH>X

ffl lf
Yyl

yli——Y

is a trivial fibration, where i1 denotes the inclusion {1} C I. Dually, a map f :
X — Y is a left fibration iff the map (ig, f) is a trivial fibration, where iy denotes
the inclusion {0} C I.

8.7. A right fibration is discrete iff it is right orthogonal the inclusion h¥ : AF[n] C
Aln] for every 0 < k < n. A functor A — B in Cat is a right fibration iff it is a
Grothendieck fibration whose fibers are groupoids.

8.8. We say that a map of simplicial sets is right anodyne if it belongs to the sat-
urated class generated by the inclusions h% : A¥[n] C Aln] with 0 < k < n. Dually,
we say that a map is left anodyne if it belongs to the saturated class generated by
the inclusions h¥ with 0 < k < n. A map of simplicial sets u : A — B is left
anodyne iff the opposite map u® : A° — B¢ is right anodyne. The category S
admits a weak factorisation system (A, B) in which A is the class of right (resp.
left) anodyne maps and B is the class of right (resp. left) fibrations.

8.9. If the composite of two monomorphisms u : A — B and v : B — C. is left
(resp. right) anodyne and w is left (resp. right) anodyne, then v is left (resp. right)
anodyne.

8.10. Let & be a category equipped with a class W of ”weak equivalences” satisfying
"three-for-two”. We say that a class of maps M C & is invariant under weak
equivalences if for every commutative square

A—A

B——pB

in which the horizontal maps are weak equivalences, u € M < u' € M.
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8.11. We say that a map of simplicial sets u : A — B is final

if it admits a factorisation uv = wi : A — B’ — B with ¢ a right anodyne map
and w a weak categorical equivalence. The class of final maps is invariant under
weak categorical equivalences. A monomorphism is final iff it is right anodyne. The
base change of a final map along a left fibration is final. A map u : A — B is final iff
the simplicial set L x g A is weakly contractible for every left fibration L — B. For
each vertex b € B, let us choose a factorisation 1 — Lb — B of the map b:1 — B
as a left anodyne map 1 — Lb followed by a left fibration Lb — B. Then a map
u : A — B is final iff the simplicial set Lb xg A is weakly contractible for every
vertex b: 1 — B. When B is a logos, we can take Lb = b\B (see 9.9) and a map
u: A — B is final iff the simplicial set b\ A defined by the pullback square

PNA—> A

)

b\B—— B
is weakly contractible for every object b € B.

8.12. Dually, we say that a map of simplicial sets v : A — B is initial if the
opposite map u° : A° — B° is final. A map u : A — B is initial iff it admits
a factorisation © = wi : A — B’ — B with ¢ a left anodyne map and w a weak
categorical equivalence. The class of initial maps is invariant under weak categorical
equivalences. A monomorphism is initial iff it is left anodyne. The base change of
an initial map along a right fibration is initial. A map w: A — B is initial iff the
simplicial set R xpg A is weakly contractible for every right fibration R — B. For
each vertex b € B, let us choose a factorisation 1 — Rb — B of the map b:1 — B
as a right anodyne map 1 — Rb followed by a right fibration Rb — B. Then a map
u : A — B is initial iff the simplicial set Rb x g A is weakly contractible for every
vertex b : 1 — B. When B is a logos, we can take Rb = B/b (see 9.8) and a map
u: A — B is initial iff the simplicial set b\ A defined by the pullback square

A/b—— A
||
B/b——B
is weakly contractible for every object b € B.

8.13. The base change of a weak categorical equivalence along a left or a right
fibration is a weak categorical equivalence.

8.14. If f: X — Y is a right fibration, then so is the map
(u, f) : XB S VB xypa X4

obtained from the square
XB——Xx4

|

yB ——YH4,
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for any monomorphism of simplicial sets v : A — B. Moreover, the map (u, f) is a
trivial fibration if u is right anodyne. There are dual results for left fibrations and
left anodyne maps.

8.15. To every left fibration X — B we can associate a functor
D(X): 7B — Ho(S,Who)

called the homotopy diagram of X. To see, we first observe that the category S/B is
enriched over S; let us denote by [X, Y] the simplicial set of maps X — Y between
two objects of S/B. The simplicial set [X,Y] is a Kan complex when the structure
map Y — B is a left or a right fibration. For every vertex b € By, themapb:1 — B
is an object of S/B and the simplicial set [b, X] is the fiber X (b) of X at b. Let us
put D(X)(b) = [b, X]. let us see that this defines a functor

D(X): 7B — Ho(S,Who)

called the homotopy diagram of X. If f : a — b is an arrow in B, then the map
f I — B is an object of S/B. From the inclusion i : {0} — I we obtain a map
i : @ — f and the inclusion 4y : {1} — [ amap i1 : b — f. We thus have a diagram
of simplicial sets

[a, X] <2 [f, X] —2> [b, X],

where pg = [ig, X] and p; = [i1, X]. The map pg is a trivial fibration by 8.14, since
the structure map X — B is a left fibration and i¢ is left anodyne. It thus admits
a section sg. By composing p; with sy we obtain a map

fi: X(a) — X(b)

well defined up to homotopy. The homotopy class of f only depends on the ho-
motopy class of f. Moreover, if g : b — ¢, then the map ¢ f; is homotopic to the
map (gf). This defines the functor D(X) if we put D(X)(a) = X(a) = [a, X] and
D(X)(f) = fi. Dually, to a right fibration X — B we associate a functor

D(X): 7 B° — Ho(S, Who)

called the (contravariant) homotopy diagram of X. If f : a — b is an arrow in B,
then the inclusion i1 : @ — f is right anodyne. It follows that the map p; in the
diagram

[a, X] <" (£, X] = [b, X],
is a trivial fibration. It thus admits a section s;. By composing pg with s; we
obtain a map
[T X(b) = X(a)
well defined up to homotopy. This defines the functor D(X) if we put D(X)(a) =
X(a) = [a,X] and D(X)(f) = f*.

9. JOIN AND SLICE

For any object b of a category C there is a category C/b of objects of C' over
b. Similarly, for any vertex b of a simplicial set X there is a simplicial set X/b.
More generally, we construct a simplicial set X/b for any map of simplicial sets
b: B — X. The construction uses the join of simplicial sets. The results of this
section are taken from [J1] and [J2].
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9.1. The join of two categories A and B is the category C = A x B obtained as
follows: Ob(C) = Ob(A) L Ob(B) and for any pair of objects z,y € Ob(A) U Ob(B)

we have

A(z,y) ifzxe€eA and ye A

B(z,y) ifzeB and y€ B

Cla,y) = (1 ) ifreA and ye B

0 ifxeB and y € A.
Composition of arrows is obvious. Notice that the category A x B is a poset if A
and B are posets: it is the ordinal sum of the posets A and B. The operation
(A,B) — A% B is functorial and coherently associative. It defines a monoidal
structure on Cat, with the empty category as the unit object. The monoidal

category (Cat,*) is not symmetric but there is a natural isomorphism

(A% B)° = B°x A°.

The category 1 x A is called the projective cone with base A and the category
A x 1 the inductive cone with cobase A. The object 1 is terminal in A x 1 and
initial in 1 x A. The category A x B is equipped with a natural augmentation
A% B — I obtained by joining the functors A — 1 and B — 1. The resulting
functor x : Cat x Cat — Cat/I is right adjoint to the functor

i* : Cat/I — Cat x Cat,
where i denotes the inclusion {0,1} =9I C I,.

9.2. The monoidal category (Cat, %) is not closed. But for any category B € Cat,
the functor
(=) x B : Cat — B\Cat

which associates to A € Cat the inclusion B C A x B has a right adjoint. The
right adjoint takes a functor b: B — X to a category that we shall denote by X/b.
We shall say that X/b is the lower slice of X by b. For any category A, there is a
bijection between the functors A — X/b and the functors Ax B — X which extend
b along the inclusion B C A x B,

B

|
AxB——X.

In particular, an object 1 — X/b is a functor ¢ : 1 x B — X which extends b; it is
a projective cone with base b in X.

9.3. Dually, the functor A (—) : Cat — A\Cat has a right adjoint which takes a
functor a : A — X to a category that we shall denote a\X. We shall say that a\X
is the upper slice of X by a. An object 1 — a\X is a functor ¢ : Ax1 — C which
extends a; it is an inductive cone with cobase a.

9.4. We shall denote by A the category of all finite ordinals and order preserving
maps, including the empty ordinal 0. We shall denote the ordinal n by n, so that
we have n = [n — 1] for n > 1. We may occasionally denote the ordinal 0 by [—1].
Notice the isomorphism of categories 1A = A . The ordinal sum (m, n) — m+n is
functorial with respect to order preserving maps. This defines a monoidal structure
on A_;,_,

+: AL X AL — Ay
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with 0 as the unit object.

9.5. Recall that an augmented simplicial set is defined to be a contravariant functor
A, — Set. We shall denote by S, the category of augmented simplicial sets. By
a general procedure due to Brian Day [Dal, the monoidal structure of A, can be
extended to S as a closed monoidal structure

*:81 xS; — S,

with 0 = y(0) as the unit object. We call X xY" the join of the augmented simplicial
sets X and Y. We have

(XxY)(n)= || X&) xY())

1+j=n

for every n > 0.

9.6. From the inclusion t : A C A, we obtain a pair of adjoint functors
t": Sy — S:t,.

The functor t* removes the augmentation of an augmented simplicial set. The
functor t, gives a simplicial set A the trivial augmentation Ay — 1. Notice that
t«(0) = 0 = y(0), where y is the Yoneda map A, — S,. The functor ¢, is fully
faithful and we shall regard it as an inclusion ¢, : S C Sy. The operation x on S
induces a monoidal structure on S,

*:S xS —S.

By definition, t.(A x B) = t,(A) * t.(B) for any pair A, B € S. We call A x B the
join of the simplicial sets A and B. It follows from the formula above, that we have

(AxB)n = A, UB, U || AixA4,
i+14+j=n

for every n > 0. Notice that we have
AxP=A=0xA

for any simplicial set A, since t,() = 0 is the unit object for the operation * on
S, . Hence the empty simplicial set is the unit object for the join operation on S.
The monoidal category (S, *) is not symmetric but there is a natural isomorphism

(A% B)° = B°x A°.
For every pair m,n > 0 we have
Alm]* Aln] = Alm + 1+ n]
since we have [m] 4 [n] = [m + n + 1]. In particular,
1x1=A[0]xA[0] = A[l] =1.

The simplicial set 1 x A is the projective cone with base A A and the simplicial set
A x 1 the inductive cone with cobase A.
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9.7. If A and B are simplicial sets, then the join of the maps A — 1 and B — 1 is
a canonical map A B — I. The resulting functor

*:8SxS—S/I

is right adjoint to the functor ¢* : S/I — S x S = S/9I, where i denotes the
inclusion {0,1} = I C I. This gives another description of the join operation for
simplicial sets. It follows from this description that we have

AxB=(Ax1) x7 (1% B).

9.8. The monoidal category (S, *) is not closed. But for any simplicial set B, the
functor
(-)*B:S— B\S

which associates to a simplicial set A the inclusion B C A x B has a right adjoint.
The right adjoint takes a map of simplicial set b : B — X to a simplicial set that
we shall denote by X/b. We shall say that it is the lower slice of X by b. For any
simplicial set A, there is a bijection between the maps A — X/b and the maps
A% B — X which extend b along the inclusion B C A x B,

B

|
AxB—— X.

In particular, a vertex 1 — X/bis a map c¢: 1 x B — X which extends the map b;
it a projective cone with base b in X. The simplicial set X/b is a logos when X is a
logos. If B =1 and b € Xy, then a simplex A[n] — X/bisamap z: Aln+1] - X
such that z(n + 1) = b.

9.9. Dually, for any simplicial set A, the functor A+ (=) : S — A\S has a right
adjoint which takes a map a : A — X to a simplicial set that we shall denote a\X.
We shall say that it is the upper slice of X by a. A vertex 1 — a\X is a map
c¢: Ax1 — X which extends the map a; it is an inductive cone with cobase a in X.
The simplicial set a\X is a logos when X is a logos. If A =1 and a € X, then a
simplex A[n] — ¢\ X is a map x : A[n + 1] — X such that z(0) = a.

9.10. If A, B and X are simplicial sets, we obtain a natural inclusion A x B C
A x X % B by joining the maps 14 : A — A, ) — X and 15 : B — B. The functor

Ax(=)*B:S — (AxB)\S

which associates to X the inclusion A x B C A x X % B has a right adjoint for any
pair A and B. The right adjoint takes a map of simplicial sets f : Ax B — X
to a simplicial set that we shall denote Fact(f,X). . By construction, a vertex
1 — Fact(f,X) isamap g: Ax1xB — X which extends f. When A =B =1, it
is a factorisation of the arrow f : I — X. If f is an arrow a — b then Fact(f, X) =

NX/b) = (@\X)/f.

9.11. Recall that a model structure on a category £ induces a model structure
on the slice category £/B for each object B € £. In particular, we have a model
category (B\S, Weat) for each simplicial set B. The pair of adjoint functors X
X x B and (X,b) — X/b is a Quillen pair between the model categories (S, Weat)
and (B\S, Wcat).
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9.12. Ifu: A— Bandv:S — T are two maps in S, we shall denote by u x’ v the
map
(A*T) UAxs (B*S) — BxT

obtained from the commutative square

Ax S5 Byg

A*ul lB*v
uxT

AxT ——BxT.

If v is an inclusion A € B and v an inclusion S C T, then the map u ' v is the
inclusion
(AxT)U(B%S)C B*T.
Ifu:A— Bandv:S— T are monomorphisms of simplicial sets, then
e 1« v is mid anodyne if u is right anodyne or v left anodyne;
e u x v is left anodyne if u is anodyne;
e ux' v is right anodyne if v is anodyne.

9.13. [J1] [J2] (Lemma) Suppose that we have a commutative square

({O}*T)U(I*S)“4>1(
IxT - Y,

where p is a mid fibration between logoi. If the arrow u(I) € X is invertible, then
the square has a diagonal filler.

9.14. [J1] [J2] Suppose that we have a commutative square

A[n] =X

| )

Aln]| ——Y,

in which p is a mid fibration between logoi. If n > 1 and the arrow z(0,1) € X is
invertible, then the square has a diagonal filler. This follows from the lemma above
if we use the decompositions A[n] = I'x A[n —2] and A°[n] = ({0} xAln—2])U (I %
0A[n — 2]).

9.15. [J1] [J2] A logos X is a Kan complex iff the category hoX is a groupoid.
This follows from the result above.

9.16. The simplicial set X/b depends functorially on the map b : B — X. More
precisely, to every commutative diagram

B<2—A
f
X——>Y

we can associate a map
f/u:X/b—Y/a.
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By definition. if x : A[n] — X/b, then the simplex (f/u)(x) : Aln] — Y/a is
obtained by composing the maps

A s A—2 A B s x Loy

9.17. Amapu: (M,p) — (N,q) in the category S/B is a contravariant equivalence
iff the map 1x/u : dg\X — dp\ X is an equivalence of logoi for any map d: B — X
with values in a logos X. In particular, a map v : A — B is final iff the map
1x/u:d\X — du\X is an equivalence of logoi for any map d : B — X with values
in a logos X.

9.18. For any chain of three maps

s—srp—tax_t.y

we shall denote by (s,t, f) the map
X/t — Y/ft Xy/fts X/tS
obtained from the commutative square

X/t — X/ts

-

Y/ft —=Y/fts,

Let us suppose that s is monic. Then the map (s,t, f) is a right fibration when
f is a mid fibration, a Kan fibration when f is a left fibration, and it is a trivial
fibration in each of the following cases:

e f is a trivial fibration;

e fis a right fibration and s is anodyne:
e f is a mid fibration and s is left anodyne.

9.19. We now consider another notion of join. The fat join of two simplicial sets
A and B is the simplicial set A ¢ B defined by the pushout square

(AxO0xB)U(Ax1xB)—= AUB

| |

AxIxB Ao B.

We have A1I B C A< B and there is a canonical map Ao B — I. This defines a
continuous functor ¢ : S x S — S/I and we have

XoY =(Xol)x;(10Y).

For a fixed B € S, the functor (=) ¢ B : S — B\S which takes a simplicial set
A to the inclusion B C A ¢ B has a right adjoint. The right adjoint takes a map
b: B — X to a simplicial set that we shall denote by X //b; it is the fat lower slice
of X by b. If b € Xy, it is the fiber of the target map X! — X at b. The simplicial
set X//b is a logos when X is a logos. Dually, there is also a fat upper slice a\ X
for any map of simplicial sets a : A — X. The simplicial set a\ X is a logos when
X is a logos.
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9.20. For any pair of simplicial sets A and B, there is a unique map
Oap: AoB— A% B
which fills diagonally the square
AUB——=AxB

L

AoB——>1.
It is weak categorical equivalence. By adjointness, we obtain a map
p(b): X/b— X//b

for any simplicial set X and any map b: B — X. The map p(b) is an equivalence
of logoi when X is a logos.

9.21. The pair of adjoint functors X — X ¢ B and (X,b) — X//b is a Quillen
adjoint pair between the model categories (S, Weat) and (B\S, Weat).
10. INITIAL AND TERMINAL OBJECTS

In this section, we introduce inital and terminal objects. The results of the
section are taken from [J1] and [J2].

10.1. We say that an object a in a logos X is terminal if it satisfies the following
equivalent conditions:

the simplicial set X (x, a) is contractible for every x € Xj;

every simplical sphere z : 9A[n] — X with target x(n) = a can be filled;
the projection X/a — X(resp. X/a — X) is a weak categorical equiva-
lence;

the projection X/a — X (resp. X//a — X) is a trivial fibration.

10.2. Dually, we say that an object a in a logos X is initial if it satisfies the
following equivalent conditions:

the simplicial set X (a,x) is contractible for every xz € Xj;

every simplical sphere x : 9A[n] — X with source x(0) = a can be filled;
the projection a\X — X is a weak categorical equivalence (resp. a trivial
fibration);

e the projection a\ X — X is a weak categorical equivalence (resp. a trivial
fibration).

10.3. The full simplicial subset spanned by the terminal (resp. initial) objects of
a logos is a contractible Kan complex when non-empty.

10.4. More generally, we say that a vertex a € A in a simplicial set A is terminal if
the map a: 1 — A is final (or equivalently right anodyne). The notion of terminal
vertex is invariant under weak categorical equivalence. More precisely, if u: A — B
is a weak categorical equivalence, then a vertex a € A is terminal in A iff the vertex
u(a) is terminal in B. Dually, we say that a vertex a € A in a simplicial set A is
initial if the opposite vertex a® € A° is terminal. A vertex a € A in a simplicial set
A is initial iff the map a : 1 — A is initial (or equivalently left anodyne).
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10.5. If A is a simplicial set, then a vertex a € A which is terminal in A is also
terminal in the category 7 A. The converse is true when A admits a terminal vertex.

10.6. If A is a simplicial set, then the vertex 1, € A/a is terminal in A/a for any
vertex a € A. Similarly for the vertex 1, € A/ a.

10.7. If B is a simplicial set, then a vertex b € B is terminal iff the inclusion
E(b) C E is a weak homotopy equivalence for every left fibration p : F — B, where
E(b) = p~1(b). Recall from 12.1 that the category S/B is enriched over S. For any
object E of S/B, let us denote by I'g(FE) the simplicial set [B, E] of global sections
of E. Then a vertex b € B is terminal iff the canonical projection I'g(E) — E(b)
is a homotopy equivalence for every right fibration £ — B,

10.8. Recall that a pointed category is a category enriched over the category of
pointed sets. A category C is pointed iff the projection C! — C x C admits a
section z : C' x C — CT. The section is unique when it exists. In this case it
associates to a pair of objects a,b € C the null arrow 0 : a — b. In a pointed
category, an object is initial iff it is terminal. Recall that a null object in a category
C is an object 0 € C which is both initial and final. A category C with a null object
0 € C' is pointed; the null arrow 0 = a — b between two objects of C' is obtained
by composing the arrows a — 0 — b.

10.9. We say that a logos X is pointed if the projection X! — X x X admits a
section X x X — XT. The section is homotopy unique when it exists. In this case
it associates to a pair of objects a,b € X a null arrow 0 : @ — b. The homotopy
category of a pointed logos X is pointed. In a pointed logos, an object is initial
iff it is terminal. A null object in a logos X is defined to be an object 0 € X
which is both initial and terminal. A logos with null objects is pointed; the null
arrow 0 = a — b between two objects of X is obtained by composing the arrows
a—0—b.

11. HOMOTOPY FACTORISATION SYSTEMS

The notion of homotopy factorisation system was introduced by Bousfield in his
work on localisation. We introduce a more general notion and give examples. Most
results of the section are taken from [J2].

11.1. Let &£ be a category equipped with a class of maps W satisfying ”three-for-
two”. We shall say that a class of maps M C £ is invariant under weak equivalences
if for every commutative square

A—A
B—— B

in which the horizontal maps are in W, we have u € M < u' € M.
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11.2. We shall say that a class of maps M in a category £ has the right cancellation
property if the implication

meMandueM = veM

is true for any pair of maps u : A — B and v : B — C. Dually, we shall say that
M has the left cancellation property if the implication

meEMandveM = ue M

is true for any pair of mapsu: A — Bandv: B — C.

11.3. If £ is a Quillen model category, we shall denote by £ (resp. &) the full
subcategory of fibrant (resp. cofibrant) objects of £ and we shall put £¢. = £rNE..
For any class of maps M C £ we shall put

My =MnNEy, Me=MnNE. and Mjsp.=MNEye.

11.4. Let £ be a model category with model structure (C, W, F). We say that a
pair (A, B) of classes of maps in & is a homotopy factorisation system if the following
conditions are satisfied:

the classes A and B are invariant under weak equivalences;

the pair (Af. NC,Bs. NF) is a weak factorisation system in E;
the class A has the right cancellation property;

the class B has the left cancellation property.

The last two conditions are equivalent in the presence of the others. The class A
is said to be the left class of the system and B to be the right class. We say that a
system (A, B) is uniform if the pair (ANC,BNJF) is a weak factorisation system.

11.5. The notions of homotopy factorisation systems and of factorisation systems
coincide if the model structure is discrete (ie when W is the class of isomorphisms).
The pairs (€, W) and (W, £) are trivial examples of homotopy factorisation systems.
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11.6. A homotopy factorisation system (A, B) is determined by each of the follow-
ing 24 classes,

A A Ay Age
ANnC A.NC AfnC AfeNC
ANF A.NF ArNF Afe N F

B B. By By
BNcC B.NnC ByNC Bs.NC
BNF B.NF ByNF Bs. N F.

This property is useful in specifying a homotopy factorisation system.

11.7. Every homotopy factorisation system in a proper model category is uniform.
This is true in particular for the homotopy factorisations systems in the model
categories (S, Who) and (Cat, Eq).

11.8. If £ is a model category we shall denote by Ho(M) the image of a class
of maps M C & by the canonical functor & — Ho(E). If (A, B) is a homotopy
factorisation system &, then the pair (Ho(A), Ho(B)) is a weak factorisation system
in Ho(€). Notice that the pair (Ho(A), Ho(B)) is not a factorisation system in
general. The class Ho(A) has the right cancellation property and the class Ho(B)
the left cancellation property. The system (A, B) is determined by the system
(Ho(A),Ho(B)).

11.9. The intersection of the classes of a homotopy factorisation system is the class
of weak equivalences. Each class of a homotopy factorisation system is closed under
composition and retracts. The left class is closed under homotopy cobase change
and the right class is closed under homotopy base change.

11.10. Let (A, B) be a homotopy factorisation system in a model category £. Then
we have u th p for every u € AcNCandpe ByNF. f A& and X € &, then
every map f : A — X admits a factorisation f = pu with u € A.NC and p € B.NF.

11.11. If £ is a model category, then so is the category £/C for any object C € &.
If M is a class of maps in &, let us denote by M¢ the class of maps in £/C whose
underlying map belongs to M. If (A, B) is a homotopy factorisation system in &
and C'is fibrant, then the pair (A¢, Be) is a homotopy factorisation system in £/C.
This true without restriction on C' when the system (A, B) is uniform.
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11.12. Dually, if £ is a model category, then so is the category C\& for any object
C € &. If M is a class of maps in &, let us denote by ¢ M the class of maps in C\&
whose underlying map belongs to M. If (A, B) is a homotopy factorisation system
in £ and C is cofibrant, then the pair (¢4, ¢B) is a homotopy factorisation system
in C\&. This is true without restriction C when the system (A, B) is uniform.

11.13. The model category (Cat, Eq) admits a (uniform) homotopy factorisation
system (A, B) in which A is the class of essentially surjective functors and B the
class of fully faithful functors.

11.14. We call a functor u: A — B a localisation (resp. iterated localisation) iff it
admits a factorisation v = wu’ : A — B’ — B with «’ a strict localisation (resp.
iterated strict localisation) and w an equivalence of categories. The model category
(Cat, Fq) admits a homotopy factorisation system (A, ) in which A is the the
class of iterated localisations and B is the class of conservative functors.

11.15. The model category (Cat, Eq) admits a homotopy factorisation system
(A, B) in which A the class of 0-final functors. A functor u : A — B belongs to B
iff it admits a factorisation ©u = pw : A — E — B with w an equivalence and p a
discrete right fibration. Dually, the model category (Cat, Fq) admits a homotopy
factorisation system (A’, B’) in which A’ is the class of O-initial functors. A functor
u : A — B belongs to B iff it admits a factorisation u = pw : A — E — B with w
an equivalence and p a discrete left fibration.

11.16. The model category (Cat, Fq) admits a homotopy factorisation system
(A, B) in which A the class of 1-final functors. A functor u : A — B belongs to B
iff it admits a factorisation ©u = pw : A — E — B with w an equivalence and p a
1-fibration.

11.17. Recall that a functor u : A — B is said to be 0-connected if the functor
m(u) : mA — m B is essentially surjective and full . The category Cat admits
a homotopy factorisation system (A,B) in which A is the class of 0-connected
functors. A functor u : A — B belongs to B iff it admits a factorisation u = pw :
A — F — B with w an equivalence and p a 0-covering,

11.18. We say that a map of simplicial sets

is homotopy monic if its homotopy fibers are empty or contractible. We say
that a map of simplicial sets is homotopy surjective if its homotopy fibers are non-
empty. A map u: A — B is homotopy surjective iff the map mg(u) : m¢A — 7B is
surjective. The model category (S, Who) admits a uniform homotopy factorisation
system (A, B) in which A is the class of homotopy surjections and B the class of
homotopy monomorphisms.

11.19. Recall from 1.13 that a map of simplicial sets v : A — B is said to be
essentially surjective if the map 7o(u) : 79(A) — 70(B) is surjective. The model
category (S, Weat) admits a (non-uniform) homotopy factorisation system (A, BB)
in which A is the class of essentially surjective maps. A map in the class B is said
to be fully faithful. A map between logoi f : X — Y is fully faithful iff the map
X(a,b) — Y (fa, fb) induced by f is a weak homotopy equivalence for every pair
a, be Xo.
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11.20. We say that a map of simplicial sets u : A — B is conservative if the
functor 71 (u) : mA — 7 B is conservative. The model category (S, Weat) admits
a (non-uniform) homotopy factorisation system (A, B) in which B is the class of
conservative maps. A map in the class A is an iterated homotopy localisation. See
19.3 for this notion.

11.21. The model category (S, Wcat) admits a uniform homotopy factorisation
system (A, B) in which A is the class of final maps. A map p : X — Y belongs
to B iff it admits a factorisation p'w : X — X’ — Y with p’ a right fibration
and w a weak categorical equivalence. The intersection BN F is the class of right
fibrations and the intersection A N C the class of right anodyne maps. Dually, the
model category (S, Weat) admits a uniform homotopy factorisation system (A, B)
in which A is the class of initial maps.

11.22. The model category (S, Wcat) admits a uniform homotopy factorisation
system (A, B) in which A is the class of weak homotopy equivalences. A map
p: X — Y belongs to B iff it admits a factorisation p'w : X — X' — Y with p’ a
Kan fibration and w a weak categorical equivalence. The intersection BN F is the
class of Kan fibrations and the intersection .4 N C the class of anodyne maps.

11.23. Let (A, B) be a homotopy factorisation system in a model category €. Sup-
pose that we have a commutative cube

in which the top and the bottom faces are homotopy cocartesian. If the arrows
Ay — Ay, By — By and Cy — C belong to A, then so does the arrow Dy — D;.

11.24. [JT3] If n > —1, we shall say that a simplicial set X is a n-object if we have
mi(X,2) = 1 for every x € X and every ¢ > n. If n = —1, this means that X is
contractible or empty. If n = 0, this means that X is is homotopically equivalent to
a discrete simplicial set. A Kan complex X is a n-object iff every simplicial sphere
OA[m] — X with m > n + 1 has a filler. We say that a map of simplicial sets
f: X —Y is a n-cover if its homotopy fibers are n-objects. If n = —1, this means
that f is homotopy monic. A Kan fibration is a n-cover iff it has the right lifting
property with respect to the inclusion dA[m] C A[m] for every m > n+ 1. We
shall say that a simplicial set X is n-connected if X # () and we have m;(X,z) =1
for every x € X and every ¢ < n. If n = —1, this means that X # (. If n = 0, this
means that X is connected. We shall say that a map f : X — Y is n-connected
if its homotopy fibers are n-connected. If n = —1, this means that f is homotopy
surjective. A map f : X — Y is n-connected iff the map 7;(X,z) — (Y, fz)
induced by f is bijective for every 0 < ¢ < n and x € X and a surjection for
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i =n-+1. If A, is the class of n-connected maps and ,, the class of n-covers,
then the pair (A,,B,) is a uniform homotopy factorisation system on the model
category (S, Who). We say that it is the n-factorisation system on (S, Who).

11.25. A simplicial set X is a n-object iff the diagonal map X — X x X is (n—1)-
cover (if » = 0 this means that the diagonal is homotopy monic). A simplicial
set X is a n-connected iff it is non-empty and the diagonal X — X x X is a
(n — 1)-connected. (if » = 0 this means that the diagonal is homotopy surjective).

11.26. The model category (S, Wcat) admits a uniform homotopy factorisation
system (A, B) in which A is the class of n-connected maps. The intersection BN F
is the class of Kan n-covers.

11.27. If n > —1, we shall say that a right fibration f : X — Y is a right n-
fibration if its fibers are n-objects. If n = —1, this means that f is fully faithful. If
n = 0, this means that f is fiberwise homotopy equivalent to a right covering. A
right fibration is a right n-fibration iff it has the right lifting property with respect
to the inclusion dA[m] C A[m] for every m > n+ 1. The model category (S, Weat)
admits a uniform homotopy factorisation system (A, B) in which the intersection
BN F is the class of right n-fibrations. We say that a map in the class A is n-final.
A map between logoi u : A — B is n-final iff the simplicial set b\ A is n-connected
for every object b € B. indexAfibration!right n-fibration—textbf

11.28. Let F : £ < &' : G be a Quillen pair between two model categories. If
(A, B) is a homotopy factorisation system in € and (A’, B’) a homotopy factorisation
system in &', then the conditions F'(A.) C A, and G(B}) C By are equivalent. If
the pair (F,G) is a Quillen equivalence, then the conditions A, = F~!(A). and
By = G~1(B) are equivalent. In this case we shall say that (A’, B") is obtained by
transporting (A, B) across the Quillen equivalence. Every homotopy factorisation
system can be transported across a Quillen equivalence.

11.29. We shall say that a simplicial functor f : X — Y in SCat is conservative if
the functor ho(f) : hoX — hoY is conservative. The Bergner model category SCat
admits a (non-uniform) homotopy factorisation system in which the right class is
the class of conservative functors. A map in the left class is an iterated Dwyer-Kan
localisation. We saw in 3.5 that the adjoint pair of functors

C,:S < SCat : "

is a Quillen equivalence between the model category for logoi and the model cat-
egory for simplicial categories. A map of simplicial sets X — Y is a homotopy
localisation iff the functor Ci(f) : Ci(X) — Ci(Y) is a Dwyer-Kan localisation.

12. THE CONTRAVARIANT MODEL STRUCTURE

In this section we introduce the covariant and the contravariant model structures
on the category S/B for any simplicial set B. In the covariant structure, the fibrant
objects are the left fibrations X — B, and in the contravariant structure they are
the right fibrations X — B. The results of this section are taken from [J2].
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12.1. The category S/B is enriched over S for any simplicial set B. We shall
denote by [X, Y] the simplicial set of maps X — Y between two objects of S/B. If
we apply the functor 7y to the composition map [Y, Z] x [X, Y] — [X, Z] we obtain
a composition law
7'('0[Y'7 Z] X 71'0[)(7 Y] — 7T0[X, Z]
for a category (S/B)™ if we put
(S/B)™(X,Y) = mo[X,Y].

We shall say that a map in S/B is a fibrewise homotopy equivalence if the map is
invertible in the category (S/B)™.

12.2. Let R(B) be the full subcategory of S/B spanned by the right fibrations
X — B. If X € R(B), then the simplicial set [4, X] is a Kan complex for every
object A € S/B. In particular, the fiber [b, X] = X (b) is a Kan complex for every
vertex b: 1 — B. A map u: X — Y in R(B) is a fibrewise homotopy equivalence
iff the induced map between the fibers X (b) — Y (b) is a homotopy equivalence for
every vertex b € B.

12.3. We shall say that a map u: M — N in S/B is a contravariant equivalence if
the map
molu, X] : mo[N, X] — mo[N, X]

is bijective for every object X € R(B). A fibrewise homotopy equivalence in
S/B is a contravariant equivalence and the converse holds for a map in R(B). A
final map M — N in S/B is a contravariant equivalence and the converse holds
it N e R(B). Amapu: X — Y in S/B is a contravariant equivalence iff its
base change L xpu : L xp X — L xp Y along any left fibration L. — B is a
weak homotopy equivalence. For each vertex b € B, let us choose a factorisation
1 — Lb— B ofthemap b:1— B as a left anodyne map 1 — Lb followed by a left
fibration Lb — B. Then a map u: M — N in S/B is a contravariant equivalence
iff the map Lb xpu : Lb xg M — Lb xp N is a weak homotopy equivalence for
every vertex b € B. When B is a logos, we can take Lb = b\B. In which case a
map u: M — N is a contravariant equivalence iff the map b\u = b\M — b\N is a
weak homotopy equivalence for every object b € B.

12.4. For any simplicial set B, the category S/B admits a model structure in which
the weak equivalences are the contravariant equivalences and the cofibrations are
the monomorphisms, We shall say that it is the contravariant model structure in
S/B. The fibrations are called contravariant fibrations and the fibrant objects are
the right fibrations X — B. The model structure is simplicial and we shall denote
it shortly by (S/B, Weont(B)), or more simply by (S/B, Weont), where Weont(B)
denotes the class of contravariant equivalences in S/B.

12.5. Every contravariant fibration in S/B is a right fibration and the converse
holds for a map in R(DB).

12.6. The contravariant model structure (S/B, Weont) is a Bousfield localisation of
the model structure (S/B, Weat) induced by the model structure (S, Weat) on S/B.
It follows that a weak categorical equivalence in S/B is a contravariant equivalence
and that the converse holds for a map in R(B). Every contravariant fibration in
S/B is a pseudo-fibration and the converse holds for a map in R(B).
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12.7. A map u: (M,p) — (N,q) in S/B is a contravariant equivalence iff the map
bg\ X — bp\X induced by w is an equivalence of logoi of any map b: B — X with
values in a logos X.

12.8. Dually, we say that a map v : M — N in S/B is a covariant equivalence if
the opposite map u° : M° — N° in S/B° is a contravariant equivalence. Let L(B)
be the full subcategory of S/B spanned by the left fibrations X — B. Then a map
u: M — N in S/B is a covariant equivalence iff the map

mol[u, X : mo[N, X] — mo[N, X]

is bijective for every object X € L(B). A fibrewise homotopy equivalence in S/B
is a covariant equivalence and the converse holds for a map in L(B). An initial
map M — N in S/B is a covariant equivalence and the converse holds if N €
N(B). Amapu: M — N in S/B is a covariant equivalence iff its base change
Rxpu:Rxp M — R xpg N along any right fibration R — B is a weak homotopy
equivalence. For each vertex b € B, let us choose a factorisation 1 — Lb — B of
the map b : 1 — B as a right anodyne map 1 — Rb followed by a right fibration
Rb — B. Then a map u: M — N in S/B is a covariant equivalence iff the map
Rbxpu:Rbxp X — RbxpY is a weak homotopy equivalence for every vertex
b € B. When B is a logos, we can take Rb = B/b. In this case a map u: M — N
is a covariant equivalence iff the map u/b = M/b — N/b is a weak homotopy
equivalence for every object b € B.

12.9. Dually, for any simplicial set B, the category S/B admits a model structure
in which the weak equivalences are the covariant equivalences and the cofibrations
are the monomorphisms, We shall say that it is the covariant model structure in
S/B. The fibrations are called covariant fibrations and fibrant objects are the left
fibrations X — B. The model structure is simplicial and we shall denote it shortly
by (S/B,Wcov(B)), or more simply by (S/B, Wcov), where Weov(B) denotes the
class of covariant equivalences in S/B.

12.10. Every covariant fibration in S/B is a left fibration and the converse holds
for a map in L(B).

12.11. The covariant and the contravariant model structures on S/B are Cisinski
structures. The covariant structure is determined by the left fibrations X — B and
the contravariant structure by the right fibrations X — B.

12.12. For any simplicial set B, we shall put
P(B) = Ho(S/B,Wcont) and Q(B)= Ho(S/B,Wcov).
The functor X — X° induces an isomorphism of model categories
(S/B,Wcont) ~ (S/B°, Wcov),
hence also of categories P(B) ~ Q(B°).
12.13. The base change of a contravariant equivalence in S/B along a left fibration

A — B is a contravariant equivalence in S/A. Dually, the base change of a covariant
equivalence in S/B along a right fibration A — B is a covariant equivalence in S/B.
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12.14. When the category 71 B is a groupoid, the two classes Weont(B) and Weov(B)
coincide with the class of weak homotopy equivalences in S/B. In particular, the
model categories (S, Weont), (S, Weov) and (S, Who), coincide. Thus,

Q(1) =P(1) = Ho(S, Who).
12.15. If X, Y € S/B, let us put
(X]Y)=X xpY.
This defines a functor of two variables
(—]-):S/BxS/B—S.

If X € L(B), then the functor (X | —) is a left Quillen functor between the model
categories (S/B,Wcont) and (S,Who). Dually, if Y € R(B), then the functor
(— 1Y) is a left Quillen functor between the model categories (S/B, Wcov) and
(S, Who). Tt follows that the functor (— | —) induces a functor of two variables,

(—|—):Q(B) x P(B) — Ho(S, Who).
A morphism v : Y — Y’ in P(B) is invertible iff the morphism
(Xv) (X |Y) = (X |Y)
is invertible for every X € Q(B). Dually, a morphism v : X — X’ in Q(B) is
invertible iff the morphism
(uy) - (X V) = (X"|Y)
is invertible for every Y € P(B).

12.16. We say that an object X — B in S/B is finite if X is a finite simplicial set.
We shall say that a right fibration X — B is finitely generated if it is isomorphic to
a finite object in the homotopy category P(B). A right fibration X — B is finitely
generated iff there exists a final map F' — X with codomain a finite object of S/B.
The base change u*(X) — A of a finitely generated right fibration X — B along a
weak categorical equivalence is finitely generated.

12.17. We shall say that a map f: A — B in S’ is a contravariant equivalence

A0L>Bo

[

A14>Bl

if f1 is a weak categorical equivalence and the map (f1)1(4g) — By induced by fo
is a contravariant equivalence in S/B;. The category S’ admits a cartesian closed
model structure in which the weak equivalences are contravariant equivalences and
the cofibrations are the monomorphisms. We shall denote it shortly by (S?, Wcont).
The fibrant objects are the right fibrations between logoi. The target functor

t:8" -8
is a Grothendieck bifibration and both a left and a right Quillen functor between
the model categories (S!,Wcont) and (S, Weat). It gives the model category
(S!,Wecont) the structure of a bifibered model category over the model category

(S, Weat). We shall say that it is the fibered model category for right fibrations.
It induces the contravariant model structure on each fiber S/B. See 51.32 for the
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notion of bifibered model category. There is a dual fibered model category for left
fibrations (ST, Wcov)

12.18. The model category (S/B, Wcont) admits a uniform homotopy factorisation
system (A, B) in which A is the class of weak homotopy equivalences in S/B. A
contravariant fibration belongs to B iff it is a Kan fibration. It follows from 19.13
that a map X — Y in R(B) belongs to B iff the following square of fibers

*

X(b) —— X(a)

|

Y (b) —“ > Y (a)

is homotopy cartesian in (S, Who) for every arrow u : @ — b in B. We shall say
that a map in B is term-wise cartesian.

13. DISTRIBUTORS, CYLINDERS, CORRESPONDANCES AND MEDIATORS

In this section we introduce the five notions in the title. We show that these
notions are Quillen equivalent. It follows that the simplicial presheaves on a fibrant
simplicial category are Quillen equivalent to the right fibrations on the coherent
nerve of this category.

13.1. Recall that the category SCat of small simplicial categories and simplicial
functors is cartesian closed. If A and B are small simplicial category, we shall
denote by [A, B] the simplicial category of simplicial functors A — B. If A is a
small simplicial category, we shall denote by [A, S] the large simplicial category of
simplicial functors A — S. A simplicial functor v : A — B induces a functor

u" =[u,S]:[B,S] — [4,S]
with a left adjoint w; and a right adjoint w..

13.2. Recall that the category [A, S] admits a model structure, called the projective
model structure, in which the weak equivalences are the term-wise weak homotopy
equivalences and the fibrations are the term-wise Kan fibrations [Hi]. We shall
denote this model structure by [A, S|P/, If u: A — B is a simplicial functor, then
the pair

wu : [4,8] — [B,S]:u*
is a Quillen adjunction with respect to the projective model structures on these

categories. And the pair is a Quillen equivalence when u is a Dwyer-Kan equivalence
[Hi].

13.3. Recall that the category [4, S| admits a model structure, called the injective
model structure in which the weak equivalences are the term-wise weak homotopy
equivalences and the cofibrations are the term-wise cofibrations [Hi]. We shall
denote this model structure by [A,S]"*/. The identity functor

[A,S]Prd — [A, S]™.

is the left adjoint in a Quillen equivalence between the projective and the inductive
model structures. If u: A — B is a simplicial functor, then the pair

u*: [B,S] = [A,S] : u.
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is a Quillen adjunction with respect to the injective model structures on these
categories. And the pair is a Quillen equivalence when u is a Dwyer-Kan equivalence
[Hi].

13.4. If A and B are small simplicial categories, we shall say that a simplicial
functor F': A° x B — S is a simplicial distributor , or an S-distributor, from A to
B and we shall write F': A = B. The S-distributors A = B are the objects of a
simplicial category SDist(A, B) = [A° x B, S].

13.5. A simplicial distributor, or S-distributor, is defined to be an object C — I
of the category SCat/I, where the category I = [n] is regarded as a simplicial
category. The base of a distributor p : C' — I is the cosieve C(1) = p~1(1) and its
cobase is the sieve C'(0) = p~1(0). If i denotes the inclusion {0,1} C I, then the
pullback functor

i* : SCat/I — SCat x SCat

has left adjoint 4, and a right adjoint i,. The functor ¢* is a Grothendieck bifibration,
since it is an isofibration and the functor 4, is fully faithful. It s fiber at (A, B) is the
category SCyl(A, B) of simplicial distributors with cobase A and base B. To every
distributor C' € SCyl(A, B) we can associate a distributor D(C) € SDist(A, B)
by putting D(C)(a,b) = C(a,b) for every pair of objects a € A and b € B. The
resulting functor
D : SCyl(A, B) — SDist(A, B)

is an equivalence of categories. The inverse equivalence associates to a S-distributor
F : A= Bits collage cylinder col(F) = A xp B.

13.6. We shall say that a full simplicial subset S C X of a simplicial set X is
a sieve if the implication target(f) € S = source(f) € S is true for every arrow
fe€X. If h: X — 7 X is the canonical map, then the map S +— h~1(S) induces
a bijection between the sieves in the category 7 X and the sieves in X. For any
sieve S C X there exists a unique map g : X — I such that S = ¢g=%(0). This
defines a bijection between the sieves in X and the maps X — I. Dually, we shall
say that a full simplicial subset S C X is a cosieve if the implication source(f) €
S = target(f) € S is true for every arrow f € X. A simplicial subset S C X is
a cosieve iff the opposite subset S° C X? is a sieve. For any cosieve S C X there
exists a unique map g : X — I such that S = g~!(1). The cosieve g~!(1) and the
sieve g~1(0) are said to be complementary. Complementation defines a bijection
between the sieves and the cosieves of X.

13.7. We shall say that an object p : C — I of the category S/I is a cylinder.
The base of the cylinder is the cosieve C(1) = p~1(1) and its cobase is the sieve
C(0) = p~1(0). If C(0) = 1 we say that C is a projective cone, and if C(1) = 1 we
say that it is an inductive cone. If C(0) = C(1) = 1, we say that C is a spindle.
If 7 denotes the inclusion 01 C I, then the functor

*:S/T—8Sx8

has left adjoint 4, and a right adjoint i,. The functor ¢* is a Grothendieck bifibration,
since the functor 4, is fully faithful (hence also the functor i, ). Its fiber at (A, B) is
the category C'yl(A, B) of cylinders with cobase A and base B. The initial object
of this category is the cylinder A LI B and its terminal object is the cylinder A x B.
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An object ¢ : X — Ax B of the category S/Ax B belongs to Cyl(A, B) iff the map
¢ (AU B) — AU B induces by ¢ is an isomorphism. Hence the canonical functors

Cyl(A,B) C S/Ax B, Cyl(A,B)C AUB\S, Cyi(A,B)C AUB\S/AxB

are fully faithful. The cobase change (u,v)(X) of a cylinder X € Cyl(A, B) along
a pair of maps u : A — C and v : B — D is calculated by the following pushout
square of simplicial sets,

AUB—"" (U

X ,’UIX

D

)
The base change (u,v)*(Y) of a cylinder Y € Cyl(C, D) along (u,v) is calculated
by the following pullback square of simplicial sets,

(u,v)*(Y) Y

| |

U*xV

AxB—Cx*D.

13.8. Let S() = [A° x A° Set] be the category of bisimplicial sets. If A,B € S,
let us put

(AOB)pn = A X By,
for m,n > 0. If X is a bisimplicial set, a map X — A1 is called a column
augmentation of X and a map X — 10B is called a row augmentation. We shall
say that a map X — AOB is a biaugmentation of X or that it is a correspondence
A = B. The correspondences A — B form a category

Cor(A,B) =S® /AOB.

The simplicial set A[m]*A[n] has the structure of a cylinder for every m,n > 0. To
every cylinder C' € S/I we can associate a correspondance cor(C) — C(0)0C(1)
by by putting

cor(C)mn = Hom(A[m] x A[n], C)
for every m,n > 0. The structure map cor(C) — C(0)0C(1) is defined from the
inclusions A[m] U A[n] € A[m] x A[n]. The induced functor

cor : Cyl(A, B) — Cor(A, B).
is an equivalence of categories. See[Gon)].

13.9. The model structure (S, Weat) induces a cartesian closed model structure
(S/I,Wecat) on the category S/I. The resulting model category is bifibered by the
functor * : S/I — S x S over the model category

(S, Weat) x (S, Weat) = (S x S, Weat x Weat).

It thus induces a model structure (Cyl(A, B), Weat) on the category Cyl(A, B)
for each pair (A, B). We conjecture that a cylinder X € Cyl(A, B) is fibrant in
the model category (Cyl(A, B), Wcat) iff its structure map X — A x B is a mid
fibration. We conjecture that a map between fibrant cylinders in Cyl(A, B) is a
fibration iff it is a mid fibration.



QUASI-CATEGORIES 45

13.10. The opposite of a cylinder C € Cyl(A, B) is a cylinder C° € Cyl(B°, A°).
The functor
(=)?: Cyl(A,B) — Cyl(B°, A°)
is isomorphism between the model categories (Cyl(A, B), Weat) and (Cyl(B°, A°), Wcat).

13.11. The cobase change (u,v)1(X) of a cylinder X € Cyl(A, B) along a pair of
maps u : A — C and v : B — D is calculated by the following pushout square of
simplicial sets,

X —— (u,v)i(X).

D

)
The base change (u,v)*(Y) of a cylinder Y € Cyl(C, D) along (u,v) is calculated
by the following pullback square of simplicial sets,

WWTOU I
AxB—"— > CxD.

The adjoint pair

(u,v)1 : Cyl(A, B) < Cyl(C,D) : (u,v)"
is a Quillen adjunction with respect to the model structures (Cyl(A, B), Wcat) and
(Cyl(C,D),Weat). And it is a Quillen equivalence if v and v are weak categorical
equivalences.

13.12. If A and B are simplicial sets, we shall say that a map X — B° x A is a
mediator and we shall write X : A = B. The mediators A = B form a category

Med(A, B) = S/(A°x B).

A map X — Y between two mediators X € Med(A,B) and Y € Med(C, D) is a
triple of maps u : A - C,v: B — D and f: X — Y fitting in a commutative
square

X ! Y

S

A°x B—="" s o x D.

The mediators form a category Med. The functor
p:Med—S xS

defined by putting p(X, A, B) = (A, B) is a Grothendieck bifibration and its fiber
at (A, B) is the category Med(A, B). We shall say that the map (f,u,v) : X —
Y in Med is an mediator equivalence if the maps u and v are weak categorical
equivalences and the map f : X — Y is a covariant equivalence in Med(C, D).
The category Med admits a model structure in which the weak equivalences are
the mediator equivalences and the cofibrations are the monomorphisms. The model
structure is left proper and cartesian closed. We shall denote the resulting model
category by (Med,Wmed). The model category is bifibered by the functor p :
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Med — S x S over the model category (S, Weat) x (S, Weat). It induces the model
structure (S/(B°xA), Wecov) on the fiber Med(A, B). A mediator X € Med(A, B)

is fibrant with respect to this model structure iff its structure map X — A° x B is
a left fibration.

13.13. The simplicial set p[n] = A[n]|° x Aln] has the structure of a cylinder for
every n > 0. The twisted section of a cylinder C is the simplicial set p*(C) defined
by putting
p*(C)n = Homy(p[n], C)
for every m > 0. The simplicial set p*(C) has the structure of a mediator with a
structure map p*(C') — C(0)° xC(1) obtained from the the inclusion A[n]°UA[n] C
A[n]° * A[n]. The resulting functor p* : S/I — Med has a left adjoint py and a
right adjoint p.. The pair of adjoint functors
o Med —:S/Ip*

is a Quillen equivalence between the model categories (S/I, Weat) and (Med, Wmed).
The induced pair of adjoint functors

p*: Cyl(A,B) < Med(A, B) : p.

is a Quillen equivalence between the model categories (Cyl(A, B), Weat) and (S/(A°%
B), Wecov) for any pair of simplicial sets (A, B). In particular, the pair

pr:8/B < Cyl(1,B) : p*

is a Quillen equivalence between the model categories (Cyl(1, B), Weat) and (S/B, W cov)
Hence a map f : X — Y in S/B is a covariant equivalence iff the map pi(f) :
p(X) — p(Y) is a weak categorical equivalence.

13.14. The Quillen equivalence
C:S < SCat: C"
of 3.5 induces a Quillen equivalence
C,:8/I « SCat/I : C",

since we have C'(I) = I and C\(I) = I. The pair (C,C") also induces a Quillen
equivalence

Cy: Cyl(A, B) « SCyl(C\A,C\B) : C"
for any pair pair of simplicial sets A and B. By composing the equivalence with
the Quillen equivalence

p:S/A? x B« Cyl(A,B) : p*
of 13.13 and the equivalence of categories
D : SCyl(C/A,C\B) — SDist(C1A,C\B) : col
of 13.5, we obtain a a Quillen equivalence
S/A° x B < SDist(C)A,C\B)

between the model category (S/A° x B, Wecov) and the projective model category
SDist(CiA,C\B). In particular, this yields a Quillen equivalence

S/B < [C1B,S]
between the model category (S/B, Wcov) and the projective model category [C) B, S].
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13.15. Dually, the pair (C),C") induces a Quillen equivalence
Cy: Cyl(C'X,C'Y) « SCyl(X,Y) : C*

for any pair of fibrant simplicial categories X and Y. By composing the equivalence
with the Quillen equivalence

p:S/C'X° x C'Y — Cyl(C'X,C'Y) : p*
of 13.13 and the equivalence of categories
D:SCyl(X,Y) — SDist(X,Y) : col
of 13.5, we obtain a a Quillen equivalence
S/C'X° x C'Y « SDist(X,Y)

between the model category (S/C'X° x C'Y, Wcov) and the projective model cat-
egory SDist(X,Y). In particular, this yields a Quillen equivalence

S/C'Y < [Y,S]

between the model category (S/C'Y,Wcov) and the projective model category
8.

13.16. If Y is a small simplicial category, let us denote by [Y,S]/ the category of
fibrant objects of the injective model category [Y,S]". If Y is enriched over Kan
complexes, then the functor

[Y,S] — S/C'Y]
defined in induces a Dwyer-Kan equivalence of simplicial categories

v,8)/ — L(C'Y).

14. BASE CHANGES

In this section, we study the base change functors between the contravariant
model structures. We introduce the notion of dominant map. The results of the
section are taken from [J2].

14.1. A functor u : A — B between two small categories induces a pair of adjoint
functors between the presheaf categories,

w:A— B:u*.

A functor u is called a Morita equivalence if the adjoint pair (ur, u*) is an equivalence
of categories. By a classical result, u is a Morita equivalence iff it is fully faithful
and every object b € B is a retract of an object in the image of u. The notion
of Morita equivalence can be decomposed, since the pair (u;,u*) is an equivalence
iff the functors uy and u* are fully faithful. The functor u, is fully faithful iff the
functor w is fully faithful. A functor v : A — B is said to be dominant, but we
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shall say 0-dominant, if the functor u* is fully faithful. A functor u : A — B is
0-dominant iff the category Fact(f, A) defined by the pullback square

Fact(f,A) —— A

Fact(f,B)—— B
is connected for every arrow f € B, where Fact(f, B) = f\(B/b) = (a\B)/f is the

category of factorisations of the arrow f : a — b. We notice that the functor u is
0O-final iff we have (1) = 1, where 1 denotes terminal objects.

14.2. For any map of simplicial sets u : A — B, the adjoint pair
w:S/A—S/B:u*
is a Quillen adjunction with respect to the contravariant model structures on these

categories. The adjunction is a Quillen equivalence when u is a weak categorical
equivalence. It induces an adjoint pair of derived functors

Pi(u) : P(A) < P(B) : P*(u),
The functor Py(u) is directly induced by the functor wy, since u; takes a covariant

equivalence to a covariant equivalence. Hence we have Pi(vu) = Py(v)P(u) for any
pair of maps u: A — B and v : B — C. This defines a functor

P :S — CAT,
where CAT is the category of large categories. We shall see in 23.5 that the functor
P*(u) has a right adjoint P, (u).
14.3. Dually, for any map of simplicial sets u : A — B, the adjoint pair
w:S/A—S/B:u*

is a Quillen adjunction with respect to the covariant model structures on these
categories, (and it is a Quillen equivalence when u is a weak categorical equivalence).
It induces an adjoint pair of derived functors

Qi(u) : Q(A) « Q(B) : Q" (u).

The functor Q*(u) has a right adjoint Q. (u) by 23.5. If u: A — Bandv: B — C,
then we have Q(vu) = Qi(v)Qi(u). This defines a functor

Q,:S — CAT,
where CAT is the category of large categories.
14.4. A map of simplicial sets u : A — B is final iff the functor P)(u) preserves

terminal objects. A map u : A — B is fully faithful iff the functor Pi(u) is fully
faithful.

14.5. We shall say that a map of simplicial sets u : A — B is dominant if the
functor P*(u) is fully faithful.

14.6. A map u : A — B is dominant iff the opposite map u° : A° — B° is dominant
iff the map X% : XB — X4 is fully faithful for every logos X.

14.7. The functor 71 : S — Cat takes a fully faithful map to a fully faithful functor,
and a dominant map to a 0-dominant functor.
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14.8. If B is a logos, then a map of simplicial sets u : A — B is dominant iff the
simplicial set Fact(f, A) defined by the pullback square

Fact(f,A) —— A

]

Fact(f,B)—— B

is weakly contractible for every arrow f € B, where Fact(f,B) = f\(B/b) =
(a\B)/f is the simplicial set of factorisations of the arrow f:a — b.

14.9. A dominant map is both final and initial. A map of simplicial set v : A — B
is dominant iff its base change any right fibration is final iff its base change any
left fibration is initial. The base change of a dominant map along a left or a right
fibration is dominant. A (weak) reflection and a (weak) coreflection are dominant.
An iterated homotopy localisation is dominant.

14.10. The functor

P :S — CAT
has the structure of a 2-functor covariant on 2-cells. It follows by adjointness that
P* has the structure of a contravariant (pseudo) 2-functor,

P*:S — CAT,
contravariant on 2-cells. In order to define the natural transformation
Pi(a) : Pi(u) — Pi(v)

associated to a 2-cell @ : u — v : A — B in the category S™ we can suppose
that a = [h], where h is the homotopy between the inclusions ig,i; : A — A x I.
If X € S/A, then (ip)1(X) = X x {0} and (i1)1(X) = X x {1}. The inclusion
X x {1} € X x I is a covariant equivalence in S/(A x I), since it is right anodyne;
it is thus invertible in the category P(A x I). The morphism Py([h]) : Pi(ip)(X) —
Pi(i1)(X) is obtained by composing the inclusion X x {0} C X x I with the inverse
morphism X x I — X x {1}.

14.11. If (o, 8) is an adjunction between two maps u : A < B : v in the 2-
category S™, then the pair (Pi(«), P1(3)) is an adjunction Pi(u) F Pi(v), and the
pair (P*(8), P*(«)) is an adjunction P*(u) + P*(v). We thus have a canonical
isomorphism Pi(v) ~ P*(u),
Pi(u) EPi(v) = P*(u) - P*(v).
14.12. Dually,
Q:S— CAT

is a covariant 2-functor contravariant on 2-cells, and
Q" :S™ — CAT

is a contravariant (pseudo-) 2-functor covariant on 2-cells. If («, () is an ad-
junction between two maps u : A < B : v in the 2-category S™, then the pair
(Q1(08), Qi(e)) is an adjunction Qi(v) F Qi(u), and the pair (Q*(«), Q*(F)) is an
adjunction Q*(v) - @*(u). We thus have a canonical isomorphism Qi(u) ~ Q*(v),

Qi(v) F Qi(u) ~ Q*(v) F Q" (u).
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14.13. The pseudo-2-functor @* induces a functor
Q" : 71(A, B) — CAT(Q(B), Q(4))
for each pair of simplicial sets A and B. In particular, it induces a functor
Q*:71(B) — CAT(Q(B)7 Q(l))

for each simplicial set B. If X € Q(B) and b € By, let us put D(X)(b) = 9*(b)(X).
This defines a functor

D(X):m(B) — Q(1) = Ho(S, Who).

We shall say that D(X) is the homotopy diagram of X. This extends the notion
introduced in 8.15. Dually, every object X € P(B) has a contravariant homotopy
diagram

D(X) : 11(B)° — P(1) = Ho(S, Who).

15. SPANS AND DUALITY

In this section we introduce the notion of span and show that it is Quillen
equivalent to that of cylinder. We also introduce the homotopy bicategory of spans
A. We show that it has the structure of a compact closed symmetric monoidal
bicategory.

15.1. A span S : A = B between two simplicial sets is a pair of maps

S
SN
A B.
Equivalently, a span A = B is an object of the category

Span(A, B) =S/(Ax B).

The terminal object of this category is the span A x, B defined by the pair of
projections
AXx B

VN
A B.
The opposite of a span (s,t) : S — A x B is defined to be the span
(t°,8%) : S° — B° x A°.
15.2. Let P be the poset of non-empty subsets of {0,1}. A functor X : P° — S is
a span,
X (01)

If iy denotes the inclusion {0} C P and 4; the inclusion {1} C P, then the functor
(ig,77) : [P°,S] = S xS
is a Grothendieck bifibration. Its fiber at (A, B) is the category Span(A, B).
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15.3. Recall that the composite of a span S : A — B with aspan T : B = C is the
span T oS =S xg T : A= C, defined by the pullback diagram,

SXBT

This defines a functor
—o—:Span(B,C) x Span(A, B) — Span(A,C).
IfS:A= B, T:B= C and U :C = D, then the canonical isomorphism
(UoT)oS=Sxg(TxcU)=(SxpT)xcU=Uo(ToS5)

satisfies the coherence condition of MacLane. The span (14,14) : A — AXx A
is a unit A — A for this composition law. The spans between simplicial sets
form a bicategory Span whose objects are simplicial sets. The bicategory Span is
symmetric monoidal. The tensor product of two spans S: A= Band T :C = D
is their cartesian product in the category [P°,S],

SRT=SxT:AxC= BxD.

15.4. The image of a map u : [n] — I in A is a non-empty subset Im(u) C {0,1}.
Consider the functor

oc: A/l - AXP

defined by putting o(u) = ([n], Im(u)) for a map u : [n] — I. The functor We have
[(A x P)°,Set] = [P°,S]. The functor

o [(A x P)°,Set] — [(A/I)°, Set]

is a functor o* : [P°,S] — S/I, since [(A x P)°,Set] = [P°,S] and [(A/I)°,Set] =
S/I. The functor o* is cartesian with respect to the fibered model structure on
these categories. It thus induces a functor

o* : Span(A, B) — Cyl(A, B)

for each pair of simplicial sets (A, B). We shall say that the cylinder o*(S) €
Cyl(A, B) is the realisation of a span S € Span(A, B). The simplicial set o*(5)
can be calculated by the following pushout square of simplicial sets,

st

Sus AUB

l |

IxS———so5%(S).
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Notice that 0*(A xs B) = A ¢ B. The functor ¢* has a left adjoint oy and a right
adjoint o,. If C € Cyl(A, B), then 0,(C) is the span

[7,C]
RN
A B,

where [I, C] denotes the simplicial set of global sections of the structure map C — 1,
where s is defined by the inclusion {0} C I and ¢ by the inclusion : {1} C I. In
particular, o, (Ax B) = A x, B.

15.5. We shall say that a map v : S — T in Span(A, B) is bivariant equivalence if
the map

o*(u):0"(S) — o*(T)

is a weak categorical equivalence. The category Span(A, B) admits a model struc-
ture in which a weak equivalence is a bivariant equivalence and a cofibration is a
monomorphism. We shall say that a fibrant object is a bifibrant span. We shall
denote it shortly by Span(A, B), Wbiv) and put

A(A, B) = Ho(Span(A, B), Wbiv).

15.6. The opposition functor
(=)°: Span(A, B) — Span(B°, A°)

induces an isomorphism between the model categories (Span(A,B), Wbiv) and
(Span(B°, A°), Wbiv). It thus induces an isomorphism of categories,

(=)?: A(A,B) — A(B°, A%).
15.7. For any pair of maps of simplicial sets u : A — C and v : B — D, the pair
of adjoint functor
(u x v)1: Span(A, B) < Span(C,D) : (u x v)*
is a Quillen adjunction with respect to the biviariant model structures on these
categories. And it is a Quillen equivalence if u and v are weak categorical equiva-
lences.
15.8. The pair of adjoint functors
o* : Span(A, B) < Cyl(A, B) : 0.

is a Quillen equivalence between the model category (Span(A, B), Wbiv) and the
model category (Cyl(A, B), Wcat).
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15.9. A map u:S — T in Span(A, B) is a bivariant equivalence iff the map
XxauxpY : X x4 S8xgY - X x4 TxgY

is a weak homotopy equivalence for every X € L(A) and Y € R(B). For each
vertex a € A, let us choose a factorisation 1 — La — A of the map a: 1 — A as
a left anodyne map 1 — La followed by a left fibration La — A. Dually, for each
vertex b € B, let us choose a factorisation 1 — Rb — B of the map b: 1 — B as
a right anodyne map 1 — Rb followed by a right fibration Rb — B. Then a map
u:S — T in Span(A, B) is a bivariant equivalence iff the map

LaxasuxgRb:Lax4SxgpRb— Lax,T xg Rb

is a weak homotopy equivalence for every pair of vertices (a,b) € A x B. If A and
B are logoi, we can take La = a\A and Rb = B/b. In this case, amap u: S — T
in Span(A, B) is a bivariant equivalence iff the map

a\u/b: a\S/b— a\T/b

is a weak homotopy equivalence for every pair of objects (a,b) € A x B, where the
simplicial set a\S/b is defined by the pullback square

a\S/b——> g

L]

a\A x B/b —— A x B.

15.10. For any span (s,t) : S — A x B, the composite

Q" (s) Qu(t)
B —_—

Q(4) (s) Q(B)
is a functor Q(S) : Q(A) — Q(B). If u: S — T is a map of spans,

then form the counit Qy(u)Q*(u) — id, we obtain a natural transformation
Qu) : Q(S) = Qi(1)Q"(s) = Qi(r) Q(u) Q" (w) Q" (1) — Qi(r) Q" (1) = &T).
This defines a functor
Q(=) : Span(A, B) — CAT(Q(A), Q(B)).

A map u:S — T in Span(A, B) is a bivariant equivalence iff the natural transfor-
mation

is invertible.
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15.11. Dually, for any span (s,t) : S — A x B, the composite

P(B) P (t)

P(S)

is a functor P(S) : P(B) — P(A). To every map u : S — T in Span(A, B) we can
associate a natural transformation

Plu) : P(S) — P(T).
‘We obtain a functor
P(=): Span(A, B) — CAT(P(B),P(A)).

A map u: S — T in Span(A, B) is a bivariant equivalence iff the natural transfor-
mation P(u) is invertible.

15.12. If S € Span(A, B), let us denote by S(a,b) the fiber of the map (s,t)S —
A x B at (a,b) € Ag x By. The simplicial set S(a,b) is a Kan complex if S is
bifibrant. A map between bifibrant spans u : S — T in Span(A, B) a bivariant
equivalence iff the map

S(a,b) — T(a,b)

induced by w is a homotopy equivalence for every pair (a,b) € Ag X By.

15.13. If A and B are logoi, then a span (s,t) : S — A x B is bifibrant iff the
following conditions are satisfied:

the source map s : S — A is a Grothendieck fibration;

the target map t : S — B is a Grothendieck opfibration;

an arrow f € S is inverted by ¢ iff f is cartesian with respect to s;
an arrow f € S is inverted by s iff f is cocartesian with respect to ¢.

The last two conditions are equivalent in the presence of the first two.

15.14. If A is a logos, then a fibrant replacement of the span (14,14): A — AXx A
is the span d4 = (s,t) : Al - Ax A. If u: A — B is a map between logoi then
a fibrant replacement of the span (14,u) : A — A x B is the span P(u) — A x B
defined by the pullback diagram,

/\
/\/\
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Dually, a fibrant replacement of the span (u,14) : A — B x A is the span P*(u) —
B x A defined in the pullback diagram,

“(u)

P
B! A
NN
B A.
15.15. The category Span(B,1) is naturally isomorphic to the category S/B and
the model structures (Span(B, 1), Wbiv) and (S/B, Wcont) coincide. The inductive

mapping cone of a map of simplicial sets u : A — B is the simplicial set C'(u) defined
by the following pushout square,

B

A———>B
| |
Aol C(u).

By construction C(u) = o*(u,!), where (u,!) is the span (u,!) : A — B x 1. The
resulting functor

C:S/B— Cyl(B,1)
is the left adjoint in a Quillen equivalence between the model categories (S/B, W cont)
and (Cyl(B, 1), Wcat). Dually, the category Span(1, B) is naturally isomorphic to
the category S/B and the model structures (Span(1, B), Wbiv) and (S/B, Wcov)
coincide. The projective mapping cone of a map of simplicial sets v : A — B is the
simplicial set C°(u) constructed by the folllowing pushout square,

A————>B
| |
1o A C°(u).

By construction C°(u) = o*(!,u), where (!,u) is the span (!,u): A — 1 x B. The
resulting functor
C°:S/B — Cyl(1,B)

is the left adjoint in a Quillen equivalence between the model categories (S/B, W cov)
and (Cyl(1, B), Wecat). The category Span(1,1) is naturally isomorphic to the cat-
egory S and the model structures (Span(1,1), Whiv) and (S, Who) coincide. The
(unreduced) suspension of a simplicial set A is the simplicial set 3(A) defined by
the following pushout square,

AUA—1U1

| |

AxIT X(A).

The resulting functor
¥:8S - Cyl(1,1)
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is the left adjoint in a Quillen equivalence between the model category (S, Who)
and the model category (Cyl(1, 1), Wcat).

15.16. It follows from 15.15 that we have two equivalence of categories,
A(B,1) ~P(B) and A(l,B)~ Q(B).

for any simplicial set B.

15.17. The simplicial set d[n] = A[n] x A[n] has the structure of a cylinder for
every n > 0. The diagonal of a cylinder C' is the simplicial set §*(C) obtained by
putting
0*(C)y, = Hom(d[n],C)
for every n > 0. The simplicial set 6*(C) has the structure of a span C(0) =
C(1) with structure map (s,t) : 6*(C) — C(0) x C(1) defined by the inclusion
A[n] U A[n] C A[n] x A[n]. The resulting functor
60" :S/I — [P°,S]
is cartesian with respect to the fibered structure on these categories. It has a right
adjoint J, and the induced pair
0" : Cyl(A, B) — Span(A, B) : 0.

is a Quillen equivalence between the model categories (Cyl(A, B), Wcat) and (Span(A, B), Wbiv).

15.18. For any pair of simplicial sets A and B we have §*(A* B) = A x4 B. It
follows that we have 0*0* (A x B) = A ¢ B. Hence the map 45 : Ao B — Ax B
of 9.20 is a map 0ap : 0*6*(Ax B) — A% B. There is then a unique natural
transformation

Oc :0%6"(C) — C
which extends 045 to every cylinder C — I. The maps 0¢ is a weak categorical
equivalence for every C € S/I.

15.19. If A, B and C are simplicial sets and S € Span(A, B) is a bifibrant span,
then the functor

(=)o S : Span(B,C) — Span(A,C)
is a left Quillen functor. Dually, T € Span(A, B) is bifibrant, then the functor
To(—):Span(A, B) — Span(A,C)

is a left Quillen functor. Let us denote by Span;(A, B) the full subcategory of
Span(A, B) spanned by the bifibrant spans. The composition functor

—o—:Span(B,C)y x Span(A, B); — Span(A,C),
induces a derived composition functor .
—e—:A(B,C)xA(A,B) = A(A,O).

The derived composition is coherently associative. A unit T4 € A(A, A) for this
composition is a fibrant replacement of the span (14,14) : A — A x A. We thus
obtain a bicategory A called the homotopy bicategory of spans.
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15.20. The tensor product functor (which is really the cartesian product)
Span(A, B) x Span(C,D) — Span(A x C,B x D)
is a left Quillen functor of two variables with respect to the bivariant model struc-
tures on these categories. The induced functor
®:AA,B)xAC,D) — A(Ax C,Bx D)
defines a symmetric monoidal structure on the bicategory A.

15.21. The symmetric monoidal bicategory A is compact closed. The dual of a
simplicial set A is the opposite simplicial set A°. To see this, it suffices to consider
the case where A is a logos. We shall exibit a pair of spans,

na € A(1,A° x A) and €4 € A(A x A°1),
together with a pair of isomorphisms,
ap:la~(ea®@A)e(ARna) and [a:lao ~(A°®ey) 0 (na® A°).
The span 74 is constructed below.

15.22. The twisted diagonal C° of a category C is defined to be the category
of elements of the hom functor C° x C — Set. A simplex [n] — C? is a map
[n]° % [n] — C. The twisted diagonal A° of a simplicial set A is the simplicial set
defined by putting
(A%)n = S(A[n]” x Aln], A)
for every n > 0. The simplicial set A° is equipped with a canonical map A% —
A° x A obtained from the the inclusion A[n]° U A[n] C A[n]° x A[n]. This gives
the simplicial set A° the structure of a mediator A = A. Notices that A? is the
twisted section of the cylinder A x I,
A% = p*(AxI).
It follows from this formula and 13.13 that the functor (—)° : S — Med has a left
adjoint §(—) and that the pair
6(=): Med — S : (=)°
is a Quillen adjunction between the model categories (Med, Wmed) and (S, Wecat).

Hence the canonical map A% — A° x A is a left fibration when A is a logos. It
defines the span n4 € Span(1, A° x A). of the duality 15.21.

15.23. The span €4 € Span(A x A° 1) of the duality 15.21, is the opposite of the
span N € Span(1, A° x A). Let us describe the isomorphism a4 of the duality. It
is easy to see that the simplicial set

T(A) = (ea® A) o (A@n4)
is constructed by the following pullback diagram,
T(A)
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A simplex Aln] — T(A) is a pair of simplices z : A[n] x A[n]° — A and y :
A[n]° x Aln] — A such that = | A[n]° = y | A[r]°. The isomorphism a4 of is
obtained by composing in A(A, A) a chain of bivariant equivalences
A< A s 7(4)
in Span(A, A). The simplicial set U(A) is defined by putting
U(A),, = S(A[n] % Aln])® x Aln], A)

for every n > 0 and the structure map U(A) — A x A is obtained from the inclusion
in : Aln]UA[n] C Aln]x A[n]°* Aln]. Let us describe the map ps : U(A) — T(A).
If z : Aln]x A[n]° x A[n] — A is a simplex of U(A), then pa(z) = (x,y), where z =
z | A[n]x A[n]° and y = 2 | A[n]° « A[n]. Let us describe the map g4 : U(A) — Al
There is a unique map

pn i Aln] x I — Aln] *x A[n]® x A[n]

which extends 4,. Then we have g4(z) = xp, for every € U(A),. The isomor-
phism (4 has a similar description.

15.24. It follows from the duality that there is an equivalence of categories
A(A,B) — A(1, A° x B).

for any pair (A, B). The equivalence associates to a fibrant span S — A x B the
mediator S’ — A° x B calculated by following diagram with a pullback square,

X —X—>B
AO<S;A5*t>A‘

The inverse equivalence associates to a fibrant mediator M — A° x B the span
M’ — A x B calculated by following diagram with a pullback square,

M’ M B
A<i (A5)°L>AO,

15.25. The trace of a span S € A(A, A) is defined by putting
Tr(S) =€ea0 0 (A°® S) ona.

By definition, Tr(S) € A(1,1) is a homotopy type. If A is a logos and S is bifibrant,
then the simplicial set Tr(S) is computed by the following pullback square,

Tr(S) —— AT .
o
(s,t)
S Ax A

This construction shows that trace of the identity of a Kan complex X is its free
loop space x5,
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15.26. The scalar product of two spans S € A(A,B) and T € A(B, A) is defined
by putting

(S|T)=Tr(SeT)~Tr(TeS).

If A and B are logoi and the spans S and T are bifibrant, then we have a pullback
square,

(S|Ty——T

e
(SVt)

S—AxB

Notice that we have Tr4(X) = (X | I4) for X € A(A,A). Amapu:S — S in
A(A, B) is invertible iff the map

(|T):(S|T) = (5" T)
is invertible in A(1,1) for every T € A(B, A).

16. YONEDA LEMMA

The Yoneda lemma is playing an important role in category theory. Here we
discuss its extension to logoi. As an application, we construct for any logos X a
simplicial category S(X) whose coherent nerve is equivalent to X. We describe
four forms of Yoneda lemma.

16.1. (Yoneda lemma 1) If B is a logos and b € By, then the right fibration
B/b — B is freely generated by the vertex 1, € B/b. More precisely, for any
right fibration p : X — B and any vertex z € X (b) = p~1(b), there is a map
f : B/b —» X in S/B such that f(1,) = z, and f is homotopy unique. The
homotopy uniqueness means that the simplicial set of maps f : B/b — X such that
f(1p) = x is contractible. More precisely, let us denote by [X,Y] the simplicial
set of maps X — Y between two objects of S/B. An object b € B defines a map
b:1 — B and we have [b, X] = X(b) for every object X — B of S/B. The map
b : b — B/bin S/B obtained by putting b'(1) = 1, is a contravariant equivalence
by 12.8, since the vertex 1, is terminal in B/b. Hence the map

', X] : [B/b, X] — [b, X] = X(b)

is a trivial fibration for every X € R(B). It follows that the fiber of [0/, X] at
x € X(b) is contractible. This shows that the simplicial set of maps f: B/b — X
such that f(1,) = x is contractible.

16.2. The hypthesis that B is a logos can be removed in the Yoneda lemma. More
precisely, if B is a simplicial set and b € By, let us choose a factorisation 1 — Rb —
B of the map b : 1 — B as a right anodyne map b’ : 1 — Rb followed by a right
fibration Rb — B. Then the right fibration Rb — B is freely generated by the
vertex b’ € Rb. More precisely, the map

v, X] : [Rb, X] — [b, X] = X (b)

is a trivial fibration for every X € R(B).
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16.3. We shall say that a right fibration p : E — B is representable if the simplicial
set E admits a terminal vertex v € E, in which case we shall say that E is repre-
sented by v. If b € By, then a node v € E(b) represents E iff the map v:b — E is
a contravariant equivalence in S/B. If B is a logos, then the full simplicial subset
of F spanned by the nodes which represents F is a contractible Kan complex when
non-empty. Hence a representing vertex v € E is homotopy unique when it exists.
If B is a logos, then the right fibration B/b — B is represented by the vertex
1, € B/b, and similarly for the right fibration B/b — B.

16.4. Dually, we shall say that a left fibration p : E — B is corepresentable if the
simplicial set F admits an initial vertex v € E, in which case we shall say FE is
corepresented by v. If b € By, then a node v € E(b) corepresents E iff the map
v:b— E is a covariant equivalence in S/B. If B is a logos, then the left fibration
b\ — B is corepresented by the vertex 1, € b\ B, and similarly for the left fibration

16.5. If B is a simplicial set and b € By, then the fiber at a € By of the projection
B//b — B is equal to B(a,b). If B is a logos; then the canonical map

[B/a,B/Jb] — B(a,b)

is a trivial fibration by Yoneda lemma.

16.6. To every logos B we can attach a simplicial category S(B) whose coherent
nerve is equivalent to B. By construction, ObS(B) = By and

S(B)(a7b) = [B/G,B/b]

for every pair a,b € By. The category S(B) is enriched over Kan complexes.

16.7. Let f : a — b be an arrow in a logos X. Then by Yoneda lemma, there is a
map fi: B/a — B/bin S/B such that fi(1,) = b and f is homotopy unique. We
shall say that f, is the pushforward map along f.

16.8. Recall that the logos of Kan complexes U = Uy is defined to be the coherent
nerve of the category Kan of Kan complexes. Let us put U’ = 1\U, where 1
denotes the terminal object of the logos U. Then the canonical map py : U — U
is a universal left fibration. The universality means that for any left fibration
f:+ E — A there exists a homotopy pullback square in (S, Weat),

!’
g
E—

U
f \LPU

A—2sU

/

and the pair (g, ¢’) is homotopy unique. We shall say that the map g classifies the
left fibration £ — A.
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16.9. The simplicial set of elements el(g) of a map g : A — U is defined by the
pullback square

el(g) —= U’

A——TU.
The map el(g) — A is a left fibration since py is a left fibration. Moreover, the
simplicial set el(g) is a logos when A is a logos.

16.10. A prestack on a simplicial set A is defined to be a map A° — U. The
prestacks on A form a logos

P(A) = U4 = [4°,U].

The simplicial set of elements El(g) of a prestack g : A° — U is defined by putting
El(g) = el(g)°. The canonical map Fl(g) — B is a right fibration. We shall say
that a prestack g : A° — U is representable if the right fibration El(g) — A is
representable.

16.11. Recall that the twisted diagonal C° of a category C is the category of
elements of the hom functor C° x C' — Set. A logos A has a twisted diagonal A°
by 40.36 and the canonical map (s,t) : A° — A° x A is a left fibration. Hence there
exists a homotopy pullback square,

’
hom/,

Ad U’
A° x A % uU.
This defines the map hom : A° x A — U. The Yoneda map,
ya: A—P(A)

is obtained by transposing the map hom 4. A prestack g : A° — U is representable
iff it belongs to the essential image of y4.

16.12. The left fibration Ly — A x U4 defined by the pullback square

Ly ———U

| |

AxUA—F——>U

is universal, where ev denotes the evaluation map. The universality means that for
any simplicial set B and any left fibration £ — A x B, there exists a homotopy
pullback square in (S, Weat),

E Ly

| |

Ax B Axg A xUA

and that the pair (g,¢’) is homotopy unique.
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16.13. Dually, the left fibration M4 defined by the pullback square

My ——U

| |

A’ x P(A) —& U

is a universal mediator A = P(A). More precisely, for any simplicial set B and any
fibrant mediator E : A = B, there exists a homotopy pullback square in the model
category (S, Weat),

E My

|

A° x B——— A’ x P(4),

and the pair (g, ¢’) is homotopy unique. We shall say that g classifies the mediator
E: A= Bandthat My : A= P(A)is a Yoneda mediator. A mediator £ : A = B
is essentially the same thing as a map B — P(A).

16.14. (Yoneda lemma 2) The twisted diagonal A% — A° x A is classified by the
Yoneda map ya : A — P(A). We have a diagram of homotopy pullback squares in
(S, Weat),

A‘S M4 P(A)6
A0 % A—220 g0 pa) — A praye  pA).

The composite square shows that the map y4 is fully faithful.

16.15. The Quillen equivalence 13.13 between mediators, and cylinders implies the
existence of a universal cylinder Cy € Cyl(A,P(A)). The cylinder C4 turns out to
be a fibrant replacement of the cylinder Cl(y4) defined by the pushout square of
simplicial sets,

Yya

11 P(A)
AxI Cl(ya)

The universality of C4 means that for any simplicial set B and any cylinder
E € Cyl(A, B), there exists a homotopy pullback square in the model category
(S, Weat),

/

E J Cy

R

AxB—22 ~ AxP(A),

and the pair (g, ¢') is homotopy unique. We shall say that g classifies the cylinder
E € Cyl(A, B) and that C4 € Cyl(A,P(A)) is a Yoneda cylinder. A cylinder
C : A = B is essentially the same thing as a map B — P(A4).
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16.16. (Yoneda lemma 3) The cylinder A x I € Cyl(A, A) is classified by the
Yoneda map ya : A — P(A). We have a diagram of homotopy pullback squares in
(S, Weat),

AxIT CA P(A)XI
AxA—20 L aupa) — P pay«p(a).

16.17. The Quillen equivalence 15.8 between cylinders and spans implies the exis-
tence of a universal span P4 € Span(A,P(A)). The universality of P4 means that
for any simplicial set B and any bifibrant span S : A = B, there exists a homotopy
pullback square in the model category (S, Wcat),

’

g9

S Py
Ax B—0 L AxP(4),

and the pair (g,¢’) is homotopy unique. We shall say that g classifies the span
S: A= Bandthat P4 : A= P(A) is a Yoneda span. A bifibrant span S : A = B
is essentially the same thing as a map B — P(A).

16.18. (Yoneda lemma 4) The span A7 — A x A is classified by the Yoneda map
ya: A — P(A). We have a diagram of homotopy pullback squares in (S, Weat),

Al Py P(A)I
Ax A—2U 4w pa) — 2P pay x P(A).

The composite square shows that the map y4 is fully faithful.

16.19. If X is a small simplicial category, let us denote by [X,S]/ the full sub-
category of fibrant objects of the model category [X,S]". Then the evaluation
functor ev : X x [X,S] — S induces a functor e : X x [X,S]/ — Kan. The coherent
nerve of this functor is a map of simplicial sets

C'X x O'[X,8) —U.
When X is enriched over Kan complexes, the corresponding map
clx,s)f — ucx

is an equivalence of logoi. It follows by adjointness that for any simplicial set A we
have an equivalence of logoi

C'[C1A, S)f — U,
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17. MORITA EQUIVALENCE

In this section, we introduce the notion of Morita equivalence between simplicial
sets. The category of simplicial sets admits a model structure in which the weak
equivalences are the Morita equivalences and the cofibration are the monomor-
phisms. The fibrant objects are the Karoubi complete logoi. We give an explicit
construction of the Karoubi envelope of a logos. The results of the section are taken
from [J2].

17.1. Recall that a functor u : A — B between small categories is said to be a
Morita equivalence if the base change functor

u* : [B?,Set] — [A°, Set]

is an equivalence of categories. A functor u : A — B is a Morita equivalence iff it
is fully faithful and every object b € B is a retract of an object in the image of u.

17.2. Recall an idempotent e : b — b in a category is said to split if there exists a
pair of arrows s : @ — b and 7 : b — a such that e = sr and rs = 1,. A category C
is said to be Karoubi complete if every idempotent in C' splits.

17.3. The model structure (Cat, Eq) admits a Bousfield localisation with respect
to Morita equivalences. The local model structure is cartesian closed and left
proper. We shall denote it shortly by (Cat,Meq). A category is fibrant iff it
is Karoubi complete. We call a fibration a Morita fibration. A Karoubi enve-
lope Kar(C') of a category C is a fibrant replacement of C' in the model structure
(Cat, Meq). The category Kar(C) is well defined up to an equivalence of cate-
gories. The envelope is well defined up to an equivalence of logoi.

17.4. We shall denote by i : C — x(C) the following explicit construction of the
Karoubi envelope of a category C. An object of the category x(C) is a pair (¢, e),
where ¢ is an object of C' and e € C(c, ¢) is an idempotent. An arrow f : (¢c,e) —
(d,€') of k(C) is a morphism f € C(c, ) such that fe = f = ¢/ f. The composite
of f:(c,e) — (¢,e') and g : (¢/,€') — (c¢”,€”) is the arrow gf : (c,e) — (¢”,¢€”).
The arrow e : (¢,e) — (¢, e) is the unit of (¢, e). The functor i : C' — x(C) takes an
object ¢ € C to the object (¢, 1.) € k(C).

17.5. Let Split be the category freely generated by two arrows s : 0 — 1 and
r: 1 — 0 such that rs = 1g. The monoid E = Split(1,1) is freely generated by one
idempotent e = sr and we have k(E) = Split. A functor is a Morita fibration iff it
has the right lifting property with respect to the inclusion £ C Split.

17.6. We shall say that a map of simplicial sets u : A — B is a Morita equivalence
if the base change functor

P*(u) : P(B) < P(A)

is an equivalence of categories. A map u : A — B is a Morita equivalence iff it is
fully faithful and every object b € 71 B is a retract of an object in the image of u.
Hence a map u : A — B is a Morita equivalence iff the opposite map u° : A° — B°
is a Morita equivalence. A weak categorical equivalence is a Morita equivalence.
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17.7. An idempotent in a logos X is defined to be a map e : ' — X, where F is
the monoid freely generated by one idempotent. We shall say that an idempotent
e: E — X splitif it can be extended to a map Split — X. We shall say that a logos
X is Karoubi complete if every idempotent in X splits. If X is Karoubi complete,
then so are the logoi X/b and b\ X for every object b € X.

17.8. The model category (S, Weat) admits a Bousfield localisation with respect to
Morita equivalences. The local model structure is cartesian closed and left proper.
We shall denote it shortly by (S, Wmor). A fibration is called a Morita fibration. A
logos is fibrant iff it is Karoubi complete. The Karoubi envelope Kar(X) of a logos
X is defined to be a fibrant replacement of X in the model structure (S, Wmor).
The envelope is well defined up to an equivalence of logoi.

17.9. The pair of adjoint functors
71:S« Cat: N

is a Quillen adjunction between the model categories (S, Wmor) and (Cat, Wmor).
A functor u : A — B in Cat is a Morita equivalence (resp. a Morita fibration) iff
the map Nu: NA — NB is a Morita equivalence (resp. a Morita fibration).

17.10. A mid fibration between logoi is a Morita fibration iff it has the right lifting
property with respect to the inclusion £ C Split. The base change of a Morita
equivalence along a left or a right fibration is a Morita equivalence. Every right
(resp. left) fibration is a Morita fibration.

17.11. The canonical map X — hoX is a Morita fibration for any logos X. It
follows that an idempotent u : E — X splits iff its image hu : E — hoX splits in
hoX. Hence a logos X is Karoubi complete iff every idempotent u : £ — X which
splits in hoX splits in X.

17.12. Let E be the monoid freely generated by one idempotent. Then a logos
X is is Karoubi complete iff the projection X P!t — X¥ defined by the inclusion
E C Split is a trivial fibration.

17.13. The Karoubi envelope of a logos X has functorial construction X — x(X).
Observe that the functor k : Cat — Cat has the structure of a monad, with a
left adjoint comonad L. To see this, we need the notion of semi-category. By
definition, a semi-category B is a category without units. More precisely, it is a
graph (s, t) : By — By x By equipped with a composition law B; X ;B1 — By which
is associative. There is an obvious notion of semi-functor between semi-categories.
Let us denote by sCat the category of small semi-categories and semi-functors.
The forgetful functor U : Cat — sCat has a left adjoint F' and a right adjoint G.
The existence of F is clear by a general result of algebra. If B is a semi-category,
then the category G(B) has the following description. An object of G(B) is a pair
(b,e), where b € By and e : b — b is an idempotent; an arrow f : (b,e) — (V',¢€)
of G(B) is a morphism f € B(b,b') such that fe = f = e'f. Composition of
arrows is obvious. The unit of (b, e) is the morphism e : (b,e) — (b,e). It is easy
to verify that we have U F G. By construction, we have x(C) = GU(C) for any
category C. It follows that the functor x has the structure of a monad. Moreover,
we have L - k, where L = FU. The functor L has the structure of a comonad by
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adjointness. The category L[n| has the following presentation for each n > 0. It is
generated by a chain of arrows

0 f1 1 f2 9 o n,

and a sequence of idempotents e; : i — i (0 <4 < n). In addition to the relation
e;e; = e; for each 0 < i < n, we have the relation fie; 1 = f; = e;f; for each
0 <i<n.If Ais a simplicial set, let us put

#(A)n = S(L[n], A)

for every m > 0. This defines a continuous functor x : S — S having the structure
of a monad. If X is a logos, then the unit X — k(X) is a Karoubi envelope
of X. A map between logoi f : X — Y is a Morita equivalence iff the map
k(f) : kK(X) — k(Y) is an equivalence of logoi.

17.14. The model category (S, Wcat) admits a uniform homotopy factorisation
system (A, B) in which A is the class of Morita equivalences. A map p: X — Y
belongs to B iff it admits a factorisation p'w : X — X’ — Y with p’ a Morita
fibration and w a weak categorical equivalence.

18. ADJOINT MAPS

We introduce the notion of adjoint maps between logoi and formulate a necessary
an sufficient condition for the existence of adjoints. We also introduce a weaker form
of the notion of adjoint for maps between simplicial sets.

18.1. Recall from 1.11 that the category S has the structure of a 2-category S™. If
u:A— Bandv: B — A are maps of simplicial sets, an adjunction (a,3) : u 4 v
between u and v

u:A— B:v

is a pair of natural transformations o : 14 — vu and 0 : uv — 1p satisfying the
adjunction identities:

(Bou)(uoa)=1, and (vopB)(aov)=1,.

The map u is the left adjoint and the map v the right adjoint. The natural trans-
formation « is the wunit of the adjunction and the natural transformation [ is the
counit. We shall say that a homotopy a : 14 — vu is an adjunction unit if the nat-
ural transformation [a] : 14 — vu is the unit of an adjunction u 4 v. Dually, we say
that a homotopy 3 : uv — 1p is an adjunction counit if the natural transformation
[0] : uv — 1p is the counit of an adjunction u - v.

18.2. The functor 71 : S — Cat takes an adjunction to an adjunction. A composite
of left adjoints A — B — (' is left adjoint to the composite of the right adjoints
C — B— A

18.3. An object a in a logos X is initial iff the map a : 1 — X is left adjoint to the
map X — 1.
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18.4. A map between logoi g : Y — X is a right adjoint iff the logos a\Y defined
by the pullback square

a\Y —=Y

|k

a\X —X

admits an initial object for every object a € X. An object of the logos a\Y is a
pair (b,u), where b € Yy and u : a — f(b) is an arrow in X. We shall say that the
arrow u is universal if the object (b, u) is initial in a\Y. If f is a map X — Y, then
a homotopy a : 1x — ¢f is an adjunction unit iff the arrow a(a) : a — gf(a) is
universal for every object a € X. Dually, a map between logoi f: X — Y is a left
adjoint iff the logos X/b defined by the pullback square

X/b—>=X

b

Y/b—>y

admits a terminal object for every object b € Y. An object of the logos X/b is a
pair (a,v), where a € Xy and v : f(a) — b is an arrow in Y'; we shall say that the
arrow v is couniversal if the object (a,v) is terminal in X/b. If g is a map ¥ — X
then a homotopy 3 : fg — 1y is an adjunction counit iff the arrow 3(b) : fg(b) — b
is couniversal for every object b € Y.

18.5. The base change of left adjoint between logoi along a right fibration is a left
adjoint.

18.6. If f : X «— Y : g is a pair of adjoint maps between logoi, then the right
adjoint ¢ is fully faithful iff the counit of the adjunction 8 : fg — 1y is invertible,
in which case the left adjoint f is said to be a reflection and the map g to be
reflective. Dually, the left adjoint f is fully faithful iff the unit of the adjunction
a: 1y — gf isinvertible, in which case the right adjoint g is said to be a coreflection
and the map f to be corefiective.

18.7. The base change of a reflective map along a left fibration is reflective. Dually,
the base change of a coreflective map along a right fibration is coreflective.

18.8. We shall say that a map of simplicial sets u : A — B is a weak left adjoint if
the functor

1 (u, X) : 11 (B, X) — 11 (4, X)

is a right adjoint for every logos X. Dually, we shall say that v : A — B is a weak
right adjoint if the functor 7 (u, X) is a left adjoint for every logos X. A map of
simplicial sets u : A — B is a weak left adjoint iff the opposite map u° : A° — B°
is a weak right adjoint.

18.9. A map between logoi is a weak left adjoint iff it is a left adjoint. The notion
of weak left adjoint is invariant under weak categorical equivalences. The functor
71 : S — Cat takes a weak left adjoint to a left adjoint.
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18.10. Weak left adjoints are closed under composition. The base change of weak
left adjoint along a right fibration is a weak left adjoint. A weak left adjoint is an
initial map. A vertex a € A in simplicial set A is initial iff the map a:1 — Ais a
weak left adjoint.

18.11. Let B a simplicial set. For each vertex b € B, let us choose a factorisation
1 — Rb— B of the map b:1 — B as a right anodyne map 1 — Rb followed by
a right fibration Rb — B. Then a map of simplicial sets u : A — B is a weak
left adjoint iff the simplicial set Rb x g A admits a terminal vertex for each vertex
be B.

18.12. We say that a map v: B — A is a weak reflection if the functor
Tl(va) : Tl(AaX> - Tl(B7X)

is coreflective for every logos X. We say that a map of simplicial sets u : A — B is
weakly reflective if the functor

T1(u, X) : 11 (B, X) — 11 (4, X)

is a coreflection for every logos X. There are dual notions of weak coreflection and
of weakly coreflective maps.

18.13. If a map of simplicial sets is both a weak left adjoint and a weak right
adjoint, then it is a weak reflection iff it is weak coreflection.

18.14. A weak left adjoint is a weak reflection iff it is dominant iff it is a localisation.
Dually, a weak right adjoint is a weak coreflection iff it is dominant iff it is a
localisation.

19. HOMOTOPY LOCALISATIONS

In this section we formulate the Dwyer-Kan localisation theory in terms of logoi
instead of simplicial categories.

19.1. Recall that a strict localisation is a functor A — S~!A which inverts a set
S of arrows universally. A functor v : A — B is called a localisation iff it admits
a factorisation u = wu’ : A — B’ — B, with « a strict localisation and w an
equivalence of categories. There is also a notion of iterated localisation introduced
in 11.14. Recall that that the model category (Cat, Eq) admits a homotopy fac-
torisation system (A, B) in which A is the class of iterated localisations and B is
the class of conservative functors.

19.2. We say that a map of simplicial sets u : A — B inverts a set of arrows
S C A if every arrow in u(S) is invertible in the category 71(B). If u inverts S we
shall say that w is a homotopy localisation with respect to S if for any logos X, the
map X% : XB — X4 induces an equivalence between the logos XZ and the full
simplicial subset of X4 spanned by the maps A — X which inverts S.
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19.3. Let S be a set of arrows in a simplicial set A. If J is the groupoid generated
by one arrow 0 — 1, then the map A — A[S™!] in the pushout square

Us 7 A

L

U — A[S™]

is a homotopy localisation with respect to S.

19.4. We shall say that a map of simplicial sets v : A — B coinverts an iterated
localisation [ : ;A — C if the functor 7 (u) : 71(A) — 71(B) can be factored
through [ up to a natural isomorphism. We shall say that a map v : A — B is a
homotopy localisation (resp. iterated homotopy localisation) if the functor 7 (u) :
71(A) — 7(B) is a localisation (resp. an iterated localisation) and for any logos
X, the map X* : X® — X4 induces an equivalence between the logos X? and the
full simplicial subset of X4 spanned by the maps A — X which inverts 7 (u).

19.5. The functor 7 : S — Cat takes a homotopy localisation to a localisation and
an iterated homotopy localisation to an iterated localisation. An iterated homotopy
localisation u : A — B is a homotopy localisation iff the iterated localisation
71(u) : 1A — 7 B is a localisation.

19.6. The model category (S, Weat) admits a homotopy factorisation system (A, B)
in which B is the class of conservative maps and A is the class of iterated homotopy
localisations. Hence a monomorphism of simplicial sets is an iterated homotopy
localisation iff it has the left lifting property with respect to conservative pseudo-
fibrations between logoi.

19.7. An iterated homotopy localisation is essentially surjective and dominant. A
weak reflection (resp. coreflection) is a homotopy localisation. The base change of
a homotopy localisation along a left or a right fibration is a homotopy localisation.
Similarly for the base change of an iterated homotopy localisation.

19.8. Recall from 48.5 that for any category A, the full subcategory of A\Cat
spanned by the iterated strict localisations A — C'is equivalent to a complete lattice
Locy(A). Tts maximum element is defined by the strict localisation A — w1 A which
inverts every arrow in A. If A is a simplicial set, then the full subcategory of the
homotopy category Ho(A\S, Weat) spanned by the iterated homotopy localisations
A — C'is equivalent to a complete lattice Loc(A). Moreover, the functor 71 induces
an isomorphism of lattices Loc(A) ~ Locy(m1A). The maximum element of Loc(A)
is the fibrant replacement A — K of A in the model category (S, Who).



70 ANDRE JOYAL

19.9. Suppose that we have a commutative cube of simplicial sets

NN

By ————D;.

in which the top and the bottom faces are homotopy cocartesian. If the maps
Ay — A1, By — B and Cy — C; are homotopy localisations, then so is the maps
Dy — D;. Similarly for iterated homotopy localisations.

19.10. Every simplicial set X is the homotopy localisation
Ax el(X) = X

of its category of elements el(X) = A/X. The map Ax was defined by Illusie in
[Mlu]. Let us first describe Ax in the case where X is (the nerve of) a category
C. Recall that an object of el(C) is a chain of arrows z : [n] — C, and that a
morphism a: y — z from y : [m] - C tox:[n] - Cisamap u:[m] — [n]in A
such that zu = y. The functor A¢ : el(C) — C' is defined by putting Ac(z) = z(n)
and A¢(a) = z(u(m),n), where (u(m),n) denotes the unique arrow u(m) — n in
the category [n]. The family of maps A¢ : el(C) — C, for C € Cat, is a natural
transformation between two endo-functors of Cat. The natural transformation has
then a unique extension \x : el(X) — X for X € S. Let us now show that Ax
is a homotopy localisation. Let A’ be the subcategory of A whose arrows are the
maps u : [m] — [n] with u(m) = n. We shall denote by el’(X) the subcategory
of el(X) obtained by pulling back A’ along the projection el(X) — A. The map
Ax @ el(X) — X takes every arrow in el’(X) to a unit in X. It thus induces a
canonical map

wx :el(X)[el'(X)7'] = X,

The result will be proved if we show that wx a weak categorical equivalence. We
only sketch of the proof. The domain F(X) of wy is a cocontinuous functor of X.
Moreover, the functor F' takes a monomorphism to a monomorphism. The result
is easy to verify in the case where X = A[n]. The result then follows from a formal
argument using the the skeleton filtration of X and the cube lemma.

19.11. If u : A — B is homotopy localisation, then the base change functor P*(u) :
P(B) — P(A) is fully faithful, since a homotopy localisation is dominant. An object
X € P(A) belongs to the essential image of the functor P*(u) iff its (contravariant)
homotopy diagram D(X) : 71(A)° — Ho(S, Who) inverts the localisation 7 (A4) —
T1 (B) .
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19.12. If f : a — b is an arrow in a simplicial set A, then the inclusion i : {0} — I
induces a map f’ : a — f between the objects a : 1 — A and f : I — A of the
category S/A. If S is a set of arrows in A, we shall denote by (S/A, S U Wcont).
the Bousfield localisation of the model structure (S/A, Weont) with respect to the
set of maps {f’': f € S}. An object X € R(A) is fibrant in the localised structure
iff the map f* : X(b) — X(a) of the contravariant homotopy diagram of X is a
weak homotopy equivalence for every arrow f:a — bin S. If p: A — A[S™1] is
the canonical map, then the pair of adjoint functors

p:S/A « S/AISTY : p*

is a Quillen equivalence between the model category (S/A,% U Weont) and the
model category (S/A[S™!], Weont).

19.13. It follows from 19.12 that a right fibration X — B is a Kan fibration iff
the map f*: X(b) — X(a) of the contravariant homotopy diagram of X is a weak
homotopy equivalence for every arrow f:a — bin B.

20. BARYCENTRIC LOCALISATIONS

In this section we give an explicit construction of the quasi-localisation of a model
category with respect to weak equivalences.

20.1. For every n > 0, let us denote by Py[n] the (nerve of) the poset of non-empty
subsets of [n] ordered by the inclusion. From a map f : [m] — [n], we obtain a
map FPo(f) : Polm] — Poln] by putting Po(f)(S) = f(S) for every S € Py[m. This
defines a functor Py : A — S. Recall that the Ez functor of Daniel Kan

Ex:S—S
is defined by putting
Ea(X), = S(Poln], X)
for every X € S and n > 0. The functor Ex has a left adjoint
B:S—S

obtained by taking the left Kan extension of the functor Py : A — S along the
Yoneda functor A — S. The simplicial set B(X) is called the barycentric subdivision
of a simplicial set X.

TO BE COMPLETED

21. LIMITS AND COLIMITS

In this section we study the notions of limit and colimit in a logos. We define the
notions of cartesian product, of fiber product, of coproduct and of pushout. The
notion of limit in a logos subsume the notion of homotopy limits. For example.
the loop space of a pointed object is a pullback and its suspension a pushout. We
consider various notions of complete and cocomplete logoi. Many results of this
section are taken from [J1] and [J2].

21.1. If X is a logos and A is a simplicial set, we say that a map d : A — X is
a diagram indexed by A in X . The logos X can be large. The cardinality of a
diagram d : A — X is the cardinality of A. A diagram d : A — X is small (resp.
finite) if A is small (resp. finite).
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21.2. Recall that a projective cone with base d : A — X in a logos X is a map
c¢: 1% A — X which extends d along the inclusion A C 1x A. The projective cones
with base d are the vertices of a logos X/d by 9.8. We say that a projective cone
c: 1% A — X with base d is ezact if it is a terminal object of the logos X/d. When
c:1x A — X is exact, the vertex | = ¢(1) € X is said to be the (homotopy) limit
of the diagram d and we write
I = lim d(a) = limd.
acA A

21.3. If d : A — X is a diagram in a logos X, then the full simplicial subset of X/d
spanned by the exact projective cones with base d is a contractible Kan complex
when non-empty. It follows that the limit of a diagram is homotopy unique when
it exists.

21.4. The notion of limit can also be defined by using fat projective cones 104 — X
instead of projective cones 1xA — X. But the canonical map X/d — X //d obtained
from the canonical map 1¢ A — 1% A is an equivalence of logoi by 9.20. It thus
induces an equivalence between the Kan complex spanned by the terminal vertices
of X/d and the Kan complex spanned by the terminal vertices of X /d.

21.5. The colimit of a diagram with values in a logos X is defined dually. We recall
that an inductive cone with cobase d: A — X in alogos X isamapc: Ax1 — X
which extends d along the inclusion A C A x 1. The inductive cones with a fixed
cobase d are the objects of a logos d\ X. We say that an inductive cone ¢ : 1x4 — X
with cobase d is coezact if it is an initial object of the logos d\X. When ¢ : Ax1 — X
is coexact, the vertex | = ¢(1) € X is said to be the (homotopy) colimit of the
diagram d and we write

I = colimgead(a) = colim ad.

The notion of colimit can also be defined by using fat inductive cones A¢1 — X,
but the two notions are equivalent.

21.6. If X is a logos and A is a simplicial set, then the diagonal map X — X4 has
a right (resp. left) adjoint iff every diagram A — X has a limit (resp. colimit).

21.7. We shall say that a (large) logos X is complete if every (small) diagram
A — X has a limit. There is a dual notion of a cocomplete logos. We shall say that
a large logos is bicomplete if it is complete and cocomplete.

21.8. We say that a logos X is finitely complete or cartesian if every finite diagram
A — X has a limit. There is dual notion of a finitely cocomplete or cocartesian
logos. We shall say that a logos X is finitely bicomplete if it is finitely complete and
cocomplete.

21.9. The homotopy localisation L(€) of a model category & is finitely bicomplete,
and it is (bi)complete when the category £ is (bi)complete.

21.10. The coherent nerve of the category of Kan complexes is a bicomplete logos
U = Ug. Similarly for the coherent nerve Uj of the category of small logoi.
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21.11. A map between logoi f: X — Y is said to preserve the limit of a diagram
d: A — X if this limit exists and f takes an exact projective cone ¢: 1x A — X
with base d to an exact cone fc:1xA — Y. Themap f: X — Y is said to be
continuous if it takes every (small) exact projective cone in X to an exact cone. A
map between cartesian logoi is said to be left exact if it preserves finite limits.

21.12. Dually, a map f: X — Y is said to preserve the the colimit of a diagram
d: A — X if this colimit exists and f takes a coexact inductive cone with cobase
d to a coexact cone. A map f : X — Y is said to be cocontinuous if it takes
every (small) coexact inductive cone in X to a coexact cone. A map which is both
continuous and cocontinuous is said to be bicontinuous,

21.13. A right adjoint between logoi is continuous and a left adjoint cocontinuous.

21.14. If X is a logos and S is a discrete simplicial set (ie a set), then a map
xS — X is the same thing as a family (z; | i € S) of objects of X. A projective
cone ¢ : 1 xS — X with base  : S — X is the same thing as a family of arrows
(pi -y — x; | i € S) with domain y = ¢(1). When c¢ is exact, the object y is said
to be the product of the family (z; : i € S), the arrow p; : y — x; is said to be a
projection and we write

Yy = H Xy

=X
Dually, an inductive cone ¢ : S *x1 — X with cobase = is a family of arrows
(u; : 2; — y |t € S) with codomain y = ¢(1). When c is coexact, the object y is
called the coproduct of the family (z; : i € S), the arrow wu; : 2; — y is said to be a
coprojection and we write

i€S

21.15. The canonical map X — hoX preserves products and coproducts.

21.16. We say that a logos X has finite products if every finite family of objects
of X has a product. A logos with a terminal object and binary products has finite
products. We say that a large logos X has products if every small family of objects
of X has a product. There are dual notions of a logos with finite coproducts and of
large logos with coproducts

21.17. If X is a logos and b € Xy, then an object of the logos X/b is an arrow
a — bin X. The fiber product of two arrows a — b and ¢ — b in X is defined to be
their product as objects of the logos X/b,

a Xy Cc——>=C

|

a ——— ).
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21.18. If X is a logos and a € Xj, then an object of the logos a\X is an arrow
a — bin X. The amalgameted coproduct of two arrows a — b and a — ¢ in X is
defined to be their coproduct as objects of the logos a\X,

aq——>C

|

b——=0bl, c.

21.19. A commutative square in a logos X is map I x I — X. The square I x [ is a
projective cone 1xA2[2]. A commutative square I x I — X is said to be cartesian,
or to be a pullback if it is exact as a projective cone. We shall say that a logos X
has pullbacks if every diagram A2[2] — X has a limit.

21.20. A diagram d : A%[2] — X is the same thing as a pair of arrows f : a — b
and g : ¢ — bin X. The limit of d is the domain of the fiber product of f and g. A
logos X has pullbacks iff the logos X/b has finite products for every object b € X.

21.21. Dually, a commutative square I x I — X in a logos X is said to be co-
cartesian, or to be a pushout, if it is coexact as an inductive cone. We say that a
logos X has pushouts) if every diagram A°[2] — X has a colimit. A logos X has
pushouts iff the logos a\ X has finite coproducts for every object a € X.

21.22. A logos with terminal objects and pullbacks is finitely complete. A map
between finitely complete logoi is finitely continuous iff it preserves terminal objects
and pullbacks.

21.23. A logos with products and pullbacks is complete. A map between complete
logoi is continuous iff it preserves products and pullbacks.

21.24. We say that a logos X is cartesian closed if it has finite products and the
product map a x (=) : X — X has a right adjoint [a,—] : X — X, called the
exponential, for every object a € X. We say that a logos X is locally cartesian
closed if the slice logos X/a is cartesian closed for every object a € X.

21.25. The logos U is locally cartesian closed. The logoi Uy and Uy /I are cartesian
closed, where I = A[1].

21.26. The base change of a morphism f : a — b in a logos along another morphism
u:a’ — a is the morphism f’ in a pullback square,
a —a

1)

Y ——=b.

21.27. To every arrow f : @ — b in a logos X we can associate a pushforward
map f1 : X/a — X/b by 16.7. The map fi is unique up to a unique invertible
2-cell in the 2-category QCat. The logos X has pullbacks iff the pushforward map
fi: X/a — X/b has a right adjoint

ff:X/b— X/a

for every arrow f:a — b. We shall say that f* is the base change map along f.
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21.28. A cartesian logos X is locally cartesian closed iff the base change map
ff:X/b— X/a

has a right adjoint f, for every arrow f:a — b.

21.29. Let d : B — X a diagram with values in a logos X and let u: A — B a
map of simplicial sets. If the colimit of the diagrams d and du exist, then there is
a canonical morphism

colim adu — colimpd
in the category hoX. When the map u : A — B is final, the map d\X — du\X
induced by u is an equivalence of logoi by 9.17. It follows that the colimit of d

exists iff the colimit of du exists, in which case the canonical morphism above is
invertible and the two colimits are isomorphic.

21.30. Let d : B — X a diagram with values in a logos X. If u : (M,p) — (N,q)
is a contravariant equivalence in the category S/B, then the map d¢g\X — dp\X
induced by u is an equivalence of logoi. It follows that the colimit of dp exists iff
the colimit of dq exists, in which case the two colimits are naturally isomorphic in
the category hoX.

21.31. Let (A4; | i € S) be a family of simplicial sets and let us put
A= |4
i€S
If X is a logos, then a diagram d : A — X is the same thing as a family of diagrams

d; : A; — X for ¢ € S. If each diagram d; has a colimit z;, then the diagram d has
a colimit iff the coproduct of the family (x; : ¢ € I) exists, in which case we have

colimad = H colim a,d.
ies

21.32. Suppose we have a pushout square of simplicial sets
A—2>(O
B——=T.

with ¢ monic. Let d : T — X be a diagram with values in a logos X and suppose
that each diagram dv, dvi and dj has a colimit. Then the diagram d has a colimit
iff the pushout square

colimadvi ——— > colim¢dj

| |

colimpdv A

exists, in which case colimpd = Z.
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21.33. In alogos with finite colimit X, the coproduct of n objects can be computed
inductively by taking pushouts starting from the initial object. More generally, the
colimit of any finite diagram d : A — X can be computed inductively by taking
pushouts and the initial object. To see this, let us put

l, = colimggn ad | SK™ A

for each n > 0. The object [y is the coproduct of the family d | Ag. If n > 0,
the object I, can be constructed from I,,_; by taking pushouts. To see this, let
us denote by C,,(A) the set of non-degenerate n-simplices of A. We then have a
pushout square

Cp(A) x OA[n] ——= Skr—14

| |

Crn(A) x Aln] Sk™A

for each n > 1. The colimit of a simplex x : A[n] — X is equal to z(n), since n is a
terminal object of A[n]. Let us denote by §(z) the colimit of the simplicial sphere
x | OA[n]. There is then a canonical morphism §(x) — z(n), since A[n] C Aln).
It then follows from 21.32 that we have a pushout square,

[iec, (a)0(2) ———— 1,1

|

HxECn(A) z(n) —— ln.

The construction shows that a logos with initial object and pushouts is finitely
cocomplete.

21.34. Recall from 17.7 than an idempotent in a logos X is defined to be a map
e : ' — X, where E is the monoid freely generated by one idempotent. An
idempotent e : E — X splits iff the diagram e : £ — X has a limit iff it has a
colimit. A complete logos is Karoubi complete Beware that the simplicial set F is
not quasi-finite. Hence a cartesian logos is not necessarly Karoubi complete.

21.35. The Karoubi envelope of a cartesian logos is cartesian. The Karoubi enve-
lope of a logos with finite products has finite products.

21.36. Every cocartesian logos X admits a natural action (A, z) — A -z by finite
simplicial sets. By definition, the object A-x is the colimit of the constant diagram
A — X with value z. The map x — A - x is obtained by composing the diagonal
Ay X — XA with its left adjoint 14 : X4 — X. Equivalently A - z is the colimit
of ¢ : 1 — X weighted by A — 1 There is a canonical homotopy equivalence

X(A-x,y) :X(az,y)A

for every y € X. Dually, every cartesian logos X admits a contravariant action
(x, A) — 2 by finite simplicial set A. By definition, the object 24 € X is he limit
of the constant diagram A — X with value z. There is a a canonical homotopy
equivalence

X(y,a™) = X(y,2)"
for every y € X. The covariant and contravariant actions are related by the formula
x4 = (A° - z2°)°,
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21.37. In the logos Uj, the product map x : U; x U; — U; coincides with the
action map defined above and the exponential [—,—] : U x U; — U; with the
coaction map.

21.38. A cocartesian logos X with a null object 0 admits a natural action by finite
pointed simplicial sets. The smash product A A\ x of an object x € X by a finite
pointed simplicial set A is defined by the pushout square,

l-z——=1-0

where a : 1 — A is the base point. This defines a map AA (=) : X — X. There is
a natural isomorphism
AN(BAz)~(AANB) Az

for any pair of finite pointed simplicial sets A and B. There is also a natural
isomorphism S° A 2 ~ x, where S° is the pointed O-sphere. The suspension of
an element z € X, is defined to be the smash product %(z) = S A z, where S*
is the pointed circle. The n-fold suspension is the smash product S™ A z. For a
fixed object x € X, the map A — A A x takes an homotopy pushout square of
finite pointed simplicial sets to a pushout square in X. For example, it takes the
homotopy pushout square

S0 ——=0

|

0— gt

to a pushout square

X" (x)

21.39. Dually, let X be a pointed cartesian logos with null object 0 € X. The
cotensor of an element x € X by a finite pointed simplicial set A is the element
[A, x] € X defined by the pullback square,

[A,LL‘] —0

|

xT
zA —— 2

where a : 1 — A is the base point. This defines a map [4,—] : X — X. For any
pair of pointed simplicial sets A and B, there is a natural isomorphism

[A,[B,z]] ~ [A A B, x]

and it is homotopy unique. There is also a natural isomorphism [S°,z] ~ x. The
loop space of an element z € X is defined to be the cotensor [S!, z]. The n-fold loop
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space is the cotensor [S™, z]. For a fixed object z € X, the map A — A A x takes
an homotopy pushout square of finite pointed simplicial sets to a pushout square
in X. For example, it takes the homotopy pushout square

S0 ——=0

to a pullback square

Q(z) Q" (x)

21.40. If the logos X is cocartesian and pointed, then its opposite X° is cartesian
and pointed. By duality we have

(ANz)? =[A%2°] ~ [A,2°],
since the simplicial sets A and A° are weakly homotopy equivalent. In particular,

we have (X - x)° ~ Q(2°). When X is bicartesian, the map AA (=) : X — X is left
adjoint to the map [4,—]: X — X.

21.41. Unless exception, we only consider small ordinals and cardinals. Recall that
an ordinal « is said to be a cardinal if it is smallest among the ordinals with the
same cardinality. Recall that a cardinal « is said to be regular if the sum of a family
of cardinals < «, indexed by a set of cardinality < «, is < a.

21.42. Let o be a regular cardinal. We say that a diagram A — X in a logos
X is a-small if the simplicial set A has cardinality < a. We say that a logos X
is a-complete if every a-small diagram A — X has a limit. We say that map
X — Y between a-complete logoi is a-continuous if it preserves the limit every
a-small diagram K — X. There are dual notions of a-cocomplete logos, and of
a-cocontinuous map. ogos!a-completetextbf ogos!a-cocompletetextbf

21.43. Let o be an infinite regular cardinal. Then a logos with a-products and
pullbacks. is a-complete. A map between a-complete logoi is a-continuous iff it
preserves a-small products and pullbacks.

21.44. For any simplicial set A, the map
AaAJA— A

defined in 21.44 is initial, since a localisation is dominant and a dominant map is
initial. Hence the limit of a diagram d : A — X in a logos X is isomorphic to the
limit of the composite d\4 : A/A — X. Observe that the projection ¢ : A/A — A
is a discrete fibration. If d : A — X is a diagram in a logos with products X, then
the map dA4 admits a right Kan extension II4(d) = II;(dA4) : A — X along the
projection q. See section 24 for Kan extensions. Moreover, we have

Ia(d)(n) = [T dla(n))

a€A,
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for every n > 0. The diagram d has a limit iff the diagram I14(d) has a limit, in
which case we have

limd = limIT 4(d).
=Tl
It follows that a logos with products and A-indexed limits is complete.

21.45. Dually, for any simplicial set A, the opposite of the map Ago : A/A° — A°
is a final map

9 =:AJA° — A.

Observe that the canonical projection p : A/A° — A° is a discrete opfibration. If
d: A— X is a diagram in a logos with coproducts X, then the map d\% admits a
left Kan extension X 4(d) = RKan, : A° — X along the projection p. We have

Sald)n = [ dla(0))

acA,

for every n > 0. The diagram d has a colimit iff the diagram ¥ 4(d) has a colimit,
in which case we have

colimad = colimaX 4(d).

It follows that a logos with coproducts and A°-indexed colimits is cocomplete.

22. GROTHENDIECK FIBRATIONS

22.1. We first recall the notion of Grothendieck fibration between categories. A
morphism f :a — b in a category F is said to be cartesian with respect a functor
p : E — B if for every morphism ¢ : ¢ — b in E and every factorisation p(g) =
p(f)u : p(c) — p(a) — p(b) in B, there is a unique morphism v : ¢ — a in E such
that g = fv and p(v) = u. A morphism f : a — b is cartesian with respect to the
functor p iff the square of categories

E/a—E/b

.

B/p(a) — B/p(b)

is cartesian, where the functor E/a — E/b (resp. B/p(a) — B/p(b)) is obtained
by composing with f (resp. p(f)). A functor p : E — B is called a Grothendieck
fibration over B if for every object b € E and every morphism g € B with target p(b)
there exists a cartesian morphism f € F with target b such that p(f) = g. There are
dual notions of cocartesian morphism and of Grothendieck opfibration. A functor
p: E — B is a Grothendieck opfibration iff the opposite functor p° : E° — B is a
Grothendieck fibration. We shall say that a functor p : E — B is a Grothendieck
bifibration if it is both a fibration and an opfibration.

22.2. If X and Y are two Grothendieck fibrations over B, then a functor X — Y
in Cat/B is said to be cartesian if its takes every cartesian morphism in X to
a cartesian morphism in Y. There is a dual notion of cocartesian functor be-
tween Grothendieck opfibrations over B and a notion of bicartesian functor between
Grothendieck bifibrations.
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22.3. Observe that a morphism f : a — b in a category F is cartesian with respect
a functor p : E — B iff every commutative square

A2 == E

Ll

A2 —= B
with z(1,2) = f has a unique diagonal filler.

22.4. Let p: E — B be a mid fibration between simplicial sets. We shall say that
an arrow f € F is cartesian if every commutative square

A"[n] ——F

|

Aln] — B

with n > 1 and z(n — 1,n) = f has a diagonal filler. Equivalently, an arrow f € E
with target b € E is cartesian with respect to p if the map E/f — B/pf xp/p, E/b
obtained from the commutative square

E/f —=E/b

.

B/pf —— B/pb

is a trivial fibration. Every isomorphism in F is cartesian when B is logos by 9.14.
We call a map of simplicial sets p : E — B a Grothendieck fibration if it is a mid
fibration and for every vertex b € E and every arrow g € B with target p(b) there
exists a cartesian arrow f € E with target b such that p(f) = g.

22.5. A map X — 1 is a Grothendieck fibration iff X is a logos. A right fibration
is a Grothendieck fibration whose fibers are Kan complexes. Every Grothendieck
fibration is a pseudo-fibration.

22.6. The class of Grothendieck fibrations is closed under composition and base
changes. The base change of a weak left adjoint along a Grothendieck fibration is
a weak left adjoint [?].

22.7. If p: E — B is a Grothendieck fibration, then so is the map p# : E4 — B4
for any simplicial set A.

22.8. The source map s : X! — X a Grothendieck fibration for any logos X. More
generally, if a monomorphism of simplicial sets u : A — B is fully faithful and a
weak left adjoint then the map X* : XB — X4 is a Grothendieck fibration for any
logos X.

22.9. The target map ¢t : X! — X a Grothendieck fibration for any logos with
pullbacks X. More generally, if a monomorphism of simplicial sets © : A — B
is fully faithful and a weak right adjoint, then the map X" : XB — X4 is a
Grothendieck fibration for any logos with pullbacks X.
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22.10. If F is an object of S/B, then for every simplex u : A[n] — B we have a
simplicial set [u, E]. If n = 0 and v = b : 1 — B, then the simplicial set [b, E] is
the fiber E(b) of the structure map £ — B at b € B. For any arrow f:a — b in
B consider the projections pg : [f, E] — E(a) and p; : [f, E] — E(b) respectively
defined by the inclusions {0} C I and {1} C I. If the structure map £ — B is a
Grothendieck fibration, then the projection p; : [f, E] — E(b) has a right adjoint
i1 : E(b) — [f, E] and the composite

f*=poi1: E(b) — E(a)

is well defined up to a unique invertible 2-cell. We shall say that f* is the base
change along f, or the pullback along f . If t : A[2] — B is a simplex with boundary

ot = (g,h, f),
b
VN
aq————>C,
h

then we can define a canonical invertible 2-cell

h* ~ f*g* : E(¢) — E(b) — E(a).

22.11. We shall say that a map g : X — Y between two Grothendieck fibrations
in S/B is cartesian if it takes every cartesian arrow in X to a cartesian arrow in Y.
A cartesian map g : X — Y respects base changes. More precisely, for any arrow
f:a— bin B, the following square commutes up to a canonical invertible 2-cell,

X (b) — Y (b)

f*l lf*

X(a) —=Y(a),
where the horizontal maps are induced by g.

22.12. Recall that the category S/B is enriched over S for any simplicial set B by
12.1. We shall denote by [X, Y] the simplicial set of maps X — Y between two ob-
jects of S/B. Let G(B) the full sub-category of S/B spanned by the Grothendieck
fibrations X — B. If X € G(B), then the simplicial set [A, X] is a logos for
any object A € S/B. Tt follows that the category G(B) is enriched over QCat.
By composing this enrichement with the functor 71 : QCat — Cat we obtain a
2-category structure on G(B).

22.13. Let us denote by Cart(B) the subcategory of G(B) whose morphisms are
the cartesian maps. The category R(B) is a full subcategory of Cart(B), since
every right fibration is a Grothendieck fibration and every map in R(B) is cartesian.
The inclusion functor R(B) C Cart(B) has a right adjoint

Jp : Cart(B) — R(B).

By construction, we have Jp(X) C X and a simplex z : Aln] — X belongs to
Jp(X) iff the arrow x(i,j) is cartesian for every 0 < i < j < n. Notice that a map
g: X — Y in G(B) is cartesian iff we have g(Jp(X)) C Jp(Y). The functor Jp
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respects base change. More precisely, for any Grothendieck fibration X — B and
any map of simplicial sets u : A — B we have a canonical isomorphism

uw Jp(X) = Ja(u*X).
In particular, we have Jg(X)(b) = J(X (b)) for every vertex b € B.

22.14. Every map between logoi u : A — B admits a factorisation
u=gi:A— P(u) — B

with g a Grothendieck fibration and ¢ a fully faithful right adjoint [?]. The simplicial
set P(u) is constructed by the pullback square

P(u) T Bl

A*“>B’

where ¢t is the target map. If s : Bl — B is the source map, then the composite
g = sq : P(u) — Bis a Grothendieck fibration. There is a unique map ¢ : A — P(u)
such that pi = 14 and ¢i = du, where § : B — B! is the diagonal. We have g F i
and the counit of the adjunction is the identity of gi = 1x. Thus, ¢ is fully faithful.
If p: X — B is a Grothendieck fibration, then for every map f: A — X in S/B
there exists a cartesian map ¢ : P(u) — X such that f = c¢i. Moreover, ¢ is unique
up to a unique invertible 2-cell in the 2-category G(B).

22.15. There are dual notions of cocartesian arrow and of Grothendieck opfibration.
A map p: E — B is a Grothendieck opfibration iff the opposite map p° : £ — B
is a Grothendieck fibration. We shall say that a map is a Grothendieck bifibration
if it is both a Grothendieck fibration and a Grothendieck opfibration.

22.16. A Kan fibration is a Grothendieck bifibration whose fibers are Kan com-
plexes.

22.17. If a logos X is bicomplete, then the map X% : XZ — X4 is a Grothendieck
bifibration for any fully faithful monomorphism of simplicial sets u : A — B.

22.18. If p: E — B is a Grothendieck opfibration, then the projection pg : [f, E] —
E(a) has a left adjoint ig : E(a) — [f, F] and the composite

fi =piio : E(a) — E(b)

is well defined up to a unique invertible 2-cell. We shall say that f, is the cobase
change along f, or the pushforward along f. The map f; is well defined of to a
unique invertible 2-cell. If p : E — B is a Grothendieck bifibration, the map f, is
left adjoint to the map f*.

23. PROPER AND SMOOTH MAPS

The notions of proper and of smooth functors were introduced by Grothendieck
in 31.30. We extend these notions to maps of simplicial sets. The results of the
section are taken from [J2].
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23.1. We shall say that a map of simplicial sets u : A — B is proper if the pullback
functor u* : S/B — S/A takes a right anodyne map to a right anodyne map. A
map of simplicial sets u : A — B is proper iff the inclusion u=!(b(n)) C b*(E) is
right anodyne for every simplex b : A[n] — B.

23.2. A Grothendieck opfibration is proper. In particular, a left fibration is proper.
The class of proper maps is closed under composition and base changes. A projec-
tion A x B — B is proper.

23.3. The pullback functor v* : S/B — S/A has a right adjoint u, for any map of
simplicial sets u : A — B. When u is proper, the pair of adjoint functors

u*:S/B «— S/A: u,.

is a Quillen pair with respect to the contravariant model structures on these cate-
gories. The functor u* takes a contravariant equivalence to a contravariant equiv-
alence and we obtain an adjoint pair of derived functors

P*(u) : P(B) < P(A) : Pe(u).

23.4. Dually, we shall say that a map of simplicial sets p : E — B is smooth if the
functor p* : S/B — S/FE takes a left anodyne map to a left anodyne map. A map
p is smooth iff the opposite map p° : E° — B¢ is proper.

23.5. The functor P*(u) admits a right adjoint P, (u) for any map of simplicial sets
u: A — B. To see this, it suffices by Morita equivalence to consider the case where
A and B are logoi. By 24.10, we have a factorisation u =pi: A — C — B, with i a
left adjoint and p a Grothendieck opfibration. We then have P*(u) ~ P*(i)P*(p).
Hence it suffices to prove the result when u is a Grothendieck opfibration and when
u is a left adjoint. The first case is clear by 23.3, since a Grothendieck opfibration
is proper by 23.2. If v : B — A is right adjoint to u, then we have P*(u) - P*(v)
by 14.11.

23.6. Suppose that we have a commutative square of simplicial sets
F——E
A——=B

Then the following square commutes,

Pr(v)

P(E)
\LP!(P)
Pa) — M L p(B).

From the adjunctions Pi(p) b P*(p) and Pi(q) - P*(¢) we can define a canonical
natural transformation

a: Pi(v)P*(q) — P*(p)Pi(u).
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We shall say that the Beck-Chevalley law holds if « is invertible. This means that
the following square commutes up to a canonical isomorphism,

PF) — . p(E)
P*(q) T TP* (p)
P Pr(u)
(A) — " p(B).

Equivalently, this means that the following square of right adjoints commutes up
to a canonical isomorphism,

P(F) P(E)
P*(q)i \LP*(;D)
P P~ (u)
(A) P(B).

23.7. (Proper or smooth base change) [J2] Suppose that we have a cartesian square

of simplicial sets,
F E
A B.

Then the Beck-Chevalley law holds if p is proper or if u is smooth.

v
_

u
_

24. KAN EXTENSIONS

We introduce the notion of Kan extension for maps between logoi. The results
of the section are taken from [J2].

24.1. Let C be a 2-category. Let us call a 1-cell of C a map. The left Kan extension
of amap f: A— X along a map u: A — B is a pair (g,«), where g: B— X is a
map and « : f — gu is a 2-cell, which reflects the map f along the functor

Clu, X): C(B,X) — C(A, X).

This means that for any map ¢’ : B — X and any 2-cell o/ : f — g'u, there is
a unique 2-cell 8 : g — ¢’ such that (8o u)a = o'. The pair (g, «) is unique up
to a unique invertible 2-cell when it exists, in which case we shall put g = X, (f).
Dually, the right Kan extension of a map f: A — X alongamap u: A — Bisa
pair (g, ), where g : B — X is a map and (3 : gu — f is a 2-cell, which coreflects
the map f along the functor C(X,u). This means that for any map ¢’ : B — X and
any 2-cell o : g'u — f, there is a unique 2-cell 8 : ¢’ — g such that a(Bou) = /.
The pair (g, /) is unique up to a unique invertible 2-cell when it exists, in which
case we shall put g = IL,(f).

24.2. If u: A < B : v is an adjoint pair in a 2-category C, then we have C(X,v) b
C(X,u) for any object X. Hence we have fv = 3,(f) for every f: A — X and we
have gu = I, (g) for every map g : B — X.
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24.3. The category S has the structure of a 2-category (= S™). Hence there is
a notion of Kan extension for maps of simplicial sets. We will only consider Kan
extension of maps with values in a logos. If X is a logos, we shall denote by ¥, (f)
the left Kan extension of amap f : A — X along a map of simplicial setsu : A — B.
Dually, we shall denote by II,(f) the right Kan extension of a map f : A — X
along u : A — B. By duality we have

L. (f)° = Zue (f°).

24.4. If X is a cocomplete logos and u : A — B is a map between (small) simplicial
sets, then every map f: A — X has a left Kan extension ¥, (f) : B — X and the
map X% : XB — X4 has a left adjoint

Y XA — X5
Dually, if X is a complete logos, then every map f : A — X has a right Kan
extension IT,(f) : B — X and the map X" has a right adjoint

I, : X4 — X5.

24.5. If u : A — B is a map of simplicial sets, then the colimit of a diagram
d: A — X is isomorphic to the colimit of its left Kan extension ¥,(d) : B — X,
when they exist. Dually, the limit of a diagram d : A — X is isomorphic to the
limit of its right Kan extension II,(d) : B — X, when they exist.

24.6. If u : A — B and v : B — (C are maps of simplicial sets, then we have a
canonical isomorphism
Yy oX, = X4 — X¢
for any cocomplete logos X. Dually, we have a canonical isomorphism
M, olIl, =, : X4 - X¢
for any complete logos X.

24.7. Let X be a bicomplete logos. If u : A <+ B : v is an adjunction between two
maps of simplicial sets, then we have three adjunctions and two isomorphisms,

Yo FX, =X"F X" =11, - I1,.
24.8. Every map between logoi u : A — B admits a factorisation
u=qi:A—P— B

with ¢ a Grothendieck opfibration and ¢ a fully faithful left adjoint (a coreflection)
by 24.10. If p : P — A is the righ adjoint of 4, then we have XP = ¥; for any
cocomplete logos X, since we have XP? - X*. Thus

Yy =% 0%; =3%,0X".

24.9. If u : A — B is a map between (small) simplicial sets, we shall denote the
map U* by u*, the map ¥,0 by w; and the map IT,o by u,. We have u - u* F u,,
w :P(A) « P(B) :u" : P(B) < P(4) : u,.

Notice the equality (vu)* = w*v* and the isomorphisms (vu); ~ vyuy and (vu), =~
VslUy. for a pair of maps u: A — B and v : B — C. More generally, if X is a

complete logos anhd uw : A — B is a map between (small) simplicial sets, we may
denote the map X* by u*, the map X0 by w and the map II,o by u,.
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24.10. If u : A < B : v is an adjunction between two maps of simplicial sets, then
we have three adjunctions and two isomorphisms,

whkuvy=u"Fv"=u, v,
24.11. Suppose that we have commutative square of simplicial sets,
F——FE
A——B.

If X is a cocomplete logos. then from the commutative square

XF <L XE
XqT T o
xA<—"_xB

then from the adjunctions 3, F X* and ¥, F XV, we can define a natural trans-
formation

oY, X1 — XPY,,.
We shall say that the Beck-Chevalley law holds if « is invertible. Dually, if X is
complete, then from the adjunctions X? F II, and X? - II, we obtain natural
transformation

B8 X", — I, X".
We shall say that the Beck-Chevalley law holds if 8 is invertible. When X is
bicomplete, the transformation g is the right transpose of . Thus, § is invertible
iff v is invertible. Hence the Beck-Chevalley law holds in the first sense iff it holds
in the second sense. The Beck-Chevalley law holds in the first sense if the square
pv = uq is cartesian and wu is a smooth map. The Beck-Chevalley law holds in the
second sense if the square pv = uq is cartesian and p is a proper map.

24.12. Suppose that we have commutative square of simplicial sets,
F——FE
A——B.

If X is a complete logos. then from the commutative square

*

XFo ’U% XED
q*T Tp*
XA X
and the adjunctions p* F p, and ¢* F g4, we obtain natural transformation
o u'pe — quT.

We shall say that the Beck-Chevalley law holds if « is invertible. The Beck-Chevalley
law holds if the square pv = ugq is cartesian and p is a proper map. Dually, if X is a
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cocomplete logos, then from the adjunctions w F «* and v F v*, we obtain natural
transformation
B:ug — pru.

We shall say that the Beck-Chevalley law holds if (3 is invertible. The Beck-Chevalley
law holds if the square pv = ugq is cartesian and v is a smooth map. When X is
bicomplete, the transformation 3 is the left transpose of a. Thus, 3 is invertible iff
« is invertible. Hence the Beck-Chevalley law holds in the first sense iff it holds in
the second sense.

24.13. If p: E — B is a proper map and E(b) is the fiber of p at b € By, then the
Beck-Chevalley law holds for the square

E(b) ——E
|,k
1—>>B.
This means that if X is a complete logos, then we have
p«(f)(0) = lim f(x)
z€E(b)
for any map f : E° — X. Dually, If p : E — B is a smooth map and X is a
cocomplete logos, then we have
p(f)(b) = lim f(z)
z€E(b)
for any map f: E° — X.

24.14. It follows from 24.13 that if p : E — B is a smooth map and X is a complete
logos, then we have

I, (f)(b) = Tim  f(z),

z€E(b)
for every map f: E — X and every b € By. Dually, if p: E — B is a proper map
and X is a cocomplete logos, then we have

Ep()(b) = Tim  f(z)

z€E(b)

for every map f: E — X and every b € By.

24.15. If X is a cocomplete logos and B is a logos, let us compute the left Kan
extension of a map f : A — X along a map u : A — B. We shall apply the
Beck-Chevalley law to the pullback square

A/b— B/b

Lk

A———=B
The value of ¥,(f) at b: 1 — B is obtained by composing the maps

XAAXBX*I)>X.



88 ANDRE JOYAL

If t : 1 — B/b is the terminal vertex, then we have X = X'XP, since we haved
b = pt. The map ¢t : 1 — B/b is right adjoint to the map r : B/b — 1. It follows
that X = ¥,. Thus,

X'y, = XtXPy, = 2, XPY,,.

The projection p is smooth since a right fibration is smooth. Hence the following
square commutes up to a natural isomorphism by 24.12,

XA/b # XA

Ev \L lgu
p

XB/b ———— XB,
Thus,
YL XPY, 2N, X~ Y, X1
But X, is the colimit map
lim : X% — X,

since rv is the map A/b — 1. Hence the square

XA/b <L XA
1if£1l izu

X
commutes up to a canonical isomorphism. This yields Kan’s formula

Eu(f)(b) = lim  f(a).

u(a)—b

Xb

24.16. Dually, if X is a complete logos and B is a logos, then the right Kan
extension of a map f : A — X along a map v : A — B is computed by Kan’s
formula

IL(f)(b) = lim  f(a),

b—u(a)

where the limit is taken over the simplicial set b\ A defined by the pullback square

b\A ——=b\B

Lk

A——=B.

24.17. A map of simplicial sets u : A — B is fully faithful iff the map ¥, : X4 —
X B is fully faithful for every cocomplete logos X .
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24.18. Let X be a cocomplete logos. For any span (s,t) : S — Ax B, the composite

XAXHSXSL)(B

is a cocontinuous map
X(S): x4 - X5,

If u:S — T is amap in Span(A, B), then from the commutative diagram

and the counit ¥, o X* — id, we can define a 2-cell,
X{u): X(S) =%, 0X*=%,08,0X%0 X! =%, 0X'=X(T).
This defines a functor
X (=) : Span(A, B) — 7 (X4, XP).

A map u: S — T in Span(A, B) is a bivariant equivalence if the 2-cell

X{u) : X(S) — X(T).
is invertible for any cocomplete logos X iff the 2-cell

U(u) : U(S) — U(T).
is invertible. We thus obtain a functor

X(=): AMA,B) - (X4, XP).
24.19. If S € Span(A, B) and T € Span(B,C) are bifibrant spans, then we have
a canonical isomorphism
X(T oSy~ X(T)o X(S)

for any cocomplete logos X. To see this, it suffices to consider the case where A,
B and C' are logoi. We have a pullback diagram,

ToS

The map s : T — B is smooth, since it is Grothendieck fibration by 15.13. It then
follows from 24.12 that the Beck-Chevalley law holds for the square in the following
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diagram,
XTOS

>N

XS X7
N TN
XB X,

X(ToS)=5%5,XPX° >, XP¥,X* = X(T) o X(S).
We have defined a (pseudo) functor
X{(—):A—CQ,

where CQ the 2-category of cocomplete logoi and cocontinuous maps.

XA
Thus,

24.20. If A is a (small) simplicial set, then the endo-functor X +— X4 of CQ
is right adjoint to the endo-functor X +— X4°. More precisely, for any pair of
cocomplete logoi X and Y, we have a natural equivalence of categories
CQXA")Y) ~ CQ(X,Y4).
The unit of the adjunction is the map X (n4) : X — X4°*4 and the counit is the
map X (ey) : XA*A” - X Tt folllows from this adjunction that the logos X4° can
be regarded as the tensor product A ® X of X by A. More precisely, the map
e Ax X — XA

which corresponds to the map X (n4) : X — X4”*4 by the exponential adjointness
is cocontinuous in the second variable and universal with respect to that property.
This means that for any cocomplete logos Y and any map f : Ax X — Y cocontin-
uous in the second variable, there exists a cocontinuous map ¢ : X4° — Y together
with an isomorphism « : f ~ gcs and moreover that the pair (f, «) is unique up to
unique isomorphism. Notice that we have c4(a,x)(b°) = Hom (b, a) - x for every
a,b€ A and x € X. The 2-category CQ becomes tensored over the category A"
if we put A ® X = X4° and

(Y@ X =X(S): A X —-B®X
for S € Span(B, A). In particular, we have A ® U = P(A4).

24.21. The counit of the adjunction (—)4" F (=) described above is the trace
map

Tra= X{ea): XAXA” X
In category theory, the trace of a functor f: A x A° — Y is called the coend

acA
coendA(f):/ fla,a).

We shall use the same notation for the trace of a map f: A x A° — Y. Notice that
TTA(f) = TTAO (tf)7

where f : A° x A — Y is the transpose of f. The inverse of the equivalence
CQX™",Y) ~ CQ(X, Y
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associates to a map f : X X A — Y cocontinuous in the first variable the map
g: XA” =Y obtained by putting

a€A
9(z) = / f(2(a), a).
for every z € X4°.

24.22. If X is a complete logos, the cotrace map

Try : X474 5 X
is defined to be the opposite of the trace map Ty : (X©)A*4
theory, the cotrace of a functor f : A° x A — X is the end

enda(f) = / )

— X°. In category

and we shall use the same notation. Notice that
Tro(f) =Tra.('f),
where 'f : A x A° — X is the transpose of f.

24.23. If X is a logos, then the contravariant functor A — ho(A, X) = ho(X4)
is a kind of cohomology theory with values in Cat. When X is bicomplete, the
map ho(u, X) : ho(B, X) — ho(A, X) has a left adjoint ho(%,) and a right adjoint
ho(I1,) for any map u : A — B. If we restrict the functor A — ho(A, X) to the
subcategory Cat C S, we obtain a homotopy theory in the sense of Heller, also
called a derivateur by Grothendieck [Malt1] Most derivateurs occuring naturally in
mathematics can be represented by bicomplete logoi.

25. THE Locos U

The logos U is cocomplete and freely generated by its terminal objects. More
generally, the logos of prestacks on a simplicial set A is cocomplete and freely
generated by A. A cocomplete logos is equivalent to a logos of prestacks iff it is
cogenerated by a small set of atoms.

25.1. Recall that the logos U = Uy is defined to be the coherent nerve of the
category Kan of Kan complexes. The logos U is bicomplete and freely generated
by the object 1 € U as a cocomplete logos. More precisely, if S and T" are cocomplete
logoi, let us denote by CC(S,T) the full simplicial subset of 7" spanned by the
cocontinuous maps S — T'. Then the evaluation map

ev:CC(U,X)— X

defined by putting ev(f) = f(1) is an equivalence for any cocomplete logos X. The
map ev is actually a trivial fibration. If s is a section of ev, then the map

S Ux X =X

defined by putting k - © = s(z)(k) is cocontinuous in each variable and we have
1.2 =z for every z € X.
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25.2. The Yoneda map ya : A — P(A) exibits the logos P(A) as the free comple-
tion of A under colimits. More precisely, the map
yi : CC(P(A), X) — X4

induced by the map y4 : A — P(A) is an equivalence for any cocomplete logos
X. The inverse equivalence associates to a map g : A — X its left Kan extension
g : P(A) — X along y4 :. The value of g on a prestack k € P(A) is the colimit of
the map g : A — X weighted by the diagram Fl(k) — A. In other words, we have

gi(k) = lim g.
Ei(k)
Compare with Dugger [Du].

25.3. The left Kan extension of the Yoneda map y4 : A — P(A) along itself is the
identity of P(A). It follows that we have

k= lim ya
El(k)

for every object k € P(A).

25.4. If f: A — X is a map between small logoi, we shall say that the map
= Fryx X - P(A)

is the probe map associated to f. The map f' can be defined under the weaker
assumption that X is locally small.

25.5. For example, if f is the map A — U; obtained by applying the coherent
nerve functor to the inclusion A — QCat, then the probe map

flu — P(A)

associates to an object C' € Uy its nerve N(C) : A° — U. By construction, we
have

N(C)n = J(CA[n])

for every n > 0.

25.6. If X is locally small and cocomplete, then the left Kan extension of a map
f:+A— X along the Yoneda map y4 : A — P(A) is left adjoint to the probe map

f!
fi:P(A) - X f.
25.7. For any simplicial set A, the logos P(A) is the homotopy localisation of

the model category (S/A, Weont). More precisely, we saw in 21.44 that the map
Aa: AJA — Ais a homotopy localisation. The left Kan extension of the composite

yA/\A : A/A — P(A)
along the inclusion A/A — S/A induces an equivalence of logoi
L(S/A,Wcont) — P(A).

The inverse equivalence associates to a prestack f : A — U the right fibration
El(f) — A.
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25.8. If f : A — B is a map between small logoi, then the map f* = U/’ is the
probe of the composite ygf : A — B — P(B) and we have

fi:P(A) < P(B): f*.

25.9. It follows from Yoneda lemma that the logos of elements El(g) of a prestack
g € P(A), is equivalent to the logos A/g defined by the pullback square

Alg—>P(A)/g
:£ Yya P(A),

The adjoint pair
9 :P(A/g) = P(A)/g:¢
obtained from the map ¢ is an equivalence of logoi.

25.10. Let X be a locally small logos. If A is a small simplicial set, we shall say
that a map f : A — X is dense if the probe map f': X — P(A) is fully faithful.
We shall say that a small full subcategory A C X is dense if the inclusioni: A C X
is dense; we shall say that a set of objects S C X is dense if the full sub logos
spanned by S is dense.

25.11. Let X be a locally small logos. If A is a small simplicial set, we shall say
that amap f : A — X is separating if the probe map f' : X — P(A) is conservative;
we shall say that a set of objects S C X is separating if the inclusion S C X is
separating. Every dense map is separating.

25.12. For example, the Yoneda map y4 : A — P(A) is dense, since the map (y4)
is the identity. In particular, the map 1 : 1 — U is dense. The map f: A — U;
defined in 7?7 is dense; this means that the nerve map

N:U; - P(A)
is fully faithful.

25.13. A map of simplicial sets u : A — B is dominant iff the map ypu : A — P(B)
is dense.

25.14. Let X be alocally small logos. If A is a simplicial set, thenamap f: A — X
is dense iff the counit of the adjunction

fi:P(A) - X f
is invertible. The value of this counit at € X is the canonical morphism
i f =
Az
where the diagram A/x — A is defined by the pullback square

Al —— A

b

X/ox—— X.
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25.15. If X is a logos, we shall say that a simplicial subset A C X is replete if every
object of X isomorphic to an object in A belongs to A. If X is cocomplete, let us
denote by A the smallest full simplicial subset of X which is replete, which is closed
closed under colimits and which contains A. We shall say that A is cogenerating if
we have A = X.

25.16. A cogenerating simplicial subset of a cocomplete logos is separating.

25.17. Let X be a (locally small) cocomplete logos. We shall say that an object
x € X is atomic if the map homx (x,—) : X — U is cocontinuous.

25.18. Any complete or cocmplete logos is Karoubi complete. In particular, the
logos P(A) is Karoubi complete for any simplicial set A. Moreover, the Yoneda
map y4 : A — P(A4) admits an extension vy, : k(4) — P(A) to the Karoubi
envelope of A and this xtension is homotopy unique. The map y/, is fully faithful
and it induces an equivalence between £(A) and the full simplicial subset of P(A)
spanned by atomic objects.

25.19. If g: A° — U is a prestack on a small logos A, then the atoms of the logos
P(A)/g are the morphisms a — g, with a € k(A4).

25.20. Let X be a cocomplete (locally small) logos and A C X be a small full
simplicial subset spanned by atomic objects. Then the left Kan extension

i; : P(A) — X.

of the inclusion 7 : A C X along the map y4 : A — P(A) is fully faithful. Moreover
7y is an equivalence iff A cogenerates X iff A separates X.

25.21. A cocomplete logos X is equivalent to a logos of prestacks iff it is cogener-
ated by a small set of atoms.

25.22. If A is a simplicial set, we say that a pre-stack g € P(A) is finitely presented
if it is the colimit of a finite diagram of representable prestacks.

25.23. If A is a simplicial set, we say that a pre-stack g € P(A) is finitely pre-
sentable if it is the colimit of a finite diagram of representable prestacks. We shall
denote by P7(A) the full simplicial subset of P(A) spanned by the finitely pre-
sentable prestacks. The Yoneda map y4 : A — P(A) induces a map A — P/(A)
(also denoted y4).

25.24. We conjecture that an atomic prestack is finitely presentable iff it is repre-
sentable.

25.25. For any (small) simplicial set A, the map y4 : A — P7(A) exhibits the
logos P/(A) as the free completion of A under finite colimits. More precisely, if S
and T are cocartesian logoi, let us denote by C/(S,T) the full simplicial subset of
T spanned by the finitely cocontinuous maps S — T. Then the map

va: CT(P7(4),X) — x4

induced by the map y4 : A — Pf(A) is an equivalence for any cocartesian logos
X. The inverse equivalence associates to a map g : A — X its left Kan extension
g1 : P/(A) — X along the map ya : A — P7(A).

25.26. A logos A is cocartesian iff the map y4 : A — Pf(A) has a left adjoint.
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25.27. For any prestack g € P(A), the equivalence P(A/g) ~ P(A)/g of 25.19
induces an equivalence

P/ (A/g) = PI(A)/g,

25.28. If u : A — B is a map of simplicial sets, then the map u : P(4) — P(B)
takes finitely presentable prestacks to a finitely presentable prestacks. We obtain a
square

A—u>B

uy

P/(4) —P/(B)

which commutes up to a canonical isomorphism. The induced map wu : P¥(A) —
P/(B) is fully faithful iff « is fully faithful. We conjecture that u; is an equivalence
iff u is a weak categorical equivalence.

25.29. If A is a simplicial set, we say that a pre-stack g € P(A) is a-presentabe if
it is the colimit of a diagram of cardinality < « of representable prestacks. We shall
denote by P, (A) the full simplicial subset of P(A) spanned by the a-presentable
prestacks. The Yoneda map y4 : A — P(A) induces a map A — P/(A) (also
denoted y4).

25.30. If For any (small) simplicial set A the map y4 : A — P/(A) exhibits the
logos P, (A) as the free completion of A under a-colimits. More precisely, if S and
T are a-cocomplete logoi, let us denote by C, (S, T) the full simplicial subset of 7%
spanned by the a-cocontinuous maps S — 7. Then the map

Y Ca(Pa(A), X) — x4

induced by the map y4 : A — P,(A4) is an equivalence for any a-cocomplete logos
X. The inverse equivalence associates to a map g : A — X its left Kan extension
g1 : Po(A) — X along the map y4 : A — P, (4).

25.31. A logos A is a-cocomplete iff the map y4 : A — P, (A) has a left adjoint.

25.32. For any prestack g € P(A), the equivalence P(A/g) ~ P(A)/g of 25.19

induces an equivalence

P.(A/g) ~Pa(A)/g,

25.33. The correspondance f — el(f) of 16.8 between the maps B — U and the
left fibrations in S/B can be used for translating the properties of the former to
the latter. For example, a map f : B — U is said to be coeract on an inductive
cone ¢ : K x1 — B if the inductive cone fc: K x 1 — U is coexact. We shall say
a left fibration ¢ : X — B is coexact on ¢ : K 1 — B if it is classified by a map
f : B — U wjhich is coexact on c. It is easy to see that ¢ : X — B is coexact on ¢
iff the inclusion (ci)*(X) C ¢*(X) is a weak homotopy equivalence, where ¢ denotes
the inclusion K C K x 1. Dually, a map f : B — U is said to be ezact on a cone
¢:1x K — B if the composite fc: 1% K — U is exact. A left fibration ¢: X — B
is exact on ¢ : 1 x K — B iff the map [i, X] : [1x K, X] — [K, X]| obtained from the
inclusion ¢ : K C 1% K is a weak homotopy equivalence.
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25.34. If B is a logos, we shall say that a left fibration p : E — B preserves the
colimit of a diagram d : K — B if this colimit exists and p is coexact on the coexact
inductive cone which extends d. Dually, we shall say that p preserves the limit of d
if this limit exists and p is exact on the exact projective cone which extends d. For
example, for any map a : A — B, the left fibration a\B — B preserves the limit
of any diagram K — B. The notion of a right fibration p : E — B preserving the
limit or the colimit of a diagram d : K — B is defined dually.

26. FACTORISATION SYSTEMS IN LOGOI

In this section, we introduce the notion of factorisation system in a logos. It is
closely related to the notion of homotopy factorisation system in a model category
introduced in section 11.

26.1. We first define the orthogonality relation w1 f between the arrows of a logos
X. Ifu:a—band f:z — y are two arrows in X, then an arrow s € X (u, f) in
the logos X! is a a commutative square s : I x I — X,

—

l |

—Y,

such that s|{0} x I = w and s|{1} xI = f. A diagonal filler for s is a map IxI — X
which extends s along the inclusion I x I C I xI. The projection ¢ : X*I — X!
defined by the inclusion I x I C I %I is a Kan fibration. We shall say that u is left
orthogonal to f, or that f is right orthogonal to u, and we shall write uL f, if the
fiber of q at s is contractible for every commutative square s € X’ (u, f). An arrow
f € X is invertible iff we have fLf.

26.2. When X has a terminal object 1, then an arrow x — 1 is right orthogonal
to an arrow w : a — b iff the map

X(u,z): X(b,z) — X(a,z)

induced by w is a homotopy equivalence. In this case we shall say that x is right
orthogonal to the arrow u, or that = local with respect to u, and we shall write u 1l x.

26.3. If h : X — hoX is the canonical map, then the relation ul f between the
arrows of X implies the relation h(u) th h(f) in hoX. However, if h(u) = h(u’) and
h(f) = h(f’), then the relations uL f and u' L f" are equivalent. Hence the relation
ul f only depends on the homotopy classes of u and f. If A and B are two sets of
arrows in X, we shall write AL B to indicate the we have u_L f for every u € A and
f € B. We shall put

At ={fe X, :Yuc A ulf}, tA={ue X, :VfeA ulfl.

The set A+ contains the isomorphisms, it is closed under composition and it has
the left cancellation property. It is closed under retracts in the logos X?. And
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it is closed under base changes when they exist. This means that the implication
fe At = f' € Al is true for any pullback square

I/H,’I}

1]

y —Y
in X.

26.4. Let X be a (large or small) logos. We shall say that a pair (A, B) of class of
arrows in X is a factorisation system if the following two conditions are satisfied:
e AL =Band A="'B;
e every arrow f € X admits a factorisation f = pu (in hoX) with u € A and
p € B.

We say that A is the left class and that B is the right class of the factorisation
system.

26.5. If X is a logos, then the image by the canonical map h : X — hoX of a fac-
torisation system (A, B) is a weak factorisation system (h(A), h(B)) on the category
hoX. Moreover, we have A = h='h(A) and B = h=!h(B). Conversely, if (C, D) is
a weak factorisation system on the category ho(X), then the pair (h=1(C), h=*(D))
is a factorisation system on X iff we have h=(C') Lh~1(D).

26.6. The left class A of a factorisation system (A, B) in a logos has the right
cancellation property and the right class B the left cancellation property. Each
class is closed under composition and retracts. The class A is closed under cobase
changes when they exist. and the class B under base changes when they exist.

26.7. The intersection A N B of the classes of a factorisation system (A, B) on a
logos X is the class of isomorphisms in X. Let us denote by A’ the 1-full simplicial
subset of X spanned by A. The simplicial set A’ is a logos by ?7?, since we have
A = h7th(A) and h(A) is a subcategory of hoX. We shall say that it is the sub-logos
spanned by A. If B’ is the sub-logos spanned by B, then we have A’ N B’ = J(X),
where J(X) is the largest sub Kan complex of X.

26.8. Let (A, B) be a factorisation system in a logos X. Then the full sub-logos
of X! spanned by the elements in B is reflective; it is thus closed under limits.
Dually, the full sub-logos of X' spanned by the elements in A is coreflective; it is
thus closed under colimits.

26.9. Let (A, B) be a factorisation system in a logos X. Then the full sub-logos
of X' spanned by the elements in B is reflective. Hence this sub-logos is closed
under limits. Dually, the full sub=logos of X! spanned by the elements in A is
coreflective.

26.10. L’et (A, B) be a factorisation system in a logos X. If p: E — X is a left or
a right fibration, then the pair (p~1(A4),p~1(B)) is a factorisation system in E; we
shall say that the system (p~1(A),p~!(B)) is obtained by lifting the system (A, B)
to E along p. In particular, every factorisation system on X can lifted to X/b (resp.
b\ X) for any vertex b € X.
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26.11. A factorisation system (A, B) on a logos X induces a factorisation sys-
tem (Ag, Bg) on the logos X* for any simplicial set S. By definition, a natural
transformation « : f — g : S — X belongs to Ag (resp. Bg) iff the arrow
a(s) : f(s) — g(s) belongs to A (resp. B) for every vertex s € S. We shall say that
the system (Ag, Bg) is induced by the system (A, B).

26.12. Let p : &€ — L(E) be the homotopy localisation of a model category. If
(A, B) is a factorisation system in L(£), then the pair (p~1(A4),p~(B) is a homo-
topy factorisation system in £, and this defines a bijection between the factorisation
systems in L(£) and the homotopy factorisation systems in &.

26.13. If A is the class of essentially surjective maps in the logos U; and B is the
class of fully faithful maps, then the pair (A4, B) is a factorisation system. If A is the
class of final maps in Uy and B is the class of right fibrations then the pair (A, B)
is a factorisation system. If B is the class of conservative maps in U; and A is
the class of iterated homotopy localisations, then the pair (A4, B) is a factorisation
system. If A is the class of weak homotopy equivalences in U; and B is the class
of Kan fibrations then the pair (A4, B) is a factorisation system.

26.14. Let p: X — Y be a Grothendieck fibration between logoi. If A C X is the
set of arrows inverted by p and B C X is the set of cartesian arrows, then the pair
(A, B) is a factorisation system on X.

26.15. If X is a logos with pullbacks then the target functor ¢t : X! — X is a
Grothendieck fibration. It thus admits a factorisation system (A, B) in which B is
the class of pullback squares. An arrow u : a — b in X! belongs to A iff the arrow
u1 in the square

ag i> bO

a1 L bl
is quasi-invertible.
26.16. We say that a factorisation system (A, B) in a logos with finite products X
is stable under finite products if the class A is closed under products in the category
XT. When X has pullbacks, we say that a factorisation system (4, B) is stable

under base changes if the class A is closed under base changes. This means that
the implication f € A = f’ € A is true for any pullback square

}

26.17. Every factorisation system in the logos U is stable under finite products.

I

f/

PN

/H

<
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26.18. We shall say that an arrow v : @ — b in a logos X is a monomorphism or
that it is monic if the commutative square

1
e

a—a
1al \Lu
u
aq ——
is cartesian. Every monomorphism in X is monic in the category hoX but the

converse is not necessarly true. A map between Kan complexes u : A — B is monic
in U iff it is homotopy monic.

26.19. We shall say that an arrow in a cartesian logos X is surjective, or that is a
surjection , if it is left orthogonal to every monomorphism of X. We shall say that
a cartesian logos X admits surjection-mono factorisations if every arrow f € X
admits a factorisation f = up, with u a monomorphism and p a surjection. In this
case X admits a factorisation system (A, B), with A the set of surjections and B
the set of monomorphisms. If logos X admits surjection-mono factorisations, then
so do the logoi b\ X and X/b for every vertex b € X, and the logos X for every
simplicial set S.

26.20. If logos X admits surjection-mono factorisations, then so does the category
hoX.

26.21. We say that a cartesian logos X is regular if it admits surjection-mono
factorisations and system is stable under base changes.

26.22. The logos U is regular. If a logos X is regular then so are the logoi b\ X
and X/b for any vertex b € X and the logos X4 for any simplicial set A.

26.23. Recall that a simplicial set A is said to be a 0-object if the canonical map
A — 7o(A) is a weak homotopy equivalence, If X is a logos, we shall say that an
object a € X is discrete or that it is a 0-object if the simplicial set X (z,a) is a
0-object for every object x € X. When the product a x a exists, the object a € X
is a 0-object iff the diagonal a — a X a is monic. When the exponential as' exists,
the object a € X is a 0-object iff the projection aS" — a is invertible. We shall
say that an arrow uw : @ — b in X is a O-cover if it is a 0-object of the slice logos
X/b. An arrow u : @ — b is a O-cover iff the map X (z,u) : X(z,a) — X(x,b) is
a 0-cover for every node x € X. We shall say that an arrow v : ¢ — b in X is
0-connected if it is left orthogonal to every 0-cover in X. We shall say that a logos
X admits 0-factorisations if every arrow f € X admits a factorisation f = pu with
u a 0-connected arrow and p a O-cover. In this case X admits a factorisation system
(A, B) with A the set of 0-connected maps and B the set of 0-covers. If a logos X
admits 0-factorisations, then so do the logoi b\ X and X/b for every vertex b € X,
and the logos X ¥ for every simplicial set S.

26.24. There is a notion of n-cover and of n-connected arrow in every logos for
every n > —1. If X is a logos, we shall say that a vertex a € X is a n-object if
the simplicial set X (z,a) is a n-object for every vertex x € X. If n = —1, this
means that X (z,a) is contractible or empty. When the exponential as" exists,
then a is a n-object iff the projection a5 = a is invertible. We shall say that an
arrow u : a — b is a n-cover if it is a n-object of the slice logos X/b. If n > 0 and
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the product a X a exists, the vertex a is a n-object iff the diagonal a — a X a is a
(n — 1)-cover. We shall say that an arrow in a logos X is n-connected if it is left
orthogonal to every n-cover. We shall say that a logos X admits n-factorisations if
every arrow f € X admits a factorisation f = pu with u a n-connected map and p
a m-cover. In this case X admits a factorisation system (A, B) with A the set of n-
connected maps and B the class of n-covers. If n = —1, this is the surjection-mono
factorisation system. If X admits k-factorisations for every —1 < k& < n, then we
have a sequence of inclusions

A1 DA DA DA--- DA,
B_1CByC B C By - C By,

where (Ay, Bi) denotes the k-factorisation system in X.

26.25. The logos U admits n-factorisations for every n > —1 and the system is
stable under base change.

26.26. If a logos X admits n-factorisations, then so do the logoi b\ X and X/b for
every vertex b € X, and the logos X for every simplicial set S.

26.27. Suppose that X admits k-factorisations for every 0 < k < n. If £ > 0, we
shall say that a k-cover f : x — y in X is an FEilenberg-MacLane k-gerb and f is
(k — 1)-connected. A Postnikov tower (of height n) for an arrow f : a — b is a
factorisation of length n + 1 of f

Po p1 b2 Pn dn
a Zo T1 e Tn b,

where pg is a O-cover, where py, is an FM k-gerb for every 1 < k < n and where ¢,
is n-connected. The tower can be augmented by further factoring pg as a surjection
followed by a monomorphism. Every arrow in X admits a Postnikov tower of
height n and the tower is unique up to a homotopy unique isomorphism in the
logos XA+,

26.28. We shall say that a factorisation system (A, B) in a logos X is generated
by a set ¥ of arrows in X if we have B = 1. Let X be a cartesian closed logos.
We shall say that a factorisation system (A4, B) in X is multiplicatively generated
by a set of arrows X if it is generated by the set

Y = U axy.

a€Xp

A multiplicatively generated system is stable under products. For example, in
the logos U, the n-factorisations system is multiplicatively generated by the map
S+l — 1. In the logos Uy, the system of essentially surjective maps and fully
faithful maps is multiplicatively generated by the inclusion I C I. The system
of final maps and right fibrations is multiplicatively generated by the inclusion
{1} € I. The dual system of initial maps and left fibrations is multiplicatively
generated by the inclusion {0} C I. The system of iterated homotopy localisations
and conservative maps is multiplicatively generated by the map I — 1 (or by the
inclusion I C J, where J is the groupoid generated by one isomorphism 0 — 1).
The system of weak homotopy equivalences and Kan fibrations is multiplicatively
generated by the pair of inclusions {0} C I and {1} C I.
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27. n-OBJECTS

27.1. Recall that a simplicial set X is said to be a n-object, where n > 0, if we have
m(X,z) =1 for every i > n and z € X. A Kan complex X is a n-object iff every
sphere 9A[m] — X of dimension m — 1 > n can be filled. We shall say that a map
of simplicial sets u : A — B is a weak homotopy n-equivalence if the map mo(u) :
mo(A) — m(B) is bijective as well as the maps m;(u,a) : m(4,a) — m(B,u(a))
for every 1 < i < n and a € A. The model category (S, Who) admits a Bousfield
localisation with respect to the class of weak homotopy n-equivalences. We shall
denote the local model structure shortly by (S, Who[n]), where Who[n| denotes the
class of weak homotopy n-equivalences. Its fibrant objects are the Kan n-objects.

27.2. Recal that a simplicial set X is said to be a (—1)-object if it is contractible
or empty (ie if the map X — 3X is a weak homotopy equivalence, where 3X C 1
denotes the image of the map X — 1). A Kan complex X is a (—1)-object iff every
sphere OA[m] — X with m > 0 can be filled. We shall say that a map of simplicial
sets u : A — B is a (—1)-equivalence if it induces a bijection 34 — IB. The
model category (S, Who) admits a Bousfield localisation with respect to the class
of weak homotopy (—1)-equivalences. We shall denote the local model structure
shortly by (S, Who[—1]), where Who[—1] denotes the class of weak homotopy (—1)-
equivalences. Its fibrant objects are the Kan (—1)-objects.

27.3. Recall that a simplicial set X is said to be a (—2)-object if it is contractible.
Every map of simplicial sets is by definition a (—2)-equivalence. The model cat-
egory (S, Who) admits a Bousfield localisation with respect to the class of (—2)-
equivalences (ie of all maps). The local model can be denoted by by (S, Who[—2]),
where Who[—2] denotes the class of all maps. Its fibrant objects are the contractible
Kan complexes.

27.4. The homotopy n-type of a simplicial set A is defined to be a fibrant replace-
ment of A — 7p,;(A) of A in the model category (S, Who[n]).

27.5. If n > —2, we shall denote by U[n] the coherent nerve of the category of Kan
n-objects. It is the full simplicial subset of U spanned by these objects. We have
an infinite sequence of logoi,

U[-2] —— U[-1]] Ujo] U[1] U2

The logos U[—2] is equivalent to the terminal logos 1. The logos U[—1] is equivalent
to the poset {0,1} and the logos UJ0] to the category of sets. The logos UJ1] is
equivalent to the coherent nerve of the category of groupoids. Each logos Ul[n] is
bicomplete and locally cartesian closed. The inclusion U[n] — U is reflective and
its left adjoint is the map

7wy 2 U — Uln]

which associates to a Kan complex its homotopy n-type. The map m[,) preserves
finite products.
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27.6. We shall say that a map f : X — Y in S/B is a fibrewise homotopy n-
equivalence if the map X (b) — Y (b) induced by f between the homotopy fibers
of X and Y is a weak homotopy n-equivalence for every vertex b € B. The
model category (S/B,Who) admits a Bousfield localisation with respect to the
fibrewise homotopy n-equivalences. We shall denotes the local model structure
shortly by (S/B,Whog[n]), where Whog[n]| denotes the class of fibrewise homo-
topy n-equivalences in S/B. Its fibrant objects are the Kan n-covers X — B.

27.7. If u: A — B is a map of simplicial sets, then the pair of adjoint functors
w:S/A—S/B:u*

is a Quillen adjunction between the model category (S/A, Who[n]) and the model
category (S/B,Whog[n]). Moreover, it is a Quillen equivalence when u is a weak
homotopy (n + 1)-equivalence. This is true in particular when u is the canonical
map A — 7,41 A.

28. TRUNCATED LOGOI

28.1. We shall say that a logos X is 1-truncated if the canonical map X — 7 X is a
weak categorical equivalence. A logos X is 1-truncated iff the following equivalent
conditions are satisfied:

e the simplicial set X (a,b) is a 0-object for every pair a,b € X.

e every simplicial sphere dA[m] — X with m > 2 can be filled.

A Kan complex is 1-truncated iff it is a 1-object.

28.2. A category C is equivalent to a poset iff the set C(a,b) has at most one
element for every pair of objects a,b € C. We say that a logos X is 0-truncated
if it is 1-truncated and the category 71X is equivalent to a poset. A logos X is
0-truncated iff the following equivalent conditions are satisfied:

e the simplicial set X (a,b) is empty or contractible for every pair a,b € Xj;
e every simplicial sphere dA[m] — X with m > 1 can be filled.

A Kan complex is O-truncated iff it is a 0-object.

28.3. For any n > 2, we say that a logos X is n-truncated if the simplicial set
X(a,b) is a (n — 1)-object for every pair a,b € Xy. A logos X is n-truncated iff
every simplicial sphere OA[m| — X with m > n 4 1 can be filled. A Kan complex
is n-truncated iff it is a n-object.

28.4. The logos U[n] is (n + 1) truncated for every n > —1.

28.5. We shall say that a map of simplicial sets u : A — B is a weak categorical
n-equivalence if the map

To(u, X) : 79(B, X) — 10(4, X)

is bijective for every n-truncated logos X. The model structure (S,Wecat) ad-
mits a Bousfield localisation with respect to the class Weat[n]| of weak categori-
cal n-equivalences. The fibrant objects are the n-truncated logoi. The localised
model structure is cartesian closed and left proper. We shall denote it shortly by
(S, Weat[n]).
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28.6. If n > 0, then a map between logoi f : X — Y is a categorical n-equivalence
iff it is essentially surjective and the map X(a,b) — Y (fa, fb) induced by f is a
homotopy (n —1)-equivalence for every pair of objects a,b € X. A map of simplicial
sets uj : A — B is a weak categorical 1-equivalence iff the functor 7 (u) : 1 — 7 B
is an equivalence of categories. A map of simplicial sets u : A — B is a weak
categorical O-equivalence iff it induces an isomorphism between the poset reflections
of A and B.

28.7. The categorical n-truncation of a simplicial set A is defined to be a fibrant
replacement of A — 7p,)(A) of A in the model category (S, Wecat[n]). The funda-
mental category 71 A is a categorical 1-truncation of A. The poset reflection of A
is a categorical O-truncation of A.

28.8. If n > 0, we shall denote by Uj[n] the coherent nerve of the (simplicial)
category of n-truncated logoi. It is the full simplicial subset of U; spanned by the
n-truncated logoi. We have an infinite sequence of logoi,

U, [0] —— Uy [1] U, [2] U, [3]

The logos Uy[0] is equivalent to the category of posets and the logos Uj[1] to the
coherent nerve of Cat. We have U[n] = U N Uy [n] for every n > 0. The inclusion
U [n] — Uy is reflective and its left adjoint is the map

T[n] : U1 — Ul[n]

which associates to a logos its categorical n-truncation. The map 7y, preserves
finite products. The logos Uj[n] is is cartesian closed and (n 4 1)-truncated.

28.9. We right fibration X — B is said to be n-truncated if its fibers are n-objects.
The model category (S/B,Weont) admits a Bousfield localisation in which the
fibrant objects are the right n-fibrations X — B. The weak equivalences of the
localised structure are called contravariant n-equivalences. The localised model
structure is simplicial. We shall denotes it by (S/B, Wcont[n]),

28.10. A map u: M — N in S/B is a contravariant n-equivalence if the map
molu, X| : mo[M, X] — mo[N, X]
is bijective for every right n-fibration X — B.

28.11. For each vertex b € B, let us choose a factorisation 1 — Lb — B of the
map b: 1 — B as a left anodyne map 1 — Lb followed by a left fibration Lb — B.
Then a map w : M — N in S/B is a contravariant n-equivalence iff the map
Lbxpu:Lbxg M — Lbxpg N is a homotopy n-equivalence for every vertex b € B.
When B is a logos, we can take Lb = b\B. In this case a map v : M — N in
S/B is a contravariant n-equivalence iff the map b\u = b\ M — b\ N is a homotopy
n-equivalence for every object b € B.

28.12. If u: A — B is a map of simplicial sets, then the pair of adjoint functors
w:S/A—S/B:u*

is a Quillen adjunction between the model category (S/A, Weont[n]) and the model

category (S/B,Wcont[n]). Moreover, it is a Quillen equivalence when u is a cate-

gorical (n 4 1)-equivalence. This is true in particular when u is the canonical map
A= Ty A
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28.13. Dually, we say that a map u: M — N in S/B is a covariant n-equivalence
if the map u® : M° — N° is a contravariant n-equivalence in S/B°. The model
category (S/B,Wcov) admits a Bousfield localisation with respect to the class of
covariant n-equivalences for any n > 0. A fibrant object of this model category is
a left n-fibration X — B. The localised model structure is simplicial. We shall
denote it by (S/B, Weov[n]),

29. ACCESSIBLE LOGOI
29.1. A shall say that a (small) category C is directed if the colimit map

lim : Set® — Set
c
preserves finite limits. We shall say that C is filtered if C° is directed.

29.2. If A is a logos, we say that a diagram d : K — A is bounded above if d admits
an extension K x 1 — A. Dually, we say that the diagram is bounded below if d
admits an extension 1x K — A.

29.3. A logos A is directed iff every finite diagram K — A is bounded above iff
every simplicial sphere 9A[n] — A is bounded above iff the simplicial set Ex(A) is
a contractible Kan complex

29.4. If A is a directed logos, then so is the logos d\A for any finite diagram
d: K — A and the map d\A — A is final.

29.5. A logos A is directed iff it is non-empty and the simplicial set d\ A is weakly
contractible for any diagram d : A°[2] — A.

29.6. [Lul] For every directed logos A there exists a directed category C' together
with a final map C' — A. Moreover, C' can be chosen to be a poset [SGA].

29.7. We say that a diagram d : A — X in a logos X is directed if A is directed,
in which case we shall say that the colimit of d is directed if it exists. We say that
a logos X has directed colimits if every (small) directed diagram A — X has a
colimit. We shall say that a map between logoi is inductive if it preserves directed
colimits.

29.8. A logos with directed colimits is Karoubi complete. A cocartesian logos with
directed colimits is cocomplete.

29.9. If A is a simplicial set, we shall say that a prestack g € P(A) is directed, (or
that it is an ind-object) if the simplicial set A/g (or El(g)) is directed. We shall
denote by Ind(A) the full simplicial subset of P(A) spanned by the ind-objects.
The Yoneda map y4 : A — P(A) induces a map A — Ind(A) (also denoted ya).
The map ya : A — Ind(A) exhibits the logos Ind(A) as the free completion of A
under directed colimits. More precisely, if S and T' are logoi with directed colimits,
let us denote by Ind(S,T) the full simplicial subset of 7% spanned by the inductive
maps S — 7. Then the map

y% - Ind(Ind(A), X) — X4
induced by the map y4 : A — Ind(A) is an equivalence for any logos with directed

colimits X. The inverse equivalence associates to a map g : A — X its left Kan
extension ¢ : Ind(A) — X along the map y4 : A — Ind(A).



QUASI-CATEGORIES 105

29.10. If A is a simplicial set, then we have a decomposition
P(A) ~ Ind(P/(A)).

29.11. We shall say that a logos X is finitary accessible if it is equivalent to a logos
Ind(A) for a small logos A.

29.12. Let X be a (locally small) logos with directed colimits. We say that an
object a € X is compact if the map

homx(a,—): X - U

is inductive.

29.13. A finite colimit of compact objects is compact. A retract of a compact
object is compact.

29.14. A pre-stack g € P(A) is compact iff it is a retract of a finitely presented
pre-stack. Not every compact object of U = P(1) is finitely presented. A pre-stack
g € Ind(A) is compact iff it it is a retract of a representable prestack.

29.15. Let X be a logos with directed colimits and let K C X be a small full sub
logos of compact objects. Then the left Kan extension

i Ind(K) — X

of the inclusion i : K C X is fully faithful. Moreover, i, is an equivalence if every
object of X is a colimit of a directed diagram of compact objects.

29.16. A locally small logos X is finitary accessible iff the following conditions are
satisfied:

e X has directed colimits;
e every object of X is the colimit of a directed diagram of compact objects;
e the full sub-logos of compact objects of X is essentially small.

29.17. Let a be aregular cardinal. We shall say that a simplicial set A is a-directed
if the colimit map

lim : Ut -U

A
is a-continuous.

29.18. The notion of a-directed simplicial set is invariant under Morita equiva-
lence. A simplicial set A is a-directed iff the canonical map A — P, (A) is final.
A logos A is a-directed iff every diagram K — A of cardinality < « is bounded
above. A simplicial set with a terminal vertex is a-directed. An a-cocomplete logos
is a-directed.

29.19. Let « be a regular cardinal. We shall say that a diagram d : A — X is
a-directed if A is a-directed, in which case we shall say that the colimit of d is
a-directed when it exists. We shall say that a logos X has a-directed colimits if
every (small) a-directed diagram A — X has a colimit. We shall say that a map
between logoi is a-inductive if it preserves a-directed colimits.

29.20. If an a-cocomplete logos has a-directed colimits, then it is cocomplete.
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29.21. If A is a simplicial set, we shall say that a prestack g € P(A) is a-directed,
if the simplicial set A/g (or El(g)) is a-directed. We shall denote by Ind®(A) the
full simplicial subset of P(A) spanned by the a-directed prestacks. The Yoneda
map ya : A — P(A) induces a map A — Ind®(A) (also denoted y4). The map
ya : A — Ind®(A) exhibits the logos Ind*(A) as the free completion of A under
a-directed colimits. More precisely, if S and T are logoi with directed colimits, let
us denote by Ind®(S,T) the full simplicial subset of 7% spanned by the inductive
maps S — T. Then the map

v : Ind(Ind®(A), X) — X4

induced by the map y4 : A — Ind“(A) is an equivalence for any logos with a-
directed colimits X. The inverse equivalence associates to a map g : A — X its left
Kan extension gy : Ind“(A) — X along the map y4 : A — Ind®(A4).

29.22. If A is a simplicial set, then we have a decomposition

P(A) ~ Ind“(P,(A)).

29.23. We shall say that a logos X is a-accessible if it is equivalent to a logos
Ind*(A) for a small logos A. We shall say that X is accessible if it is equivalent to
a logos Ind*(A) for a small logos A and some regular ordinal a.

29.24. Let X be a (locally small) logos with a-directed colimits. We say that an
object a € X is a-compact if the map

homx(a,—): X - U
is a-inductive.

29.25. An a-colimit of a-compact objects is compact. A pre-stack g € Ind“(A) is
a-compact iff it it is a retract of a representable prestack.

29.26. Let X be a logos with a-directed colimits and let K C X be a small full
sub logos of a-compact objects. Then the left Kan extension

iyt Ind®(K) — X

of the inclusion 7 : K C X is fully faithful. Moreover, 4, is an equivalence if every
object of X is a colimit of an a-directed diagram of a-compact objects.

29.27. A locally small logos X is a-accessible iff the following conditions are sat-
isfied:
e X has a-directed colimits;
e every object of X is the colimit of an a-directed diagram of a-compact
objects;
e the full sub-logos of a-compact objects of X is essentially small.

30. LIMIT SKETCHES

The notion of limit sketch was introduced by Ehresman. A structure defined by
a limit sketch is said to be essentially algebraic.
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30.1. Recall that a projective cone in a simplicial set A is a map of simplicial sets
c: 1% K — A; A limit sketch is a pair (A, P), where A is a simplicial set and P
is a set of projective cones in A. A model of (A, P) with values in a logos X is
amap f: A — X which takes every cone ¢ : 1 *x K — A in P to an exact cone
fc:1x K — X. In other words, a model is a diagram A — X which satisfies the
exactness conditions specified by the cones in P. A model of a limit sketch is said
to be essedntially algebraic. We shall write f : A/P — X to indicate that a map
f:+A— X is amodel of (4, P). A model A/P — U is called a homotopy model,
or just a model if the context is clear. The models of (A, P) with values in X form
a logos Mod(A/P, X); it is the full simplicial subset of X“ spanned by the models
A/P — X. We shall write

Mod(A/P) = Mod(A/P,U).

The logos Mod(A/P) is bicomplete and the inclusion Mod(A/P) C U4 has a left
adjoint.

30.2. Recall from 21.42 that the cardinality of a diagram d : K — A in a simplicial
set A is defined to be the cardinality of K. We say that a limit sketch (A, P) is
finitary if every cone in P is finite. We say that an essentially algebraic structure
is finitary if it can be defined by a finitary limit sketch.

30.3. The notion of stack on a topological space is essentially algebraic, but it is
not finitary in general.

30.4. Recall that a logos is said to be cartesian if it has finite limits. A cartesian
theory is defined to be a small cartesian logos. A model of a cartesian theory T
with values in a logos X is a map f : T — X which preserves finite limits (such a
map is said to be left exact). The models of T'— X form a logos Mod(T, X), also
denoted T'(X). By definition, it is the full simplicial subset of X” spanned by the
models T' — X. We shall say that a model T'— U is a homotopy model, or just a
model if the context is clear. We shall write

Mod(T) = Mod(T, U).

We shall say that a model T' — Set is discrete. If S and T are cartesian theories, we
shall say that a model S — T is a morphism S — T, or that it is an interpretation
of S into T'. The identity morphism 7' — T is the generic or tautological model of
T.

30.5. The logos of models of a cartesian theory T is bicomplete and the inclusion
Mod(T) C UT has a left adjoint. If  : S — T is a morphism of cartesian theories,
then the map

u* : Mod(T) — Mod(S)
induced by the map U* : UT — U® has a left adjoint u;. The pair (uj,u*) an
equivalence of logoi iff the map u : S — T is a Morita equivalence.

30.6. It T is a cartesian theory, then the map hom(a,—) : T — U is a model for
every objects a € T. Hence the Yoneda map 7° — U7 induces a map

y:T° — Mod(T).
We shall say that a model f € Mod(T) is finitely presentable if it belongs the the

image of y. A model is compact iff it is a retract of a finitely presentable model.
The map y : T° — Mod(T) preserves finite colimits and it induces an equivalence
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between T° and the full sub-logos Mod(T)/ spanned by the finitely presentable
models of T. The left Kan extension of the inclusion Mod/ C Mod(T) along the
inclusion Mod? C Ind(Mod/) is an equivalence of logoi,

Ind(Mod') ~ Mod(T).

30.7. If (A, P) is a finitary limit sketch, we shall say that a model v : A/P — T
with values in a cartesian theory T is universal if the map

u* : Mod(T, X) — Mod(A/P, X)

induced by wu is an equivalence for any cartesian logos X. We shall say that a
universal model u : A/P — T is a presentation of the theory T by the sketch (4, P).
Every finitary limit sketch (A, P) has a universal model v : A — U(A/P) with
values in a cartesian theory U(A/P). The opposite logos U(A/P)° is equivalent to
the logos of finitely presentable models of (A, P). More precisely. if we compose
the Yoneda map A° — U# with the left adjoint to the inclusion Mod(A/P) C UA
we obtain a map

y: A° — Mod(A/P)

which takes a cone in P° to a coexact cone. We say that a model of (A, P) is finitely
presentable if it is the colimit of a finite diagram of objects in the image of y. Let
us denote by Mod(A/P)’ the full simplicial subset of Mod(A/P) spanned by the
finitely presentable models. Then the map u: A — U(A/P) is the opposite of the
map A° — Mod(A/P)f induced by the map y : A° — Mod(A/P).

30.8. We shall denote by OB the cartesian theory of a naked (unstructured) object.
The opposite logos OB? is equivalent to the logos U/ of finite homotopy types.

30.9. A stable object or a spectrum in a cartesian logos X is defined to be an infinite
sequence of pointed objects (z,,) together with an infinite sequence of isomorphisms

Up Ty — UTpt1).

Hence the notion of spectrum is defined by a finitary limit sketch (A, P). We shall
denote by Spec the cartesian theory U(A/P). Fot any cartesian logos X, the logos
Spec(X) is the (homotopy) projective limit of the infinite sequence of logoi

Q Q Q

1\X

1\X

1\X

The logos Spec(U) is equivalent to the coherent nerve of the (simplicial) category
of spectra.

30.10. Let OB’ be the cartesian theory of pointed objects and Spec be the cartesian
theory of spectra defined in 30.9. Consider the interpretation u : OB’ — Spec
defined by the pointed object xo of the generic spectrum (x,). The adjoint pair
w : Mod*(OB') < Mod(Spec) : u* is the classical adjoint pair

¥ : 1\U « Spec : 2,
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30.11. We denote by CT the category of cartesian logoi and morphisms. The
category CT has the structure of a 2-category induced by the 2-category structure
on the category of simplicial sets. If S and T are two cartesian theories then so
is the logos Mod(S,T) of morphisms S — T. The 2-category CT is symmetric
monoidal closed. The tensor product S ®T of two cartesian theories is the target of
amap S xT — SOT left exact in each variable and universal with respect to that
property. More precisely, for any cartesian logos X, let us denote by Mod(S,T; Z)
the full simplicial subset of X°*7 spanned by the maps S x T — X left exact in
each variable. Then the map

@ Mod(SOT,X)— Mod(S,T; X)

induced by ¢ is an equivalence of logoi. It follows that we have two canonical
equivalences of logoi

Mod(S©T,Z) ~ Mod(S, Mod(T, X)) ~ Mod(T, Mod(S, X)).
In particular, we have two canonical equivalences
Mod(S ©T) ~ Mod(S, Mod(T)) ~ Mod(T, Mod(S)).
The unit for the tensor product is the cartesian theoryOB.

30.12. The notion of monomorphism between two objects of a logos is essentially
algebraic (and finitary): an arrow a — b is monic iff the square

10/
—aqQ
lu
u

_

1q

E<—28

is cartesian. The notion of (homotopy) discrete object is essentially algebraic: an
object a is discrete iff the diagonal a — a X a is monic. This condition is expressed
by two exact cones,

la
b a——>a
N Lk
d
a Cl, G,Hb.

and two relations pd = qd = 1,. The notion of 0-cover is also essentially algebraic,
since an arrow a — b is a O-cover iff the diagonal a — a X3 a is monic. It follows
that the notion of 1-object is essentially algebraic, since an object a is a 1-object
iff its diagonal a — a X a is a O-cover. It is easy to see by induction on n that the
notions of n-object and of n-cover are essentially algebraic for every n > 0. We
shall denote the cartesian theory of n-objects by OB[n]. We have

Mod(OB[n])) = Ulnl,

where U|n] is the logos of n-objects in U. Let us say that an object of U[n] is n-
finite if it is the n-type of a finite homotopy type. It then follows from 30.7 that the
logos OB[n]° is equivalent to the logos U[n]/ of n-finite n-objects. In particular,
the logos OBJ[1]° is equivalent to the logos of finitely presentable groupoids, and
the logos OB[0]° to the category of finite sets.
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30.13. If X is a cartesian category, a simplicial object C : A° — X is called a
category if it satisfies the Segal condition. The condition can be expressed in many
equivalent ways, for example by demanding that C takes every pushout square of
the form

0] ———[n]

]

[m] ——[m +n],

to a pullback square in X. The notion of category object is essentially algebraic
and finitary. If C' : A° — X is a category object, we shall say that Cy € X is
the object of objects of C' and that C; is the object of arrows. A category C' is a
monoid iff Cy = 1. The source morphism s : C; — Cy is the image of the arrow
dy : [0] — [1], the target morphism t : C1 — Cy is the image of dy : [0] — [1], and
the unit morphism u : Cy — Cj is the image of so : [1] — [0]. The multiplication
Cy — Cy is image of d; : [1] — [2]. If Q is the set of pushout squares involved in the
Segal condition, then the pair (A°, Q°) is a finitary limit sketch. The sketch has a
universal model v : A° — Cat, and this defines the cartesian theory of categories
Cat. If X is a cartesian logos, then we have an equivalence of logoi,

Cat(X) = Mod(A°/Q°, X).

30.14. If Cat denotes the cartesian theory of categories then Cat? = Cat ® Cat is
the theory of double categories. If X is a cartesian logos, then an object of

Cat*(X) = Cat(Cat(X))

is a double category in X. By definition, a double simplicial object A° x A° — X
is a double category iff it is a category object in each variable. We shall denote by
Cat™(X) the logos of n-fold categories in X and by Cat™ the cartesian theory of
n-fold categories.

30.15. A category C is a monoid iff we have Cy = 1. We shall denote by C Mon the
cartesian theory of monoids. It follows from the conjecture in 31.15 that CMon®" is
the cartesian theory of E,-monoids for every n > 1. It follows that CMon®™ ® Cat
is the cartesian theory of E,-monoidal categories for every n > 1. In particular,
CMon ® Cat is the cartesian theory of monoidal categories, and CMon®? ® Cat
is the cartesian theory of braided monoidal categories.

30.16. The notion of groupoid is essentially algebraic and finitary. By definition,
a category object C': A° — X is a groupoid if it takes the squares

0] —2> [1] 0] —2> [1]

do do d1 do
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to pullback squares,

CQL>01 02L>Cl
N
Cl i CO, Cl 2 Co.

(one is enough). We shall denotes the cartesian theory of groupoids by Gpd and
the logos of groupoid objects in a cartesian logos X by Gpd(X). A groupoid C is
a group iff Cp = 1.

30.17. Let Cat be the cartesian theory of categories and Gpd be the cartesian
theory of groupoids. If X is a cartesian logos, then the inclusion Gpd(X) C Cat(X)
has a right adjoint which associates to a category C' € Cat(X) its groupoid of
isomorphisms J(C). We have J(C) = ¢*(C), where ¢ : Gpd — Cat is the groupoid
of isomorphisms of the generic category. We say that a category C' satisfies the Rezk
condition, or that it is reduced, if the map J(C); — J(C)o = Cy is invertible. The
notion of a reduced category is essentially algebraic. We shall denote the cartesian
theory of reduced categories by RCat and the logos of reduced category objects in
a cartesian logos X by RCat(X).

30.18. Let N : Uy — [A°, U] be the nerve map defined in 25.5. It follows from
[JT2] that N is fully faithful and that it induces an equivalence of logoi

N :U; ~ Mod(RCat).

30.19. We say that a category object C' in a cartesian logos X is n-truncated if
the map C1 — Cy x Cy is a (n — 1)-cover. The notion of n-truncated category is
essentially algebraic and finitary. We denotes the cartesian theory of n-truncated
categories by Cat[n]. If a category object C' € Cat(X) is n-truncated and reduced,
then C} is a n-object for every k > 0. The notion of n-truncated reduced category
is essentially algebraic. We denotes the cartesian theory of n-truncated reduced
categories by RCat[n].

30.20. If X is a cartesian logos, then the map Ob : Gpd(X) — X has a left adjoint
Sk% : X — Gpd(X) and a right adjoint Cosk® : X — Gpd(X). The left adjoint
associate to an object b € X the constant simplicial object Sk°(b) : A° — X with
value b. The right adjoint associates to b the simplicial object Cosk®(b) obtained
by putting Cosk®(b),, = bl™) for each n > 0. We say that Cosk®(b) is the coarse
groupoid of b. More generally, the equivalence groupoid Eq(f) of an arrow f:a — b
in X is defined to be the coarse groupoid of the object f € X/b (or rather its
image by the canonical map X/b — X). The loop group Q(b) of a pointed object
1 — b is the equivalence groupoid of the arrow 1 — b. Consider the interpretation
u : Grp — OB’ defined by the loop group of the generic pointed object. The map

w : Mod(Grp) — Mod(OB')

takes a group object G to its (pointed) classifying space BG. It induces an equiv-
alence between Mod(Grp) and the full sub-logos of pointed connected spaces 1\U
by a classical result. It is thus fully faithful. Hence the morphism Grp — OB’ is
fully faithful. More generally, let Gpd be the cartesian theory of groupoids and let
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Map be the cartesian theory of maps. Consider the interpretation v : Gpd — Map
defined by the equivalence groupoid of the generic map. Then the map

v : Mod(Gpd) — Mod(Map)

takes a groupoid C to its classifying space BC' equipped with the map Cy — BC.
It induces an equivalence between Mod(Gpd) and the full sub-logos of U’ spanned
by the surjections by a classical result. It is thus fully faithful. Hence the morphism
v : Gpd — Map is fully faithful.

30.21. We shall say that a pair (A, B) of classes of maps in CT is a homotopy
factorisation system if the following conditions are satisfied:

e the classes A and B are invariant under categorical equivalences;

e the pair (ANC,BNJF) is a weak factorisation system in CT, where C is
the class of monomorphism (in S) and F is the class of pseudo-fibrations;

e the class A has the right cancellation property;

e the class B has the left cancellation property.

The last two conditions are equivalent in the presence of the others. The class A
is the left class of the system and B the right class.

30.22. The category CT admits a homotopy factorisation system (A, B) in which
A is the class of essentially surjective morphisms and B the class of fully faithful
morphisms. A morphism w : S — T is fully faithful, iff the map w : Mod(T) —
Mod(S) is fully faithful. If u : S — T is essentially surjective, then u* : Mod(T) —
Mod(S) is conservative.

30.23. The category CT admits a homotopy factorisation system (A4, B) in which
B is the class of conservative morphisms. A morphism in the class (A is said to be
an iterated cartesian localisation. Let us define the notion of cartesian localisation.
We say that a set 3 of arrows in a cartesian logos X is closed under base change if
the implication f € ¥ = f’ € ¥ is true for any pullback square

x ——

T
f lf
y —=Y

in X. If ¥ is closed under base change, then the logos L(X,S) has finite limits and
and they are preserved by the canonical map ¢: X — L(X,S). We then say that
c is a cartesian localisation. If a morphism of cartesian theories u : S — T belongs
to (A, then the map u* : Mod(T) — Mod(S) is fully faithful.

30.24. It T is a cartesian theory, we shall say that a left fibration X — T is a
comodel of T if its classifying map 7' — U is a model. A left fibration X — T
is a comodel iff the logos X has finite limits and the map X — T is left exact.
The simplicial set of elements of a model f : T — U is a comodel el(f) — T and
conversely. The notions of model 7" — U and of comodel X — T are essentially
equivalent. The left fibration a\T — T is a comodel for every object a € T. The
coherent nerve of the simplicial category Comod(T) of comodels of T is equivalent
to Mod(T). If p: X — T is a comodel, then a left fibration g : ¥ — X is a comodel
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of X iff the composite pg : Y — T is a comodel of 7. We thus have an equivalence
of simplicial categories

Comod(X) ~ Comod(T)/X.
If X =el(f), the equivalence induces an equivalence of logoi
Mod(el(f)) ~ Mod(T)/f.
We shall say that a morphism of algebraic theories v : S — T is coinitial if the map
w s Mod(S) — Mod(T)

takes a terminal model to a terminal model. The category CT admits a homotopy
factorisation system (A, B) in which A is the class of coinitial morphisms. A mor-
phism v : S — T belongs to B iff its admits a factorisation u = v'w: S — S — T
with w a categorical equivalence and u’ a comodel. See [?7].

30.25. If T is a cartesian theory, then the model category (S/T, Wcov) admits a
Bousfield localisation in which the (fibrant) local objects are the comodels of T. A
map u : A — B in S/T is a weak equivalence for the local model structure iff the
map

mo[u, X : mo[B, X] — mo[A, X]

is bijective for every comodel X — T.

30.26. If T is a cartesian theory, then so is the logos T'/a for any object a € T.
The base change map = — a X x is a morphism of theories v : T — T/a. The
extension u : T'— T'/a is obtained by freely adjoining an arrow 1 — a to the theory
T.

30.27. Every cartesian theory T has an initial model
Or = Hom(l,—):T — U.
We shall say that a morphism of cartesian theories w : S — T is tight if the map
u* : Mod(T) — Mod(S)

takes an initial model to an initial model. A morphism u : S — T is tight iff the
commutative square

NS % \T

L

S —24—>T

is a homotopy pullback (in the model category (S, Weat)). The category CT admits
a homotopy factorisation system (A, B) in which B is the class of tight morphisms.
We shall say that a morphism in the class A is a Henkin extension. The base change
map a X —: T — T/a is a Henkin extension for every object a € T'.
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30.28. If T is a cartesian theory, then every model f : T — U admits a factorisation
f=fle:T - T[f] » U with e : T — T|[f] a Henkin extension and f': T[f] — U
an initial model, and the factorisation is homotopy unique. Conversely, to every
Henkin extension v : T — E we can associates a model u*(0g) : T — U. This
defines a ”one-to-one” correspondance between the Henkin extensions 7' — FE and
the models T" — U. It follows that there is an equivalence of logoi

f\Mod(T) ~ Mod(T[f])
for any model f € Mod(T).

30.29. If u : T — E is a Henkin extension, let us denote by I'(u) the comodel of
T defined by the pullback square

T(u) — > 1\E

L

T——F
This defines a functor I' which induces a DK-equivalence between the simplicial

category of cofibrant Henkin extension of 7' and the simplicial category of comodels
of T (an extension u : T — FE is cofibrant if « is monic).

30.30. We shall say that a small logos T' with pullbacks is a pullback theory. A
pullback model of T' with values in a logos X is a map f : T'— X which preserves
pullbacks. We shall say that a limit sketch (A, C) is a pullback sketch if all the
projective cones in C' are squares I x I — A. Every pullback sketch (4, C) has a
universal model u : A — PT(A/C) with values in pullback theory PT(A/C).

30.31. For example, the notions of category and of groupoids are defined by a
pullback sketch. Similarly for the notion of monomorphism and more generally for
the notion of n-cover for every m > 0. The notion of a reduced category is also
defined by a pullback sketch. The notion of a pointed object cannot be defined by
a pullback sketch.

30.32. If T is a cartesian theory and b is an object of a cartesian logos X, then a
model T'— X/b is called a parametrized model, and b is said to be the parameter
space or the base of the model. The composite T — X/b — X is a pullback
model of T. Conversely, every pullback model f : T' — X admits a factorisation
T — X/b — X, where T — X/b is a model of T. This defines an equivalence
between the pullback models of T" and the parametrized models of T'. More precisely,
let PT be the category of pullback theories and morphisms the maps preserving
pullbacks. Then the forgetful functor U : CT — PT has a left adjoint which
associates to a pullback theory V' a cartesian theory C'V equipped with a pullback
preserving map u : V — CV which is universal with respect to that property. If
T € CT, let us put PT = CU(T). There is then an equivalence between the
parametrized model of T', the pullback models of T" and the models of PT. Thus,
PT is the cartesian theory of parametrized models of T. A model of PT in U is a
model
T—-U/K.

where K is a Kan complex. Equivalently, a model of PT is a map K — Mod(T);
it is thus a Kan diagram of models of T
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30.33. For any sketch (A, P), we can construct another sketch (A’, P’) whose mod-
els are the parametrized models of (A, P). Here is the construction If u: 1xB — A
is a projective cone, then ux1:1x Bx1 — Ax1 is a projective cone in Ax 1. By

construction (A, P') = (Ax1,P 1), where Px1={ux1:u € P}.

30.34. If X is alogos and K is a Kan complex, we say that a map K — X is a Kan
diagram in X. There is then a logos D(Kan, X) of such diagrams. A morphism
between two Kan diagrams d : K — X and d' : K’ — X isamap u: K — K’
together with a homotopy d — d'u. Let us give a global description of the logos
D(Kan, X) in the case where X is a small logos. To a Kan diagram d : K — X we
can associate the colimit L(d) of the composite yxd : K — P(X). Then D(Kan, X)
is defined to be the full simplicial subset of P(X) spanned by the objects L(d). The
Yoneda map y : X — P(A) induces a map X — D(Kan, X), also denoted y. The
logos D(Kan, X) is closed under colimit of Kan diagrams K — D(Kan, X). The
map y : X — D(Kan, X) exhibits the logos D(Kan, X) as the free cocompletion of
X under colimits of Kan diagrams. The colimit map D(Kan,X) — U associates
to L(d) the domain of the map d : K — X. It is a Grothendieck fibration, and a
bifibration when X is has colimits of Kan diagrams.

30.35. If PT is the theory of parametrized models of a cartesian theory T, then
there is a pullback preserving map u : T" — PT which is universal. The object
u(1) € PT is the generic base. The map u admits a factorisation u = pv : T —
PT/u(l) — PT, where v : T — PT/u(l) preserves finite limits and p is the
projection PT/u(1) — PT. The base b(f) of a model f € Mod(PT) is obtained by
evaluating the map f: PT — U at u(1). If we compose the map v: T — PT/u(1)
with the map PT/u(1) — U/b(f) induced by f, we obtain a parametrized model
of T,
f T —U/b(f).
This defines the equivalence of logoi,
Mod(PT) — D(Kan, Mod(T)).

30.36. If OB’ is the theory of pointed objects, then POB’ is the theory of split
morphisms. The notion of split morphism is described by a sketch (A, @) where A
is the simplicial set A[2]/01A[2] of 35.6.

30.37. If Spec is the theory of spectra described in 30.9, then PSpec is the theory
of parametrized spectra. More precisely, a model of PSpec is a stable object of the
logos U/K for some Kan complex K € U. There is then an equivalence of logoi

Mod(PSpec) = D(Kan, Spec).

30.38. If « is a regular cardinal, we say that a limit sketch (A, P) is a-bounded
if every cone in P has a cardinality < «. We say that an essentially algebraic
structure is a-definable if it can be defined by an a-bounded limit sketch.

30.39. Let « is a regular cardinal. An «-cartesian theory is a small a-complete
logos T'. A model of T with values in a logos X is an a-continuous map f: 7T — X.
The models of T' with values in X form a logos Mod®(T,X). By definition, it is
the full simplicial subset of X7 spanned by the models T — X. We shall put

Mod*(T) = Mod® (T, U).
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The inclusion Mod®(T) C U7 has a left adjoint and the logos Mod®(T) is bicom-
plete.

30.40. Let « is a regular cardinal. Every a-bounded limit sketch (A, P) has a
universal model v : A — C,(A/P) with values in an a-complete logos C(A/P).
The logos C,(A/P) is small and the universality means that the map

w* : Mod®(Co(A/P), X) — Mod(A/P, X)

induced by u is an equivalence for any a-complete logos X. Let us describe a
construction of C,(A/P). If we compose the Yoneda map A° — [A, U] with the
left adjoint to the inclusion Mod(A/P) C [A, U] we obtain a map

y: A° — Mod(A/P)

which takes a cone in P° to a coexact cone. We say that a model of (4, P) is a-
presented if it is a colimit of a diagram yd : K — Mod(A/P), whered : K — A°isa
diagram of cardinality < o. We denote by Mod(A/P)(«) the full simplicial subset
of Mod(A/P) spanned by the a-presented models. The map A — Mod(A/P)(a)°
induced by the map y° : A — Mod(A/P)° is the universal model u : A — C,(A/P).
If T is an a-cartesian theory, then the Yoneda map T° — Mod®(T) induces an
equivalence of logoi T° — Mod*(T')(«).

31. UNIVERSAL ALGEBRA

An algebraic structure can be defined to be a product preserving Universal alge-
bra studies In this section we extend universal algebra from structured objects in
a category to structured objects in a logos.

31.1. Recall that an algebraic theory in the sense of Lawvere is a small category
with finite products T [La]. More generally, we shall say that a small logos with
finite products T' is an algebraic theory. A model of T with values in a logos X, is a
map f : T — X which preserves finite products. The models T — X form a logos
Mod(T, X), also denoted T'(X). By definition, it is the full simplicial subset of X
spanned by the models T' — X. We shall say that a model T — U is a T-algebra
and we shall put

Mod(T) = Mod(T, U).

We shall say that a model T' — Set is discrete. If S and T are algebraic theories, we
shall say that a model S — T is a morphism S — T or that it is an interpretation
of S into T'. The identity morphism T — T is the generic or tautological model of
T.

31.2. If T is an algebraic theory, then so is the category hoT. We shall say that
an algebraic theory T is discrete if the map T — hoT is an equivalence of logoi.
An algebraic theory T is discrete iff the logos T is 1-truncated. We shall say that
a model T' — U is discrete if it takes its values in the 0-objects of U. The logos of
discrete models Mod(T, U[0]) is equivalent to the category Mod(hoT, Set).
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31.3. The logos of models of an algebraic theory T is bicomplete and the inclusion
Mod(T) C UT has a left adjoint. If u : S — T is a morphism of algebraic theories,
then the map

u* : Mod(T) — Mod(S)

induced by the map U* : UT — U® has a left adjoint u;. Moreover, the pair
(uy,u*) an equivalence of logoi iff the map u : S — T is a Morita equivalence.

31.4. It T is a cartesian theory, then the map hom(a,—) : T — U is a model for
every objects a € T. Hence the Yoneda map T° — U’ induces a map

y:T° — Mod(T).

We shall say that a model f € Mod(T) is finitely free if it belongs the the image
of y. The map y : T° — Mod(T) preserves finite coproducts and it induces an
equivalence between T° and the full sub-logos Mod(T)// spanned by the finitely
free models of T. We say that a model of T is finitely presented if it is a finite
colimit of finitely free models.

31.5. We call a projective cone 1xK — A in a simplicial set A a product cone if the
simplicial set K is discrete. We call a limit sketch (A, P) a product sketch if every
cone in P is a product cone. A model A/P — X of a product sketch with values in
a quasi-category X is called an algebra. If X = U, it is called a homotopy algebra,
and if X = Set, it is called a discrete algebra. The models of (A, P) with values
in X form a quasi-category Mod(A/P,X). By definition, it is the full simplicial
subset of [A, X| spanned by the models A/P — X. We shall put

Mod(A/P) = Mod(A/P,U).

The inclusion Mod(A/P) C U# has a left adjoint r : Ho® — Mod(A/P). If we
compose the Yoneda map A° — [A, U] with r, we obtain a map

y: A° — Mod(A/P).
A model of (A, P) is said to be free if it is a coproduct of objects in the image of y.

31.6. Let I' be the category of finite pointed sets and basepoint preserving maps.
If ny = nU{*} is a finite pointed set with base point *, then for each k € n consider
the map py : ny — 14 taking the value 1 at k£ and * elsewere. The family of maps
(pk : k € n) defines a product cone ¢, : 1 xn — I" for each n > 0. If C is the set of
cones C' = {¢, : n > 0}, then (T',C) is the product sketch introduced by Segal in
[S2]. A model of (T, C) is often called a I'-space, or an Eoo-space.

31.7. Every finitary product sketch (A4, P) has a universal model v : A — U(A/P)
with values in an algebraic theory. The universality means that the map

w* : Mod(U(A/P), X) — Mod(A/P, X)

induced by u is an equivalence for any logos with finite products X. Let us describe
a construction of U(A/P). We say that a model of (A, P) is finitely free if it is the
coproduct of a finite family of models in the image of the map y : A°> — Mod(A/P).
Let us denote by Mod(A/P)?/ the full simplicial subset of Mod(A/P) spanned by
the finitely free models. Then the map u: A — U(A/P) is the opposite of the map
A° — Mod(A/P)?f induced by the map y : A° — Mod(A/P).
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31.8. We shall denote by O the algebraic theory of a naked (unstructured) object.
By definition, O is a logos with finite products freely generated by an object u € O.
This means that for any logoi with finite products X, the evalutation map u* :
Mod(O, X) — X defined by putting u*(f) = f(u) is an equivalence of logoi. Every
logos A generates freely a logos with finite products ¢ : A — M(A). The freeness
means here that for any logos with finite products X, the map ¢* : Mod(U(A), X) —
X4 induced by i is an equivalence of logoi. The logos M(A) is a category when A
is a category and its construction is classical. We have M(A)° = U(A°), where
LI(A°) denotes the free completion of A° under finite coproducts. For example, the
category LJ(1) can be taken to be the category N whose objects are the natural
numbers and whose arrows are the maps m — n, where n = {1,--- ,n}. The
opposite category N° is equivalent to O.

31.9. We shall denote by AT the category of algebraic theories and morphisms.
The category AT has the structure of a 2-category induced by that of the category of
simplicial sets. If S and T are two algebraic theories then so is the logos Mod(S,T)
of morphisms S — T. The 2-category AT is symmetric monoidal closed. The
tensor product S ® T of two algebraic theories is defined to be the target of a map
¢:SxT — SoT which preserves finite products in each variable and which is
universal with respect to that property [BV]. More precisely, for any logos with
finite product X, let us denote by Mod(S,T; X) the full simplicial subset of X %7
spanned by the maps S x T'— X which preserves finite products in each variable.
Then the map

¢* : Mod(S® T, X) — Mod(S,T; X)

induced by ¢ is an equivalence of logoi. It follows that we have two canonical
equivalence of logoi

Mod(SOT,X) ~ Mod(S, Mod(T, X)) ~ Mod(T, Mod(S, X)).
In particular, we have two equivalences of logoi,
Mod(S ©T) ~ Mod(S, Mod(T)) ~ Mod(T, Mod(S)).

The unit for the tensor product is the theory O described in 31.8.

31.10. The forgetful functor CT — AT has a left adjoint
C:AT — CT

which associates to an algebraic theory T the cartesian theory C'T freely generated
by T. The freeness means that for any cartesian logos X, the map

i« Modo(CT, X) — Mod,(T, X)

induced by the canonical map i7;T — CT is an equivalence of logos, where Mod,.
denotes the left exact maps and Mod,, the product preserving maps. The opposite
of the map ir; T — CT is equivalent to the inclusion Mod(T)! C Mod(T)’7.

The functor C' preserves the tensor product ® that we have on each side. This
means that the canonical map C(S®T) — CS © CT is an equivalence of logos for
any pair of algebraic theories S and T'. Notices that C(O) = OB.
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31.11. We shall denote by Map the algebraic theory of maps. In the notation of
?7?, we have Map = M(I), where I = [1]. For any algebraic theory T" and any logos
with finite products X we have two equivalences of logoi

Mod(T ® Map, X) =~ Mod(T, X') ~ Mod(T, X)".
This means that T'® Map is the theory of maps between two models of T

31.12. A pointed object in a logos with terminal object X is defined to be an object
of the logos 1\ X. We shall denote by O’ the algebraic theory of pointed objects.
By definition, O’ is freely generated by a morphism p : 1 — wu, where 1 denotes a
terminal object. It turns out that we have O’ = O/u, where u € O is the universal
object. The opposite logos (O')° is equivalent to the category of finite pointed
sets. For any algebraic theory T and any logos with finite products X we have two
equivalences of logoi

Mod(O' ©T,X) ~ Mod(T,1\X) ~ 1\Mod(T, X).
Hence the logoi O’ ® T is the theory of pointed models of T.

31.13. The category AT has cartesian products and the forgetful functor AT —
QCat preserves them. The simplicial category AT is semi-additive in the following
sense. Observe that the terminal algebraic theory 1 is also initial, since the logos
Mod(1,T) is equivalent to 1 for every T' € AT. If S and T are algebraic theories,
consider the maps

ig:S—=8SxT and ip7:5—>SxT

defined by putting ig(z) = (z,1) and ir(y) = (1,y) for every z € S and y € T.
The maps are turning the product S x T into a coproduct of S and T, since the
map

(i%,i%) : Mod(S x T, X) — Mod(S, X) x Mod(T, X)
induced by the pair (ig,ir) is an equivalence of logoi for any logos with finite
products X.

31.14. We shall say that an object v of an algebraic theory T' generates the theory
if every object of T is isomorphic to a power v™ for some n > 0. An algebraic
theory T equipped with a generator v € T is said to be unisorted. If T = (T, v) is
a unisorted theory, then the forgetful map

v*: Mod(T) — U
defined by putting v*(f) = f(v) is conservative.

31.15. The bar construction associates to a monoid object M in a category with
product £. a simplicial object BM : A° — & called the nerve of M. A simplicial
object C': A° — & is the nerve of a monoid iff Cy = 1 and the edge map C,, — C}'
defined from the inclusions (i —1,7) C [n] for 1 < i < n is invertible for every n > 1.
A monoid object in a logos X can be defined to be a simplicial object C' : A® — &
with Cy = 1 and such that the edge map C,, — C7 is invertible for every n > 1.
There is then a universal monoid M : A° — Mon with values in an algebraic theory
Mon. The logos Mon is 1-truncated and the opposite logos Mon® is equivalent to
the category of finitely generated free monoids. We conjecture that the tensor power
Mon? = Mon ® Mon is the algebraic theory of braided monoids. More generally,
we conjecture that Mon™ = Mon®" is the algebraic theory of E,-monoids for every
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n > 0. The theory Mon is unisorted; from the canonical morphism u : O — Mon
we can define a morphism u,, : Mon™ — Mon™"* for every n > 0. The (homotopy)
colimit of the infinite sequence ot theories

uo w1 9 u 3 us
0 Mon Mon? — Mon3 — -

is the theory of symmetric monoids SMon = Mon®, defined by the Segal sketch
31.17.

31.16. The algebraic theory of symmetric monoids S Mon has the following explicit
description in terms of spans between finite sets. Let us denote by N the category
of finite cardinals and maps. A (finite) span A — B is amap (s,t) : S — Ax B in

7 A/ \B.

We shall denote by Span(A, B) the groupoid of isomorphisms of the category
N/(Ax B) of finite spans A — B. The composite of a span X € Span(A, B)
with a span Y € Span(B,C) is the span Y o X = X xp Y € Span(A, C),

XXBY

X Y
SN TN
A B C
The composition functor

—o—:Span(B,C) x Span(A, B) — Span(A,C)

)

is coherently associative and this defines a bicategory Span. Every bicategory has
a coherent nerve, and the coherent nerve of Span is a logos that we shall denote
by SMon. The bicategory Span has finite cartesian products, where the cartesian
product of B and C is the disjoint union B LI C, viz the canonical equivalence of
groupoids
Span(A, BUC) ~ Span(A, B) x Span(A, C).

It follows that the logos SMon has finite product. A model SMon — U is an
FEoo-space. A model SMon — Uj is a symmetric monoidal logos.

31.17. The Segal sketch (T',C) of 31.17 has the following universal model u :
I'/C — SMon induced by the functor uw : I' — SMon which associates to a pointed
map f: my — ng, the span u(f) described by the diagram

k
SN
m n,
where k = {i € m : f(i) # x}, where [ is the inclusion k¥ C n and where r is induced
by f.
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31.18. We shall say that a monoid M is a group if the map
(m,p1): M x M — MxM

is invertible. We denote by Grp the algebraic theory of groups The logos Grp is
1-truncated and the opposite logos Grp° is equivalent to the category of finitely
generated free groups. The conjecture 31.15 implies that Grp™ = Grp®" is the
algebraic theory of n-fold loop spaces for every n > 1. The theory Grp is unisorted;
from the canonical morphism u : O — Mon we can define a morphism u,, : Grp™ —
Grp"*! for every n > 0. The (homotopy) colimit of the infinite sequence

u2 us

0 —2> Grp —> Grp? Grp?

is the theory of infinite loop spaces SGrp = Grp™. .

31.19. The algebraic theory of F..-rig spaces has the following explicit description
(a rig is a ring without additive inverse). Let N be the category of finite cardinals
and maps. We recall from [BJ] and [KJBM] that a a diagram of finite sets

E——B
SN
S T
defines a polynomial functor F' = ryp,l*,

T

N/§—>N/E—~N/B—">N/T,
where [* is the pullback functor along [, where p, is the right adjoint to p* and
where 7| is left adjoint to r*. If we fix S and 7', there is a groupoid Pol(S,T) of
such diagrams, where a map F — F” is a pair of isomorphisms (a, ) fitting in a
commutative diagram

E—2sp
SN
S o B T
E ——= B
There is a natural composition functor
—o—: Pol(S,T) x Pol(T,U) — Pol(S,U)

with a natural isomorphism (G o F)(X) ~ G(F(X)) for X € N/S. The resulting
bicategory Pol has cartesian products. Its coherent nerve is an algebraic theory
that we shall denote by SRig. A model of SRig is an F,-rig spaces. Notice
that the algebraic theory SMon admits two interpretations in SRig. The additive
interpretation u : SMon — SRig is induced by the (2)-functor Span — Pol which
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takes a span S : A — B to the polynomial

st g
SN
A B.

The resulting map u* : Mod(SRig) — Mod(SMon) takes an E.-rig space to its
underlying additive structure. The multiplicative interpretation v : SMon — SRig
is induced by the (2)-functor Span — Pol which takes a span S : A — B to the

polynomial
S——=B
N
A B.

The resulting map v* : Mod(SRig) — Mod(SMon) takes an F..-rig space to its
underlying mutiplicative structure.

31.20. The notion of homotopy factorisation system in AT is defined as in 31.22.
The category AT admits a homotopy factorisation system (A, B) in which A is the
class of essentially surjective morphisms and B the class of fully faithful morphisms.
If a morphism of algebraic theories u : S — T is essentially surjective, then the
map u* : Mod(T) — Mod(S) is conservative.

31.21. A unisorted theory can be defined to be a theory T equipped with an es-
sentially surjective morphism s : O — T. More generally, a theory T is multisorted
if it is equipped with an essentially surjective morphism s : M(S) — T, where S is
the set of sorts. The corresponding forgetful map

s*: Mod(T) — U®

is conservative.

31.22. The category AT admits a homotopy factorisation system (A, B) in which
B is the class of conservative morphisms. A morphism in the class (A is said to
be an iterated multiplicative localisation. Let us define the notion of multiplicative
localisation. We say that a set ¥ of arrows in a logos with finite products X is
stable under finite products if the implication f € ¥ = a x f € ¥ is true for every
object a € X. If ¥ is stable under finite products, then the logos L(X, S) has finite
products and they are preserved by the canonical map X — L(X,S). We then say
that ¢ a multiplicative localisation. If a morphism of algebraic theories v : S — T
belongs to (A, then the map u* : Mod(T) — Mod(S) is fully faithful.

31.23. The theory of groups Grp is a multiplicative localisation of the theory
of monoids Mon. This is because a monoid M is a group iff the map (m,p2) :
M x M — M x M is invertible, where m is the multiplication. More generally, the
theory of n-fold loop Grp™ spaces is a multiplicative localisation of the theory of
n-fold monoids Mon™ for every n > 0; the theory of infinite loop spaces SGrp is a
multiplicative localisation of the theory of symmetric monoids SMon.
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31.24. Every algebraic theory T is the multiplicative localisation of a free theory
M(A), for example we can take A = T. Moreover, we can suppose that A is a
category. It follows that every algebraic theory is a multiplicative localisation of a
discrete algebraic theory.

31.25. It T is an algebraic theory, we shall say that a left fibration X — T is a
comodel of T if its classifying map T — U is a model. A left fibration X — T
is a comodel iff the logos X has a finite products and the map X — T preserves
finite products. The simplicial set of elements of a model f : T — U is a comodel
el(f) — T and conversely. The notions of model T'— U and of comodel X — T are
essentially equivalent. The coherent nerve of the simplicial category of comodels
of T is equivalent to Mod(T). If p : X — T is a comodel, then a left fibration
g:Y — X is a comodel of X iff the composite pg : Y — T is a comodel of T. We
thus have an equivalence of simplicial categories

Comod(X) ~ Comod(T)/X.
If X = el(f), the equivalence induces an equivalence of logoi
Mod(el(f)) =~ Mod(T)/f.
We shall say that a morphism of algebraic theories u : S — T is coinitial if the map
w2 Mod(S) — Mod(T)
takes a terminal model to a terminal model. The category AT admits a homotopy
factorisation system (A, B) in which A is the class of coinitial morphisms. A mor-

phism u : S — T belongs to B iff its admits a factorisation u = vw/'w : S — " =T
with w a categorical equivalence and v’ a comodel. See [?].

31.26. If T is an algebraic theory, then the model category (S/T, Wcov) admits a
Bousfield localisation in which the (fibrant) local objects are the comodels of T'. A
map u : A — B in S/T is a weak equivalence for the local model structure iff the
map

mo[u, X] : mo[B, X] — mo[A, X]

is bijective for every comodel X — T.

31.27. Every algebraic theory T has an initial model
Or = Hom(l,-): T — U.
We shall say that a morphism of algebraic theories u : S — T is tight if the map
u* : Mod(T) — Mod(S)

takes an initial model to an initial model. A morphism u : S — T is tight iff the
commutative square

1S % T

L

§——T
is a homotopy pullback (in the model category (S, Weat)). The category AT admits

a homotopy factorisation system (A, B) in which B is the class of tight morphisms.
We shall say that a morphism in the class A is a Henkin extension. See [?].
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31.28. If T is an algebraic theory, then every model f : T — U admits a fac-
torisation f = f'e : T — T[f] — U with e : T — T[f] a Henkin extension
and f’ : T[f] — U an initial model, and the factorisation is homotopy unique.
Conversely, to every Henkin extension u : T° — FE we can associates a model
u*(0g) : T — U. This defines a ”one-to-one” correspondance between the Henkin
extensions T — F and the models T' — U. It follows that there is an equivalence
of logoi
F\Mod(T) ~ Mod(T|f))
for any model f € Mod(T).

31.29. A simplicial algebraic theory X can be defined to be a small simplicial
category with finite products. A model of X is a simplicial functor X — S which
preserves finite products. We shall denote by Mod(X) the full subcategory of [X, S]
spanned by the models X — S. The category Mod(X) admits a simplicial model
structure Mod(X )PT°/ in which the weak equivalences and the fibrations are defined
pointwise [Q][B4]. Recall from [Badl] that a simplicial functor X — S is said to be
a homotopy model if it preserves finite products up to homotopy. The projective
model structure [X,S]P"%/ admits a Bousfield localisation in which the (fibrant)
local objects are the fibrant homotopy models [Badl][B4]. We shall denote the
local model structure by [X,S]™. The inclusion functor Mod(X)P™7 — [X,S]™ is
the right adjoint in a Quiilen equivalence of model categories.

31.30. Recall that an object ¢ in a simplicial category X is said to be homotopy
terminal if the simplicial set X (z,t) is contractible for every object z € X. Recall
that the homotopy product of two objects a and b in a simplicial category X is an
object a x b equipped with a pair of maps p; : a X b — a and py : a X b — ¢ such
that the induced map

(X(xvpl)vX($vp2)) : X(xaa X b) - X(xaa) X X(xab)

is a weak homotopy equivalence for every object z € X. A simplicial category
enriched over Kan complexes X has finite homotopy products iff the logos C'X
has finite products. Conversely, a logos A has finite products iff the simplicial
category C1A has finite homotopy products. We shall say that a small simplicial
category with finite homotopy products X is a (generalised) simplicial algebraic
theory. A homotopy model of a simplicial algebraic theory X is a simplicial functor
F : X — S which preserves finite homotopy products. The projective model struc-
ture [X, S]P"° admits a Bousfield localisation in which the (fibrant) local objects
are the fibrant homotopy models. Let us denote by Mod"(X) the full subcategory
of fibrant-cofibrant objects of the localised model structure. Then the evaluation
functor ev : X x [X,S] — S induces a functor e : X x Mod"(X) — Kan. The
coherent nerve of this functor is a map of simplicial sets

C'X x C*Mod"(X) — U.

If the simplicial category X is fibrant, the corresponding map C*Mod"(X) — Uc'x
induces an equivalence of logoi,

C'Mod"(X) — Mod(C'X).
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It follows by adjointness that we have an equivalence of logoi
C'Mod"(C1A) — Mod(A)
for any algebraic theory A.

32. LOCALLY PRESENTABLE LOGOI

The logos of models of a limit sketch is locally presentable. See Lurie [Lul] for
another treatment of locally presentable logoi.

32.1. Recall that an inductive cone in a simplicial set A is a map of simplicial sets
K*x1— A. A colimit sketch is defined to be a pair (4, Q), where A is a simplicial
set and @ is a set of inductive cones in A. A model of the sketch with values in
a logos X is a map f : A — X which takes every cone ¢: Kx1 — A in @ to a
coexact cone fe: Kx1 — X in X. We shall write f : Q\A — X to indicate that a
map f: A — X is a model of (A, Q). The models of (A, Q) with values in a logos
X form a logos Mod(Q\A, X). By definition, it is the full simplicial subset of X*
spanned by the models Q\A — X.

32.2. Every colimit sketch (A, Q) has a universal model u : A — U(Q\A) with
values in a (locally small) cocomplete logos U(Q\A). The universality means that
the map
u* : CCUQ\A), X) — Mod(Q\A, X)

induced by wu is an equivalence for any cocomplete logos X, where C'C' denotes
cocontinuous maps. We say that a logos Y is locally presentable is if it is equivalent
to a logos U(Q\A) for some colimit sketch (A, Q). In this case, we shall say that
a the universal model Q\A — Y is a presentation of Y by (A,Q). Every locally
presentable logos is bicomplete.

32.3. A colimit sketch (A4, Q) is finitary if every cone in @Q is finite. We say that a
logos X is finitary presentable if it admits a presentation Q\A — X by a finitary
colimit sketch (A4, Q).

32.4. It follows from ?? that the Yoneda map y4 : A — P(A) is a presentation
of the logos P(A) by the colimit sketch (A,#). Hence the logos P(A) is locally
presentable. In particular, the logos U = P(1) is locally presentable. The opposite
logos U°? is not locally presentable.

32.5. A logos is locally presentable iff it is equivalent to a logos of models of a
limit sketch. More precisely, the opposite of an inductive cone ¢c: K x1 — A is a
projective cone ¢° : 1x K° — A°. The opposite of a colimit sketch (A4, Q) is defined
to be the limit sketch (A%, Q°), where Q° = {c° : c € Q}. If u: A — U(Q\A) is
the canonical map, then for every object € U(Q\A) the map

p(z) = hom(u(—),z): A° - U
is a model of the limit sketch (A°, Q°), The resulting map

p: U(Q\A) = Mod(4°/Q°)

is an equivalence of logoi. Conversely, if (A4, P) is a limit sketch, then the logoi
Mod(A/P) and U(P°\A°) are equivalent.

32.6. A logos X is finitary presentable iff it is equivalent to the logos of models of
a finitary limit sketch.
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32.7. If X is locally presentable, then so are the slice logoi ¢\ X and X/a for any
object a € X and the logos X4 for any simplicial set A. More generally, the logos
Mod(A/P, X) is locally presentable for any limit sketch (A4, P).

32.8. If X is locally presentable and Y is cocomplete (locally small), then every
cocontinuous map X — Y has a right adjoint. In particular, every continuous map
X° — U is representable.

32.9. We denote by LT the category of locally presentable logoi and cocontinuous
maps. The category LT has the structure of a 2-category induced by the 2-category
structure on the category of (large) simplicial sets. If X and Y are locally presenta-
bles logoi, then so is the logos Map(X,Y) of cocontinuous maps X — Y. The
2-category LP is symmetric monoidal closed. The tensor product X ® Y of two
locally presentable logoi is defined to be the target of amap ¢ : X XY - X ®Y
cocontinuous in each variable and universal with respect to that property. More
precisely, for any locally presentable logos Z, let us denote by Map(X,Y; Z) the
full simplicial subset of ZX*Y spanned by the maps X x Y — Z ccontinuous in
each variable. Then the map

6" : Map(X ®Y,X) — Map(X,Y; Z)

induced by ¢ is an equivalence of logoi. The natural isomorphism ZX*Y = (Z¥)X
induces a natural isomorphism Map(X,Y;Z) = Map(X, Map(Y, Z). It follows that
we have a canonical equivalence of logoi

Map(X ®Y,Z) ~ Map(X, Map(Y, Z)).

The unit object for the tensor product is the logos U. The equivalence U® X ~ X
is induced by the action map (A, x) — A -z described in 25.1.

32.10. If A is a (small) simplicial set, then the logos P(A) is locally presentable
and freely generated by the Yoneda map ya : A — P(A). It follows that the map

v : Map(P(4), X) — X4

is an equivalence of logoi. for any X € LP. The map p: A x X — X4 defined in
24.20 can be extended as a map P(A) x X — X4 cocontinuous in each variable.
The resulting map

PA®X — XY
is an equivalence of logoi. The external product of a pre-stack f € P(A) with a
pre-stack g € P(B) is the prestack flg € P(A x B) defined by putting

(fOg)(a,b) = f(a) x g(b)
for every pair of objects (a,b) € A x B. The map (f,g) — fUg is cocontinuous in
each variable and the induced map
P(A) @ P(B) — P(A x B).

is an equivalence of logoi. The cocontinuous extension of the map homy : A°x A —
U is the trace map
Tra:P(A°x A) - U
defined in 24.21 . The scalar product of f € P(A°) and g € P(A) is defined by
putting
(f.9) =Tra(f9),
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where
(f-9)(a®b) = f(a®) - g(b).

The map

(—]=):P(A°) xP(A) —-TU
is obtained by composing the canonical map P(A°) x P(A) — P(A° x A) with the
trace map. The map (f,—) : P(4) — U is a cocontinuous extension of the map
f:A— U and the map (—,g) : P(4°) — U a cocontinuous extension of the map
g : A° — U. The scalar product defines a perfect duality between P(A) and P(A°).
It yields the equivalence above

P(A) ® X ~ Map(P(A°),X) = X4

and the equivalence of 24.20,

Map(X4°)Y) ~ Map(X,Y?)
for X.Y € LP.

32.11. For any logos X, the map homx : X° x X — U is continuous in each
variable. If X is locally presentable, the opposite map X x X° — U°? induces an
equivalence of logoi
X ~(CC(X,U°).
More generally, it induces two equivalences of logoi
(X®Y)° CC(X,Y?)
CcC(y,X°)

for any pair of locally presentable logoi X and Y.

1R

32.12. If X is locally presentable and (A, P) is a limit sketch, then we have an
equivalence of logoi,
Mod(A/P)® X = Mod(A/P, X).

The canonical map ® : Mod(A/P) x X — Mod(A/P, X) can be defined as follows.
The inclusion Mod(A/P,X) C X4 has a left adjoint 7 : X* — Mod(A/P, X). If
f € Mod(A/P) and x € X, then the object f ® z € Mod(A/P,X) is obtained
by applying r to the map a — f(a)-x. If (B.Q) is another limit sketch and
X = Mod(B/Q) this gives two equivalence of logoi:

Mod(A/P)® Mod(B/Q) =~ Mod(A/P,Mod(B/Q))
Mod(B/Q, Mod(A/P)).

1

32.13. Let ¥ be a (small) set of arrows in a locally presentable logos X. Then
the pair (+(X1),X+) is a factorisation system. We say that an object a € X
is X-local if it is right orthogonal to every arrow in ¥ (see 26.2). Let us denote
by X the full simplicial subset of X spanned by the ¥-local objects. Then the
inclusion 4 : X* C X has a left adjoint 7 : X — X* and the logos X~ is locally
presentable. The map r is cocontinuous and it inverts universally the arrows in
Y. More precisely, if Y is a cocomplete locally small logos and f : X — Y is a
cocontinuous map which inverts the arrows in X, then there exists a cocontinuous
map g : X© — X together with an invertible 2-cell o : f ~ gr, and the pair (g, @)
is unique up to a unique invertible 2-cell. We shall say that the map 7 : X — X~ is
a localisation. A map f: X — Y in LP is a reflection iff it admits a factorisation
wr: X — X* — Y, where r a localisation with respect to a (small) set ¥ of arrows
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in X and w is an equivalence of logoi. The 2-category LP admits a homotopy
factorisation system (A, B) in which A is the class of localisations (=reflections)
and B is the class of conservative maps.

32.14. For any cone ¢ : Bx1 — A, let us denote by I(c) the colimit of the diagram
yacip : B — P(A), where y,4 is the Yoneda map A — P(A) and where ip is the
inclusion B C B % 1. There is then canonical arrow o(c) : {(c) — ye(1) in P(A).
If f € P(A), then the cone fc° : 1 x B — U is exact iff we have o(c)Lf, where
1 is the orthogonality relation defined in 26.2. It follows by dualising that for any
limit sketch (A, P), there is a set ¥ of arrows in U with the property that a map
f:A— U is amodel of (A4, P) iff we have uLf for every u € X. In the notation
of 32.13, this means that we have

Mod(A/P) = (U=,

32.15. We shall say that amap f : X — Y in LP is weakly dense if Y is cogenerated
by f(Xo). A map f: X — Y is weakly dense iff its right adjoint is conservative.
The 2-category LP admits a homotopy factorisation system (A, B) in which A is
the class of weakly dense maps and B is the class of fully faithful maps.

32.16. Let f: X — Y be a map in LP. If tx is the terminal object of X, then
for every object x € X, the image by f of the morphism = — tx is an object
f'(x) : f(z) = f(tx) of the logos Y/f(tx). This defines a cocontinuous map
f': X = Y/f(tx) and we obtain a factorisation

f=pf": X =Y/f(tx) =Y,

where p is the projection Y/f(tx) — Y. The 2-category LP admits a homotopy
factorisation system (A, B) in which a map f : X — Y belongs to A iff it preserves
terminal objects. A map f : X — Y belongs to B iff it is equivalent to a map
Y /b — Y iff it is equivalent to a right fibration.

32.17. Let f : X — Y be a map in LP with right adjoint ¢ : ¥ — X. If
iy 1is the initial object of Y, then for every object y € Y, the image by g of
the morphism iy — y is an object ¢'(y) : g(iy) — ¢(y) of the logos g(iy)\X.
This defines a continuous map ¢’ : ¥ — ¢(iy)\X and we obtain a factorisation
g=pg :Y — g(iy)\X — X, where p is the projection g(iy)\X — X. There is a
corresponding factorisation the left adjoint f,

f=1"1:X = gliy)\X =Y,

where i is the cobase change map x — g(iy) Ux. The map f’ takes a morphism
g(iy) — x to the object f’(x) defined by the pushout square

fgliy) —— f(z)

L

iY —_— f,(x)v

where the morphism fg(iy) — iy is the counit of the adjunction f F g. The
2-category LP admits a homotopy factorisation system (A,B) in which a map
f X — Y belongs to B iff its right adjoint preserves initial objects. A map
f: X — Y belongs to A iff it is equivalent to a cobase change map X — a\X iff
its right adjoint is equivalent to a left fibration.
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32.18. The category 1 is both terminal and initial in the 2- category LP. The
cartesian product X x Y of two locally presentable logoi X and Y is also their
coproduct. More precisely, if ix : X - X xY and iy : Y — X X Y are the maps
defined by putting ix (z) = (z,1) and iy (y) = (1,y), then the induced map

(1%,35) : Map(X xY,Z) — Map(X,Z) x Map(Y, Z)

is an equivalence for any cocomplete logos X. More generally,the product

I

icS
of a family of locally presentable logoi is also a coproduct,

32.19. Let X be a finitary presentable logos and f : X < Y; g be a pair of adjoint
maps, where Y is a cocomplete logos. Then the right adjoint g is inductive iff the
left adjoint f takes a compact object to a compact object.

32.20. If (A, P) is a finitary limit sketch, then the inclusion i : Mod(A/P) C U4
is inductive. If X is a finitary presentable logos, then the limit map X4 — X is
inductive for any finite simplicial set A.

32.21. Let X be a cocomplete logos and let K C X is a small full sub logos of
compact objects closed under finite colimits. Then the left Kan extension

i Ind(K) — X

of the inclusion 7 : K C X iMoreover, 4, is an equivalence if in addition K cogener-
ates X.

32.22. A (locally small) cocomplete logos X is finitary presentable iff it is generated
by a small set of compact objects. More precisely, if X is finitary presentable, then
the full sub logos k(X) of compact objects of X is cocartesian, essentially small,
and there is a canonical equivalence of logoi,

X ~In(k(X)).

32.23. Two finitary presentable logoi are equivalent iff their (full) sub logoi of
compact objects are equivalent.

32.24. The category of finitary presentable logoi and inductive maps is cartesian
closed. If X and Y are w-presentables, then the logos of inductive maps X — Y is
equivalent to the logos Y*X.

32.25. If « is a regular cardinal, we say that a colimit sketch (A, Q) is a-bounded
if the cardinality of every cone in P is < a. We say that a logos X a-presentable if
it admits a presentation Q\A — X by an a-bounded colimit sketch (4, Q).

33. VARIETIES OF HOMOTOPY ALGEBRAS

We introduce the notion of variety of homotopy algebras. We show that a co-
complete quasi-category is a variety iff it is generated by a set of bicompact objects
[Ros]. We show that a cocontinuous map is sifted iff it is finitary and preserves
geometric realisation. We obtain a new characterisation of bicompact objects.

33.1. We say that a quasi-category is a variety of homotopy algebras if it is equiv-
alent to a quasi-category Mod*(T) for some (finitary) algebraic theory T'.
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33.2. If X is a variety of homotopy algebras then so are the slice quasi-categories
a\X and X/a for any object a € X and the quasi-category X# for any simplicial
set A. More generally, the quasi-category Mod*(T, X) is a variety for any algebraic
theory T.

33.3. A variety of homotopy algebras X is w-presentable. Hence the colimit map
lim : U4 -U
preserves finite limits for any directed simplicial set A.

33.4. A variety of homotopy algebras is a regular quasi-category. An arbtrary
product of surjections is a surjection.

33.5. Let X be a regular quasi-category. We say that an object a € X is projective
if every surjection b — a splits.

33.6. Let X be a regular quasi-category. Then an object a € X is projective iff the
map
homx(a,—): X - U

takes a surjection to a surjection.

33.7. A retract of a projective object is projective. A coproduct of projective
objects is projective.

33.8. An object of U is projective iff it is discrete.

33.9. If T is an algebraic theory, then the Yoneda map y : T° — Mod*(T) in-
duces an equivalence between the Karoubi envelope of T° and the quasi-category
of compact projective models of T'.

33.10. Let us denote by Var the sub (2-)category of LP whose objects are the of
varieties and whose morphisms are the cocontinuous maps which preserves compact
projective objects. If u : S — T is a morphism of algebraic theories, then the map
u* : Mod*(T) — Mod*(S) has a left adjoint

w : Mod*(S) — Mod*(T)
which preserves compact projective objects, This defines a (pseudo-2) functor

Mod*: AT — Var.

If X is a variety, let us denote by kp(X) the full simplicial subset of X spanned by
compact projective objects of X, The (pseudo-2) functor Mod* has a right adjoint

kp° : Var — AT

which associates to X the opposite of kp(X). The (2-)functor kp° is fully faithful
and the unit of the adjunction Mod* t kp° is the Karoubi envelope T' — k(T') for
every T € AT. The essential image of kp° is the full sub (2-)category of AT spanned
by the Karoubi complete theories. A morphism of algebraic theories u : S — T is
a Morita equivalence iff the adjoint pair

w : Mod*(S) <> Mod*(T) : u*

an equivalence of quasi-categories.
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33.11. Recall that a category C' is said to be sifted, but we shall say 0-sifted, if the
colimit functor

lim : Set” — Set

preserves finite products. This notion was introduced by C. Lair in [La] under the
name of categorie tamisante. We shall say that a simplicial set A is sifted if the
colimit map

lim: U4 - U
preserves finite products.

33.12. The notion of sifted simplicial set is invariant under Morita equivalence. A
directed simplicial set is sifted. A sifted simplicial set is weakly contractible. A
non-empty simplicial set A is sifted iff the diagonal A — A x A is final. A non-
empty quasi-category A is sifted iff the simplicial set a\A x 4 b\ A defined by the
pullback square

a\A x4 D\A —> b\ A

L

a\A A

is weakly contractible for any pair of objects a,b € A. A quasi-category A is sifted
iff the canonical map A — LI(A) is final. A quasi-category with finite coproducts is
sifted. The category A° is sifted.

33.13. If X is a quasi-category, we shall say that a diagram d : A — X is sifted if
the simplicial set A is sifted, in which case we shall say that the colimit of d is sifted
if it exists. We shall say that X has sifted colimits if every (small) sifted diagram
A — X has a colimit. A quasi-category with sifted colimits has directed colimits.
We shall say that a map between quasi-categories is stronly inductive if it preserves
sifted colimits.

33.14. If T is an algebraic theory, then the inclusion i : Mod*(T) C U7 is reflective
and strongly inductive.

33.15. If X is a homotopy variety, then the product map X" — X is strongly
inductive for every n > 2.

33.16. A quasi-category with sifted colimits and finite coproducts is cocomplete.
A map between cocomplete quasi-category is cocontinuous iff it preserves finite
coproducts and sifted colimits.

33.17. Let us sketch the proof of 33.16. If a quasi-category X has finite coproducts
and directed colimit, then it has arbitrary coproducts, since we have

|_| z; = lim |_| z;,
i€S Frin €S ieF

where F' runs in the poset of finite subsets of S. Hence a quasi-category with
sifted colimits and finite coproducts has coproducts. But a quasi-category with
coproducts and A°-indexed colimits is cocomplete by 21.45. The proof of the
second statement is similar.
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33.18. Let X be a (locally small) quasi-category with sifted colimits. We shall say
that an object a € X is bicompact if the map

homx(a,—): X - U

preserves sifted colimits. We shall say that a is adequate if the map homx (a,—)
preserves A°-indexed colimits. A bicompact object is compact and adequate.

33.19. A finite colimit of bicompact objects is bicompact. A retract of a bicompact
object is bicompact. And similarly for adequate objects.

33.20. A model of an algebraic theory T is bicompact iff it is compact and projec-
tive iff it is a retract of a representable.

33.21. Let f: X < Y; g be a pair of adjoint maps, where X is a variety and Y
is cocomplete. Then g is strongly inductive iff f takes a bicompact object to a
bicompact object.

33.22. We shall use the following observations in 33.23. Let N be the category of
finite cardinals and maps. If S is a set, let us denote by N/S the full subcategory
of Set/S whose objects are the maps n — S with n € N. Consider the map
i:S — Ob(N/S) which associates to s € S the map s : 1 — S. The category
N/S has finite coproducts and the map i : S — N/S exhibits the category N/S as
the free cocompletion of the discrete category S under finite coproducts. Hence we
have U(S) = N/S and it follows that the category LI(S) has finite colimits when
S is discrete. If f: .S — T is a map between discrete categories, then the functor
fi: N/S — N/T is a discrete fibration, hence also the functor LI(f) : U(S) — U(T).
Recall the Grothendieck construction which associates to a functor F' : B® — Cat
a category of elements T'ot(F’) whose objects are the pairs (a, x), with a € ObB and
x € ObF(a), and whose arrows (a,z) — (b, y) are the pairs (f,u) with f : a — b and
u:x — F(f)(y). The natural projection Tot(F) — B is a Grothendieck fibration.
Let us denote by L the set of arrows (f,u) € Tot(F) with f an identity arrow and
by R the set of arrows (f,«) with v an identity arrow. Both sets are closed under
composition and every arrow g € Tot(F') admits a truly unique factorisation g = rl
with [ € L and r € R. We say that (L, R) is strict factorisation system (compare
with 26.14). We saw in ?? that if C is a category, then the category LU(C') is obtained
by applying the Grothendieck construction to the functor F' : N° — Cat defined
by putting F'(n) = C™ for every n € N. In this case we have R = L(Cy) C L(C)
and L is the coproduct of the categories C™ for n > 0.

33.23. The following construction is needed for proving a basic result on strongly
inductive maps in 33.24. For any category C, there is a diagram of categories

}jiﬂ‘l(C)
A

with 8 an initial functor and ¢ is a Grothendieck fibration with cartesian fibers.
Before giving the construction, we make a preliminary remark. It follows from
33.22 that the category M(C) is equipped with a strict factorisation system (L, R)
where L = M(Cp) € M(C) and R is the coproduct of the categories C™ for n > 0.
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Let us now describe the construction of the diagram (g, 3). Recall from 21.44 that
we have a diagram of categories

el(C) L~
|
A,

where el(C) is the category of elements of (the nerve of) C' and where p is the
natural projection. The value of 6 on a chain z : [n] — C' is defined to be the top
object z(n) € C. The category el(C') can be obtained by applying the Grothendieck
construction to the functor [n[— C,,, where C,, is the set of chains [n] — C. For
each n > 0, let us put F([n]) = M(C,). This defines a functor F' : A° — Cat.
If we apply the Grothendieck construction to the functor F' and put E = Tot(F),
we obtain a Grothendieck fibration ¢ : E — A whose fiber at [n] is the category
M(Cy). The category M(C,,) is cartesian by 33.22 dualised. Let us now define the
map § : E — M(C). We have el(C) C E since we have C,, C M(C,,) for each
n > 0. There is then a unique functor 5 : E — M(C) which extends the functor
6 : el(C) — C and which preserves finite products on each fiber of q. The functor
B extends each functor M(d,,) : N(C,) — M(Cy), where 6, : C,, — Cp is the map
defined by 6. Thus, 3 is a discrete opfibration on each fiber of ¢ by 33.22 dualised.
We shall use this observation in the proof that the functor # is initial. In order to
show this, it suffices to show by ?? that the category E/b defined by the pullback
square

fof pa—

L

n(e)/b —=n(C)

is weakly contractible for every object b € M(C). The object b is defined by a
map n — Cy for some n € N. Let us denote by Ej, the fiber at b of the functor
B. We have B, C E/b and b € Ey, since 3(b) = b. It is easy to see that the
object b is initial in Fj,. Hence que category Ej is contractible. Let us show
that the inclusion i : Ey C E/b admits a left adjoint r : E/b — Ej. An object
of E/b is pair (z, f), where x is an object of M(Cy) for some k > 0 and where
f: B(z) — b is a morphism in M(C). The category M(C) admits a factorisation
system (L, R) with L = M(Cp) by our first remark above. The subcategory R is
the disjoint union of the subcategories C™ for n > 0. There is thus a factorisation
f=gu:p(x) - a— bwithu € L and g € R. We have g € C", since g € R
and b € C§. Thus, a € C and ¢(i) : a(i) — b(i) for every i € n. The functor
N(Cx) — M(Ch) induced by 3 is a discrete opfibration by the made observation
above. Hence there is a unique map v € M(C}) with source x such that 8(v) = u.
We have v : ¢ — 2’ for some object ' € M(Cy). For each i € n, let us denote by
Z(i) : [k + 1] — C the chain which extends the chain () : [k] — C by grafting the
arrow g(i) : a() — b(4) at the top of ' (¢). This defines an element T € M(Cl41)NE}.
Let us put r(x, f) =T € Ep. The inclusion [k] C [k + 1] induces amap d: 2’ — T
in E and we have 8(dv) = 5(d)B(v) = gu = f. Hence the map dv : x — T defines
amap 71 : (z,f) — (T,1p) in E/b. This defines a functor r : E/b — E} equipped
with a natural transformation 7 : id — ir. It is easy to verify that it is the unit
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of an adjunction r - i. Hence the category E/b is weakly contractible, since Ej, is
contractible. We have completed the proof that the functor 3 is initial.

33.24. A map f: X — Y between cocomplete quasi-categories is strongly induc-
tive iff it preserves directed colimits and A°-indexed colimits. The implication (=)
is obvious. Let us prove the implication (<). Let us show that f preserves the
colimit of any sifted diagram d : A — X. Let us choose a fibrant replacement
1: A — A’ in the model structure for quasi-categories. We can suppose that ¢ is a
cofibration. In this case the map d : A — X admits an extension d’ : A’ — X, since
X is a quasi-category. The map ¢ is final, since a weak categorical equivalence is
final by 11.21. Hence the the map f preserves the colimit of d iff it preserves the
colimit of d’ by 21.29. But A’ is sifted, since A is sifted. Hence we can suppose that
A is a quasi-category, In this case, the canonical map A — L(A) is final by 33.12,
since A is sifted. The map d : A — X admits an extension di : U(A) — X by 77,
since X is cocomplete. Hence the map f preserves the colimit of d iff it preserves
the colimit of dy by 21.29. The map 64 : el(A) — A is a localisation by ??. Hence
also the map A = U(64) : U(el(A)) — U(A). But a localisation is final by 19.7.
Hence it suffices to show that f preserves the colimit of diA by 21.29. Let us show
more generally that f preserves the colimit of any diagram U(C) — X, where C a
category. It follows from 33.23 dualised that there is a diagram of categories

E—2>1(C)

|
AO

with a a final functor and p a Grothendieck opfibration with cocartesian fibers.
The map f preserves the colimit of a diagram u : U(C) — X iff it preserves the
colimit of the diagram v = ua : E — X, since « is final. But the colimit of v is
the same as the colimit of its left Kan extension along p : ' — A° by 24.5. Hence
it show that f preserves left Kan extensions along p, since it preserves A°-indexed
colimits by hypothesis. For this, we have to show that the canonical 2-cell

Ep(fv) = f5,(v)

is invertible. But for this, it suffices to show that the arrow

Ep(fo)([n]) = FEp(v)([n])

is quasi-invertible for every n > 0 by 1.11. But the left Kan extensions along p are
fiberwise by 7?7, since p is a Grothendieck opfibration. Hence it suffices to show
that the canonical arrow

lim fo(z) — f lim ov(z)
z€E(n) z€E(n)

is quasi-invertible for every n > 0, where E(n) denotes the fiber of p over [n]. But
the category F(n) is directed, since a cocartesian category is directed. This shows
that f preserves the left Kan extensions along p. We have proved that f preserves
sifted colomits.

33.25. It follows from 33.24 that an object in a cocomplete quasi-category is bi-
compact iff it is compact and adequate.
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33.26. If A is a simplicial set, we shall say that a pre-stack g € P(A) is sifted, if it
is a sifted colimit of representables. We shall denote by Sft(A) the full simplicial
subset of P(A) spanned by sifted pre-stacks. The quasi-category Sft(A) is has sifted
colimits and the Yoneda map y4 : A — P(A) induces a map ya : A — Sft(A). If
A is a quasi-category with finite coproducts then a prestack g € P(A) is sifted iff
the map ¢ : A° — U preserves finite products; hence we have

Sft(A) = Mod*(A°)
in this case.

33.27. A pre-stack g € P(A) is sifted iff its simplicial set of elements El(g) = A/g
is sifted iff its cocontinuous extension

(—,9):P(A°) > TU

defined in 32.10 preserves finite products.

33.28. If A is a simplicial set, then the map y4 : A — Sft(A) exhibits the quasi-
category Sft(A) as the free cocompletion of A under sifted colimits. More precisely,
if X is a quasi-category with sifted colimits, then the left Kan extension

fi:Sft(A) — X
of any map f : A — X along the map ys : A — Sft(A) is strongly inductive.

Moreover, any strongly inductive extension of f is canonically isomorphic to fi.

33.29. If A is a quasi-category with finite coproducts, then the map y4 : A —
Mod*(A°) exhibits the quasi-category Mod*(A°) as the (relatively free) cocomple-
tion of A under colimits. More precisely, if X is a cocomplete quasi-category, then
the left Kan extension

fii Mod*(A°) —» X
(along y4) of a map f: A — X which preserves finite coproducts is cocontinuous.
Moreover, any cocontinuous extension of f is canonically isomorphic to fi.
33.30. If A is a simplicial set, then we have a decomposition

P(A) ~ Sft(U(A)).
33.31. Let X be a quasi-category with sifted colimits and let K C X be a small
full sub quasi-category of bicompact objects. Then the left Kan extension

i : STt (K) — X.

of the inclusion i : K C X is strongly inductive and fully faithful. Moreover, if K
is closed under finite coproducts, then we have Sft(K) = Mod*(K°) and the map

iy : Mod*(K°) — X

is cocontinuous and fully faithful. Moreover, 4, is an equivalence if in addition K
separates X, or if X is cocomplete and K generates X.
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33.32. Let £ be a (cocomplete locally small) quasi-category and U : € — U
(k € K) be a family of continuous maps. Let us suppose that Uy is epresented
by an object uy € X. Let E be the closure under finite coproducts of the full
sub quasi-category of X spanned by the objects uy for k € K. The opposite
quasi-category T = FE° is the theory of algebraic operation on the family of maps
U= Uy :k € K) (by Yoneda lemma). The map G : £° — Mod*(T) defined
by putting G(z)(y) = hom(y,x) for every y € E has a left adjoint L. We have a
commutative diagram,

£ < Mod*(T)
x /
UK

where V' associates to f : E° — U the family (f(ug) : k¥ € K). The map G is
a coreflection (ie L is fully faithful) if the maps Uy preserve directed colimits and
the colimit of A°-indexed diagrams by 33.31. Moreover, G is an equivalence of
quasi-categories if in addition U is conservative. Hence the quasi-category £ is a
variety in this case.

33.33. A (locally small) cocomplete quasi-category X is a variety iff it is generated
by a small set of bicompact objects. More precisely, if X is a variety, then the
full sub quasi-category A = kk(X) of bicompact objects of X is closed under
finite coproducts, essentially small, and there is a canonical equivalence of quasi-
categories,

X =~ Sft(A) = Mod*(A°).

33.34. Two varieties are equivalent iff their (full) sub quasi-categories of bicompact
objects are equivalent.

33.35. A prestack g € Sft(A) is bicompact iff it is atomic. More generally, if
g € Sft(A), then the bicompact objects of the quasi-category Sft(A)/g are the
morphisms k — g, with k& € x(A). Moreover, the equivalence P(A/g) ~ P(A)/g of
25.19 induces an equivalence

Sft(A/g) — Sft(A4)/g.
33.36. From a map of simplicial sets u : A — B, we obtain a square
A———B
Sft(A) —2= Sft(B)

which commutes up to a canonical isomorphism. The map w is defined to be the
left Kan extension of the map ypu : A — Sft(B) along y4. The map wu is fully
faithful iff w is fully faithful. It is an equivalence iff u is a Morita equivalence.

33.37. The category of varieties and strongly inductive maps is cartesian closed. If
X and Y are varieties, then the quasi-category of strongy inductive maps X — Y
is equivalent to the quasi-category Y**X,
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34. PARA-VARIETIES

34.1. Recall that a category & is said to be a Grothendieck topos, but we shall say
a I-topos, if it is a left exact reflection of a presheaf category [C°, Set]. This means
that £ is equivalent to a reflective category of [C?, Set], with a reflection functor
[C°, Set] — £ which is left exact.

34.2. We call a locally presentable quasi-category X an co-topos if it is a left exact
reflection of a quasi-category of pre-stacks P(A) for some simplicial set A. If n > 0
we call a locally presentable quasi-category X a n-topos if it is a left exact reflection
of a quasi-category of n-pre-stacks P(A)(n) for some simplicial set A.

34.3. We call a locally presentable quasi-category X a para-variety if it is a left
exact reflection of a variety of homotopy algebras. We call a locally presentable
quasi-category X a para-n-variety if it is a left exact reflection of a n-variety of
homotopy algebras Prod(T)(n) for some algebraic theory T

34.4. If X is a para-variety, then so are the slice quasi-categories a\ X and X/a for
any object a € X and the quasi-category X4 for any simplicial set A. More gen-
erally, the quasi-category Prod(T, X) is a para-variety for any (finitary) algebraic
theory T'. A similar result is true for para-n-variety,

34.5. A para-variety admits surjection-mono factorisations and the factorisations
are stable under base changes. More generally, it admits k-factorisations stable
under base changes for every k > —1. A similar result is true for para-n-variety,

34.6. If X is a para-variety, then the colimit map
lim: X4 — X
A

preserves finite limits (finite products) for any directed (resp. sifted) simplicial set
A. A similar result is true for para-n-variety,

35. STABILISATION
35.1. The (homotopy) colimit of an infinite sequence of maps

X, fo X, f1 X, f2

in the category LP is the (homotopy) limit in the category QCAT of the corre-
sponding sequence of right adjoints

g0 g1 g2

Xy X

Xo

An object of this limit L is a pair (z,a), where z = (z,,) is a sequence of objects
x, € X, and a = (a,) is a sequence of equimorphisms a,, : ©, ~ g,(z,+1). The
canonical map ug : Xg — L has no simple description, but its right adjoint L — X is
the projection (z,a) — xg. The quasi-category L can also be obtained by localising
another locally presentable quasi-category of L’ constructed as follows. An object
of L' is pair (z,b), where = (z,,) is a sequence of objects x,, € X,, and b = (b,) is a
sequence of morphisms by, : f,(2,) — Zp4+1. The object (z,b) can also be described
as a pair y = (z, a), where x = (z,,) is a sequence of objects z,, € X,, and a = (a,)
is a sequence of morphisms a,, : ©,) — gn(zn+1). The obvious inclusion L C L’
has a left adjoint ¢ : L' — L which can be described explicitly by a colimit process
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using transfinite iteration. If y = (z,a) € L’ let us put p(y) = p(z,a) = p(x), p(a)),
where p(z), = gn(zn+1) and g(a), = gn(ans1). This defines a map p : L' — L'
and the sequence a, : T, — gn(Zn41) defines a morphism 6(y) : y — p(y) in L’
which is natural in y. It is easy to see that we have fop = pof : p — p?. By
iterating p transfinitly, we obtain a cocontinuous chain

Id9P9p29p39

where
p*(y) = lim p*(y).
i<a
for a limit ordinal «. The chain stabilises enventually and we have
q(x) = lim p® (z).
(6%
If directed colimits commute with finite limits in each X,,, then the reflection ¢ :
L' — L is left exact.

35.2. We conjecture that the quasi-category L’ is a para-variety (resp. an oo-topos)
if each quasi-category X, is a para-variety (resp. an oo-topos) It follows that the
quasi-category L is a para-variety (??n oo-topos) in this case.

35.3. Consider the category End(LP) whose objects are the pairs (X, ¢), where
X € LP and ¢ is a cocontinuous map X — X, and whose morphisms (X, ¢) —
(Y, 1) are the pairs (f,«), where f : X — Y is a map and « is an invertible 2-cell
a: f¢ — ¥ f in the square

X4f>Y

s |
f

X —Y.
The category End(LP) has the structure of a 2-category, induced by that of LP.
Let Aut(LP) be the full sub-category of End(LP) whose objects are the pairs
(X, ¢) with ¢ an equivalence. The inclusion functor Aut(LP) C End(LP) has a
(pseudo-) left adjoint

S : End(LP) — Aut(LP)

which associates to an object (X, ¢) € End(LP), its stabilisation S(X, ¢) = (X', ¢').
The quasi-category X’ is the (homotopy) colimit in LP of the sequence of quasi-
categories

X2 x s x 2

If w: X — X is right adjoint to ¢ : X — X, then X’ is the (homotopy) limit of
the sequence of quasi-categories

w w w

X X X

An object of X’ is an w-spectrum: it is a pair (z,a), where z = (z,,) is a sequence
of objects of X and a = (a,) is a sequence of equimorphisms a,, : @, ~ w(Xn41).
The map ¢’ : X' — X' is obtained by putting ¢'(x,a) = (o(z),0(a)), where
o(x)p = pe1 and o(a), = apy1. Its inverse is the map w’ : X’ — X’ obtained by
putting ’(z,a) = (w(z),w(a)), where w(z), = w(x,) and w(a), = w(a,) for every
n > 0. The canonical map u : X — X’ has no simple description, but its right
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adjoint X’ — X is the projection (x,a) — x¢. It follows from the conjecture in
35.1 that X’ is a para-variety if X is a para-variety.

35.4. If X is a para-variety, then so is the quasi-category Spec(X) of spectra in
X. Let us sketch a proof. We can suppose that X is pointed. We then have
Spec(X) = S(X, %), where ¥ : X — X is the suspension map. Let us show that
S(X,¥) is a para-variety if X is a para-variety (hence proving conjecture 35.2 in
this case). A pre-spectrum in X is an infinite sequence of pointed objects (z,)
together with an infinite sequence of commutative squares

Ty —>1

L

1— Tn+1,

The notion of pre-spectrum is essentially algebraic and finitary. Let us denote
by PSpec the algebraic theory of pre-spectra. The quasi-category PSpec(X) =
Mod* (PSpec, X) is a para-variety by 34.4, since X is a para-variety. But the quasi-
category Spec(X) is a left exact reflection of PreSpec(X) by 35.1, since directed
colimits commute with finite limits in X by 34.6. It is thus a para-variety.

35.5. (Joint work with Georg Biedermann) If X is a para-variety (resp. an oo-
topos), then so is the quasi-category of parametrised spectra in X. Let us sketch
the proof. Let us denote by PSpec the cartesian theory of parametrised spectra
30.37. If X is a para-variety (resp. an oo-topos), let us show that PSpec(X)
is a para-variety (resp. an oo-topos). Let PPreSpec be the cartesian theory of
parametrized pre-spectra. An object of PPreSpec(X) is a pre-spectrum in X/b for
some object b € X. A pointed object of X/b is an arrow p : © — b equipped with a
section s : b — . A pre-spectrum in X /b is an infinite sequence of pointed objects
(Zn, Pn, Sn) together with an infinite sequence of commutative squares

Pn
Ty —— >}

pnl iSnJrl

Sn+1
b Tnt1-

Clearly, a parametrised pre-spectrum in X is a map B — X, where B is a certain
simplicial set. Hence the quasi-category PPreSpec(X) of parametrized pre-spectra
in X is of the form X? for some simplicial set B. It is thus a para-variety (resp.
an oo-topos), since X is a para-variety (resp. an oo-topos). But the quasi-category
PSpec(X) is a left exact reflection of PPreSpec(X) by 35.1, since directed colimits
commute with finite limits in X by 34.6. It is thus a para-variety (resp. an oo-
topos).

35.6. Let PSpec be the cartesian theory of parametrised spectra described in 30.37.
If X is a para-variety (resp. an oo-topos), let us show that PSpec(X) is a para-
variety (resp. an oo-topos). Let PPreSpec be the cartesian theory of parametrized
pre-spectra. An object of PPreSpec(X) is a pre-spectrum in X /b for some object
b e X. A pointed object of X/b is an arrow p : * — b equipped with a section s :
b — x. A pre-spectrum in X/b is an infinite sequence of pointed objects (z,, pn, Sn)
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together with an infinite sequence of commutative squares

Pn
Ty —— > )

pnl isni»l
Sn+1

b a1

Clearly, a parametrised pre-spectrum in X is a map B — X, where B is a certain
simplicial set. Hence the quasi-category PPreSpec(X) of parametrized pre-spectra
in X is of the form X? for some simplicial set B. It is thus a para-variety (resp.
an oo-topos), since X is a para-variety (resp. an oco-topos). But the quasi-category
PSpec(X) is a left exact reflection of PPreSpec(X) by 35.1, since directed colimits
commute with finite limits in X by 34.6. It is thus a para-variety (resp. an oo-
topos).

36. DESCENT THEORY

36.1. Let X be a cartesian quasi-category. If C': A° — X is a category object, we
say that a functor p: E — C in Cat(X) is a left fibration if the naturality square

E, —>E,

C; —>=Cy

is cartesian, where s is the source map. The notion of right fibration is defined
dually by using the target map. The two notions coincide when C' is a groupoid.
We shall denote by X the full simplicial subset of Cat(X)/C spanned by the left
fibrations £ — C. If f : C — D is a functor in Cat(X), then the pullback of a
left fibration E — D along f is a left fibration f*(E) — C. This defines the base
change map

o xP - x©.

36.2. Let X be a cartesian quasi-category. There is then amap Fq : X1 — Gpd(X)
which associates to an arrow u : @ — b its equivalence groupoid Fq(u) as defined in
39.1. Let us describe the map explicitely. Let A, be the category of finite ordinals,
empty or not. The category I is isomorphic to the full subcategory of A spanned
by the ordinals 0 = () and 1 = [0]. If 4 is the inclusion I C A, then the functor

it [A, X] — [1°,X]

has a right adjoint ¢, which associates to an arrow v : a — b an augmented simplicial
object Eq;(u). The groupoid Eq(u) is obtained by restricting Eqy(u) along the
inclusion A € Ay. If u : a — b is an arrow in X, then the base change map
u* : X/b— X/a admits a lifting @* : X/b — XPa(),

X Ea(w)

P

X/b—"“ > X/a,
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where p is the forgeful map. We shall say that " is the lifted base change map. It
associates to an arrow e — b the arrow a X e — a

aXpe—-se

|,

u
a——>)

equipped with a natural action of the groupoid Fq(u). Let us describe @* explicitly.
The map Eq: X! — Gpd(X) takes the morphism (u, 1) : u — 1, of X!

u
a——)

b——=>1b

to a functor q : Eq(u) — Fq(1,) = Sk°(b). We thus obtain a base change map
q* : XSk:O(b) N XEq(u)

by 36.1. But the quasi-category X Sk°(b) ig equivalent to the quasi-category X/b.
The map u* is obtained by composing this equivalence with ¢*. An arrow v :a — b
is said to be a descent morphism if the lifted base change map u* is an equivalence
of quasi-categories.

36.3. If u : 1 — b is a pointed object in a cartesian quasi-category X, then the
groupoid Fq(u) is the loop group Q,(b) defined in 39.1. In this case, the lifted base
change map

@ X/b— X®
associates to an arrow e — b its fiber e(u) = u*(e) equipped with the natural action
(say on the right) of the group Q,(b).

36.4. Every surjection in U is a descent morphism. This is true more generally for
any surjection in a para-variety.

36.5. Let X be a cartesian quasi-category. If A is a simplicial set, then the pro-
jection X Ax1 _, X defined from the inclusion 1 € Ax1 is a Grothendieck fibration.
The base change of a cone ¢ : Ax1 — X along an arrow u : e — ¢(1) is a cone
u*(c): Ax1 — X with u*(c)(1) = e. By construction, we have

u*(¢)(a) = e Xc) c(a)

for every a € A. We say that the cone c is stably coezact if the cone u*(c) is coexact
for any arrow u : e — ¢(1). In this case, the colimit ¢(1) of the diagram ¢ | A is
said to be stable under base change

36.6. Let X be a cartesian quasi-category and A be a simplicial set. We say that
a natural transformation o : f — g : A — X is cartesian if the naturality square

Fla) L2 r)
)

|

g(a g(u)

—=g(b)
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is cartesian for every arrow u : @ — b in A. This notion only depends on the
homotopy class of « in the simplicial set X4(f,g). It is thus a property of the
2-cell [a] : f — g. The set of cartesian natural transformations is invariant under
equimorphism in X4. Moreover, it is closed under composition, base changes and
it has the left cancellation property. We call a cartesian natural transformation
a: f — g a gluing datum over g : A — X. We shall denote by Glue(g) the full
simplicial subset of X4 /g spanned by the gluing data over g. When the category
71 A is a groupoid, every natural transformation « : f — g : A — X is cartesian.
Thus, Glue(g) = X*/g in this case.

36.7. A functor f : C — D in Cat(X) is a natural transformation f : C — D :
A° — X. The natural transformation is cartesian iff it is both a left and a right
fibration.

36.8. Let X be a cartesian quasi-category. If w : A — B is a map of simplicial
sets, then the map X% : XB — X4 takes a cartesian natural transformation to a
cartesian natural transformation. It thus induces a map

u* : Glue(g) — Glue(gu)

for any diagram g : B — X. We call u* the restriction along u. The map u* is an
equivalence of quasi-categories when w is final. In particular, it is an equivalence
if u is a weak categorical equivalence. In particualr, if ¢ : Ax1 — X, then the
restriction map

Glue(c) — X/c(1)
is an equivalence of quasi-categories, since the inclusion 1 C A x 1 is final. By
composing the inverse equivalence with the restriction

i* 1 Glue(c) — Glue(ci)
along the inclusion i : A C A x 1 we obtain a map
X/c(1) — Glue(ci)

called the spread map. We say that a diagram d : A — X is a descent diagram if it
has a colimit b and the spread map

o: X/b— Glue(d)

is an equivalence of quasi-categories. In which case, the inverse of o associates to a
cartesian morphism f — g its colimit

lim f(a) — lim g(a) = b.

acA acA
The colimit of an descent diagram is stable under base change.

36.9. Every diagram in U is a descent diagram (and every colimit is stable under
base change). Let us sketch a proof using the correspondance f — FEI(f) of 16.8.
If B is a simplicial set, let us denote by K(B) the full sub-category of S/B whose
objects are the Kan fibrations X — B. The category K(B) is enriched over Kan
complexes. Moreover, if i : A — B is a weak homotopy equivalence, then the map
i*: K(B) — K(A) is a Dwyer-Kan equivalence. If g : A — U is a diagram, let us
put G = FEl(g) and let us choose a weak homotopy equivalence i : G CY with Y a
Kan complex. Then the object Y € U is the colimit of g. A natural transformation
a: f—g:A— Uis cartesian iff the map Fl(a) : El(f) — El(g) = G is a
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homotopy covering in the sense of 11.22. It follows that the quasi-category Glue(g)
is equivalent to the coherent nerve of the simplicial category K(G). Moreover, the
spread map U/Y — Glue(g) is induced by the functor ¢* : K(Y) — K(G). It is
thus an equivalence of quasi-categories, since i is a weak homotopy equivalence.

36.10. Let X C Y be a left exact reflection of a cartesian quasi-category Y. Then
a diagram g : A — X which is a descent diagram in Y is also a descent diagram in
X. Let us sketch a proof. Let ¢ be the inclusion X C Y. The compositeig: A — Y
is a descent diagram by assumption. If b is the colimit of the ig, then r(b) is the
colimit of g in X. Consider the diagram

X/r(b) 7 Glue(g)

L

Y/r(b) —2 Y /b —Z> Glue(ig),

where g and 7; are induced by 7 : X C Y, where o and ¢’ are the spread maps, and
where p* is base change along the canonical arrow p : b — r(b). It is easy to see that
the diagram commutes up to a canonical isomorphism. The map ¢ : Y/b — X/r(b)
induced by r is left adjoint to the composite p*ip : X/r(b) — Y/r(b) — Y/b.
Moreover, the counit of the adjunction g F p*iq is invertible by the left exactness of
r. Thus. p*ig is fully faithful. It follows that i;0’ = op*ig is fully faithful, since o
is an equivalence by assumption. Thus, ¢’ is fully faithful, since 4; is fully faithful.
It remains to show that o’ is essentially surjective. Let o : f — g be an object of
Glue(g) and u : a — b be the colimit of & in Y. Then the canonical square

is also a pullback in X, since r is left exact. This proves that o’ is essentially
surjective.

36.11. Every diagram in an oco-topos is a descent diagram (and every colimit is
stable under base changes).

36.12. Let Y be a cartesian quasi-category, X C Y be a full reflective sub quasi-
category and A be a simplicial set. Suppose that X admits A-indexed colimits
and that these colimits are preserved by the inclusion ¢ : X C Y. Then a diagram
g : A — X which is a descent diagram in Y, is a descent diagram in X. Let us
sketch a proof. If b is the colimit of g in X, then i(b) is the colimit of ig in Y, since
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1 preserves A-indexed colimits. Consider the square

X/b —— Glue(g)

Y/i(b) —— Glue(ig),

where the maps 79 and i; are induced by ¢ and where the horizontal maps are
the spread maps. The square commutes up to a canonical isomorphism, since
1 preserves finite limits. The maps iy and 47 are fully faithful, since ¢ is fully
faithful. The bottom spread map is an equivalence, since ig is a descent diagram
by assumption. It follows that the top spread map is fully faithful. Hence it suffices
to show that it is essentially surjective. Let a : f — g be an object of Glue(g).
If a is the colimit of f in X, then i(a) is the colimit of if in Y, since i preserves
A-indexed colimits by assumption. The colimit of « is an arrow v : a — b. The
image by the bottom spread map of the object i(u) of Y/i(b) is quasi-isomorphic to
the object i(«) : if — ig of Glue(ig), since ig is a descent diagram by assumption.
Hence the image of u by the top spread map is quasi-isomorphic to the object
a: f — g of Glue(g), since 4, is fully faithful and the square commutes up to a
natural isomorphism.

36.13. Every sifted diagram in a para-variety is a descent diagram (and every sifted
colimit is stable under base changes). In particular, every groupoid is a descent
diagram. Let us sketch a proof. We first consider the case of a sifted diagram
g : A — Y with values in an w-variety Y. The quasi-category Y is equivalent
to a quasi-category Mod(T) for some algebraic theory T by 33.9. The inclusion
i: Mod(T) C UT is reflective and it preserves sifted colimits by 33.14. The diagram
ig : A — UT is a descent diagram by 36.11. Hence also g by 36.12. We can now
consider the case of a sifted diagram ¢ : A — X with values in a pseudo-w-variety
X. The quasi-category X is a left exact reflection of an w-variety Y. If ¢ is the
inclusion X C Y, then the composite ig : A — Y is descent diagram in Y by the
first part of the proof. It then follows from 36.10 that g is a descent diagram.

37. EXACT QUASI-CATEGORIES

37.1. Let X be a cartesian quasi-category. There is then amap Eq : X! — Gpd(X)
which associates to an arrow u : a — b its equivalence groupoid Fq(u). If a groupoid
C : A° — X has a colimit BC and p : Cy — BC is the canonical morphism, then
there is a canonical functor C — Eq(p). We say that a groupoid C'is effective if it
has a colimit p : Cy — BC' and the canonical functor C' — Eq(p) is invertible.

37.2. Let X be a cartesian quasi-category. Recall from 36.2 that an arrow w : a — b
in X is said to be a descent morphism if the lifted base change map

@ X/b— XPaw
is an equivalence of quasi-categories.

37.3. Recall that a cartesian quasi-category X is said to be regular if it admits
surjection-mono factorisations stable under base changes. Recall that a regular
category C'is said to be ezact, but we shall say I-exact, if every equivalence rela-
tion is effective. It follows from this condition that every surjection is a descent
morphism.



QUASI-CATEGORIES 145

37.4. We say that a regular quasi-category X is exact if it satisfies the following
two conditions:

e Every surjection is a descent morphism;
e Every groupoid is effective.

37.5. The quasi-category U is exact. If a quasi-category X is exact, then so are
the quasi-categories b\ X and X/b for any vertex b € X, the quasi-category X for
any simplicial set A and the quasi-category Prod(T, X) for any algebraic theory
T. A variety of homotopy algebras is exact. A left exact reflection of an exact
quasi-category is exact. A para-variety is exact.

37.6. We say that a map X — Y between regular quasi-categories is ezxact if it is
left exact and preserves surjections.

37.7. Let u : a — b be an arrow in an exact quasi-category X. Then the base
change map u* : X/b — X/a is exact. Moreover, u* is conservative if u is surjective.

37.8. An exact quasi-category X admits n-factorisations for every n > 0. An
object a is connected iff the arrows ¢ — 1 and @ — a X a are surjective. An arrow
a — b is O-connected iff it is surjective and the diagonal a — a X a is surjective. If
n > 0, an arrow a — b is n-connected iff it is surjective and the diagonal a — a X a
is (n — 1)-connected. If @ — e — b is the n-factorisation of an arrow a — b, then
a4 — aX.a— axpais the (n — 1)-factorisation of the arrow a — a X, a. An exact
map f : X — Y between exact quasi-categories preserves the n-factorisations for
every n > 0.

37.9. Let u: a — b be a surjection in an exact quasi-category X. Then the lifted
base change map

@t X/b— xPaw)

of 36.2 is an equivalence of quasi-categories. A pointed object u : 1 — b is connected
iff the map w is surjective. In this case the map

u* o X/b— X

defined in 36.3 is an equivalence of quasi-categories.

37.10. Let X be a cartesian quasi-category. We shall say that a functor f : C — D
in Cat(X) is fully faithful if the square

f1

Cy Dy

(Syt)l i(s,t)
CO X CO M Dgy x Dy

is cartesian. For example, if u : @ — b is an arrow in X, then the canonical functor
Eq(u) — b is a fully faithful, where b denotes the category Sk°(b).
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37.11. Let X be a regular quasi-category. We say that a functor f : C' — D in
Gpd(X) is essentially surjective if the morphism tp; in the square

P2
D X Dy Cy — ()

tp1 pll lfo

Dy Do

Dy "

is surjective. Let J : Cat(X) — Gpd(X) be the right adjoint to the inclusion
Gpd(X) C Cat(X). We say that a functor f : C — D in Cat(X) is essentially
surjective if the functor J(f) : J(C) — J(D) is essentially surjective. We say that
f is a weak equivalence if it is fully faithful and essentially surjective. For example,
if u:a — bis a surjection in X, then the canonical functor Fq(u) — b is a weak
equivalence.

37.12. Let X be a cartesian quasi-category. We say that a functor f : C' — D in
Cat(X) is a Morita equivalence if the induced map f* : XP — X¢ defined in 36.1
is an equivalence of quasi-categories. If X is an exact quasi-category, then every
weak equivalence f : C'— D is a Morita equivalence, and the converse is true if C'
and D are groupoids.

37.13. Let X be an exact quasi-category. Then the map Fq : X! — Gpd(X) which
associates to an arrow u : a — b its equivalence groupoid Eq(u) has left adjoint
B : Gpd(X) — X! which associates to a groupoid C' its ”quotient” or ”classifying
space” BC equipped with the canonical map Cy — BC'. Let us denote by Surj(X)
the full simplicial subset of X! spanned by the surjections. The map B is fully
faithful and its essential image is equal to Surj(X). Hence the adjoint pair B + Eq
induces an equivalence of quasi-categories

B : Gpd(X) < Surj(X) : Eq.

37.14. The canonical map Ob : Gpd(X) — X is a Grothendieck fibration; we
denote its fiber at a € X by Gpd(X,a). An object of the quasi-category Gpd(X,a)
is a groupoid C € Gpd(X) with Cy = a. The source map s : X! — X is a
Grothendieck fibration; its fiber at @ € X is the quasi-category a\ X, which is
equivalent to the quasi-category a\X. The adjoint pair B : Gpd(X) « X! : Eq
induces an adjoint pair
B : Gpd(X,a) < a\X : Eq
for each object a € A. Let us denote by Surj(a, X) the full simplicial subset of
a\X spanned by the surjection a — x. Then the equivalence above induces an
equivalence
B : Gpd(X,a) < Surj(a,X) : Eq.
A groupoid in Gpd(X,1) is a group object in X. Hence the adjoint pair above
induces an adjoint pair
B:Grp(X) < 1\X : Q,
where (2 associates to pointed objec 1 — b its "loop group” Q(b). An object of
Surj(1,X) is a ”pointed connected” object of X. The adjoint pair above induces
an equivalence of quasi-categories

B: Grp(X) « Surj(1,X) : Q.
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37.15. Let X be an exact quasi-category. If we iterate the adjoint pair B :
Gpd(X) < X! : Eq we obtain an adjoint pair

B": Gpd™(X) — X" : Eq"

for each n > 1, where Gpd™(X) is the quasi-category of n-fold groupoids in X.
Let us denote by Surj™(X) the full simplicial subset of X" spanned by the cubes
of surjections I™ — X. The map B"™ is fully faithful and its essential image is
equal to Surj™(X). Hence the adjoint pair B + Egq induces an equivalence of
quasi-categories

B": Gpd™(X) < Surj™(X) : Eq".

37.16. Let X be a pointed exact quasi-category. Then an object z € X is connected
iff the morphism 0 — « is surjective. More generally, an object © € X is n-connected
iff the morphism 0 — z is (n — 1)-connected. If CO(X) denotes the quasi-category
of connected objects in X, then we have an equivalence of quasi-categories

B:Grp(X) < COX):Q

by 37.14. Hence the quasi-category CO(X) is exact, since the quasi-category
Grp(X) is exact. A morphism in CO(X) is n-connected iff it is (n + 1) connected
in X. Similarly, a morphism in CO(X) is a n-cover iff it is a (n 4+ 1) cover in X.
Let us put CO™1(X) = CO(CO™(X)) for every n > 1. This defines a decreasing
chain

XDCO(X)DCO*(X)D---.

An object € X belongs to CO™(X) iff x is (n — 1)-connected. Let Grp™(X) be
the quasi-category of n-fold groups in X. By iterating the equivalence above we
obtain an equivalence

B" : Grp"(X) « CO™(X) : Q"
for every n > 0.

37.17. Let X be a cartesian quasi-category. We say that a groupoid C': A° — X
is n-truncated if the morphism C; — Cy x Cp is a (n — 1)-cover. An object b € X
is a n-object iff the groupoid Sk°(b) is a n-truncated.

37.18. Recall that a cartesian quasi-category X is n-truncated iff every object in
X is a (n — 1) object.

37.19. If n > 1, we say that a n-truncated regular quasi-category X is n-ezact if
it satisfies the following two conditions:

e Every surjection is a descent morphism;
e Every (n — 1)-truncated groupoid is effective.

37.20. The quasi-category U(n) is n-exact. If a quasi-category X is exact, then
the quasi-category X (n) of (n — 1)-objects in X is n-exact. If a quasi-category X
is n-exact, then so are the quasi-categories b\ X and X/b for any vertex b € X, and
the quasi-category Prod(T, X) for any algebraic theory T. A n-variety of homotopy
algebras is n-exact. A left exact reflection of a n-exact quasi-category is n-exact.
A para-n-variety is n-exact.
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37.21. If X is an exact quasi-category, we denote by X (n) the full simplicial subset
of X spanned by the (n — 1)-objects of X. The quasi-category X (n) is n-exact.
The inclusion X (n) C X has a left adjoint

Tn—1) : X — X(n)

which preserves finite products. We call an arrow f : a — b in X a n-equivalence
if the arrow 7,y (f) : T(ny(a) — 7y (b) is invertible. Every n-connected arrow
is a n-equivalence and every m-equivalence is (n — 1)-connected. If f : a — b is
an arrow in X, then the map f*(n) : (X/b)(n) — (X/a)(n) induced by the map
f*:X/b— X/a has a left adjoint fi(n). Moreover, the adjoint pair

fi(n) = (X/a)(n) < (X/b)(n) : f*(n)

is an equivalence of quasi-categories when f is a n-equivalence. It follows that the
quasi-category (X/b)(n) is equivalent to the quasi-category (X /7(")(b))(n) for every
object b € X. If n = 0, this means that the poset of subobjects of b is isomorphic
to the poset of subobjects of m(b) = 7(g)(b). If n = 1, this means that the (quasi-)
category of 0-objects in X/b is equivalent to category of 0-objects in X/m1)(b).

37.22. We say that an exact quasi-category X is n-generated if for every object
b € X there exists a surjection a — b whith a a n-object. The quasi-category U
is O-generated. The quasi-category U4 is n-generated for any (n + 1)-truncated
quasi-category A. More generally, the quasi-category Mod(T) is n-generated for
any (n + 1)-truncated algebraic theory T

37.23. Let X be an exact quasi-category. We say that an arrow in X is oo-
connected if it is n-connected for every n > 0. An arrow f € X is oco-connected
iff it is a n-equivalence for every n > 0. We say that X is t-complete if every
oo-connected arrow is invertible.

37.24. The exact quasi-category U is t-complete. If an exact quasi-category X is
t-complete, then so are the quasi-categories b\ X and X/b for any vertex b € X,
and the quasi-category Mod(T, X) for any algebraic theory T.

37.25. Let X be a t-complete exact quasi-categories. If Y is an exact quasi-
category, then an exact map X — Y is conservative iff the induced map X (1) —
Y (1) is conservative. Every t-complete exact quasi-category X admits a conserva-
tive exact map X — U.

37.26. Let Ex be the category of exact categories and exact maps. The category
Ex has the structure of a 2-category induced by the 2-category structure of the
category of simplicial sets. If TEx is the full sub-quasi-category of Ex spanned
by the t-complete exact quasi-categories, then the inclusion TEx C Ex has a left
adjoint which associates to an exact quasi-category X its t-completion *X. The
quasi-category ' X can be constructed as a localisation L(X,Y), where X is the set
of co-connected arrows in X.
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37.27. Let X be an exact quasi-category. If RCat(X) is the quasi-category of
reduced categories in X, then the inclusion RCat(X) C Cat(X) has a left adjoint

R: Cat(X) — RCat(X)

which associates to a category C' € Cat(X) its reduction R(C'). When C is a
groupoid, we have R(C) = B(C). In general, we have a a pushout square in

Cat(X),

J(C) C

L

B(J(C)) —= R(C),

where J(C') is the groupoid of isomorphisms of a category C. The simplicial object
R(C) can be constructed by putting (RC),, = B(J(CM)) for every n > 0, where
C™ is the (internal) category of functor [n] — C. The canonical map C' — R(C)
is an equivalence of categories, hence it is also a Morita equivalence. A functor
f:C — D in Cat(X) is an equivalence iff the functor R(f) : R(C) — R(D) is
a isomorphism in RCat(X). If W C Cat(X) is the set of equivalences, then the
induced map

L(Cat(X),W) — RCat(X)

is an equivalence of quasi-categories.

37.28. Let X be an exact pointed quasi-category. The quasi-category of n-connected
2n-objects in X is equivalent to the quasi-category of (n—1)-objects in CO"1(X),
which is equivalent to the quasi-category of (n — 1)-objects in Grp"™*(X). In other
words, the quasi-category of n-connected 2n-objects in X is equivalent to the quasi-
category

Mod(OB(n —1),Grp" (X)) = Mod(OB(n — 1) ®. Grp™ ™, X).

The suspension theorem of Freudenthal implies that the cartesian theory OB(n —
1) ®. Grp™*1 is additive by 40.30. It follows that a n-connected 2n-object in X has
the structure of an infinite loop space.

37.29. Let X be an exact quasi-category. If G is a group object in X, we say
that an object E € X¢ with group action a : G x E — E is a G-torsor if the
map EF — 1 is surjective and the map (p1,a) : G x E — E x E is invertible. If
n > 0, every n-connected 2n-object a € X is a torsor over an infinite loop space
J(a), called the Jacobian of a. Let us sketch the construction of J(a). The object
a' = a*(a) = axa € X/ais pointed by the diagonal a — a X a. It is a n-connected
2n-object. Hence it has the structure of an infinite loop space J(a’) by 37.28. The
map a — 1 is surjective, since a is n-connected. It is thus a descent morphism.
The infinite loop space J(a') is equipped with a descent datum, since the structure
is canonical. Descent theory implies that there is an infinite loop space J(a) such
that a*J(a) = J(a’). From the action of J(a’) on a’ (= J(a')) we obtain an action
of J(a) on a. The object a is a torsor over J(a), since the object a’ is a torsor over

J(a).
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37.30. Let X be an exact quasi-category. An Eilenberg-MacLane n-space is defined
to be a pointed n-object a € A which is (n — 1)-connected. The equivalence B :
Grp(X) < Surj(1,X) : Q of 37.14 induces an equivalence

K(—,1): Grp(X)(1) & EM; : Q

between the category of discrete group objects in X and the quasi-category of
FEilenberg-MacLane 1-spaces. If n > 1, every Eilenberg-MacLane n-spaces has the
structure of an infinite loop space. The equivalence B" : Grp™(X) <« CO™(1\X) :
Q" of 37.16 induces an equivalence

K(—,n): Ab(X)(1) < EM, : Q"

between the category of abelian discrete group objects in X and the quasi-category
of Eilenberg-MacLane n-spaces. An Filenberg-MacLane n-gerbe is defined to be a
n-object which is (n — 1)-connected. If n > 1, every Eilenberg-MacLane n-gerbe
a € A is naturally a torsor over its Jacobian J(a) which is an Eilenberg-MacLane
n-space.

38. META-STABLE QUASI-CATEGORIES

38.1. We say that an exact quasi-category X is meta-stable if every object in X
is co-connected. A cartesian quasi-category X is meta-stable iff if it satisfies the
following two conditions:

e Every morphism is a descent morphism,;
e Every groupoid is effective.

38.2. The sub-quasi-category of co-connected objects in an exact quasi-category
is meta-stable. We shall see in 31.30 that the quasi-category of spectra is meta-
stable. In a meta-stable quasi-category, every monomorphism is invertible and
every morphism is surjective.

38.3. If a quasi-category X is meta-stable then so are the quasi-categories b\ X
and X/b for any vertex b € X, the quasi-category X4 for any simplicial set A, and
the quasi-category Prod(T,X) for any algebraic theory T'. A left exact reflection
of a meta-stable quasi-category is meta-stable.

38.4. Let u: a — b be an arrow in a meta-stable quasi-category X. Then the lifted
base change map

@ X /b — XFaw
of 36.2 is an equivalence of quasi-categories. In particular, if u : 1 — b is a pointed
object, then the map

@t X/ — X

defined in 36.3 is an equivalence of quasi-categories.

38.5. Let X be a meta-stable quasi-category. Then the map Eq : XT — Gpd(X)
which associates to an arrow u : a — b the equivalence groupoid Eq(u) is invertible.
We thus have an equivalence of quasi-categories

B:Gpd(X) « X' : Eq.
The equivalence can be iterated as in 37.15. It yields an equivalence of quasi-

categories
B": Gpd™(X) — X" : Eq"
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for each n > 1.

38.6. Let X be a meta-stable quasi-category. Then the equivalence
B:Gpd(X) « X' : Eq.
induces an equivalence
B : Gpd(X,a) < a\X : Eq
for each object a € A, where Gpd(X,a) is the quasi-category of groupoids C' €
Gpd(X) with Cp = a. In particular, it induces an equivalence

B:Grp(X) < 1\X : Q,

where Grp(X) is the quasi-category of groups in X. By iterating, we obtain an
equivalence

B": Grp™(X) < 1\X : Q"
for each n > 1.

38.7. Let Ex be the category of exact categories and exact maps. If MEx is the
full sub-quasi-category of Ex spanned by the meta stable quasi-categories, then the
inclusion MEx C Ex has a right adjoint which associates to an exact quasi-category
X its full sub-quasi-category of meta-stable objects.

39. FIBER SEQUENCES

39.1. Let Grp be the theory of groups and Point = OB, be the cartesian theory
of a pointed object. Consider the interpretation v : Grp — Point defined by the
loop group of the generic pointed object. The map

w : Mod(Grp) — Mod(Point) = Mod*(OB') = 1\U

takes a group G to its classifying space BG. It induces an equivalence between
Mod(Grp) and the full sub-quasicategory of pointed connected objects in 1\U. It
is thus fully faithful. Hence the morphism of theories v : Grp — Point is fully
faithful. More generally, let Gpd be the cartesian theory of groupoids and Map. be
the cartesian theory of maps. Consider the interpretation v : Gpd — Map,. defined
by the equivalence groupoid of the generic map. Then the map

v : Mod(Gpd) — Mod(Map.) = Mod*(Map) = U’

takes a groupoid C to its classifying space BC equipped with the map Cy — BC.
It induces an equivalence between M od(Gpd) and the full sub-quasicategory of U’
spanned by the surjections It is thus fully faithful. Hence the morphism of cartesian
theories v : Gpd — Map, is fully faithful.

39.2. Recall that a null object in a quasi-category X is an object 0 € X which is
both initial and final. The homotopy category of a quasi-category with nul object
is pointed. In a quasi-category with nul object X we say that sequence of two
arrows a — b — c¢ is null if its composite is null in hoX. A fiber sequence is a null
sequence a — b — c fitting in a cartesian square

a——)

||

0——c.

The notion of cofiber sequence is defined dually.
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39.3. Let X be a cartesian quasi-category. Recall from 39.1 that the equivalence
groupoid of a pointed object u : 1 — b is the loop group Q,(b). Consider the map

u: X/b— X $2u(b)

which associates to an arrow p : e — b its fiber u*(e) equipped with a natural action
(say on the right) of the group €,(b). In the special case where p = u : 1 — b, this
gives the natural right action of ,(b) on itself. If [ : ¢/ — e is an arrow in X/b,
then the arrow u*(l) : u*(e’) — u*(e) respects the right action by €2,(b). Suppose
that we have a base point v : 1 — e over the base point u : 1 — b. Then the arrow
0 = u*(v) : Qu(b) — e(u) respects the right action by €, (b). The top square of
the following commutative diagram is cartesian, since the bottom square and the
boundary rectangle are cartesians,

R

u*

1
(e L se
1 b.
Hence the arrow 0 : Q,(b) — e(u) is the fiber at v of the arrow u*(e) — e. The
base point v : 1 — e lifts naturally as a base point w : 1 — u*(e). Let us show that

the arrow Q(p) : Qy(e) — Q, (D) is the fiber at w of the arrow 0. For this, it suffices
to show that we have a cartesian square

%

Q
Qu(e) (p)

l

By working in the quasi-category Y = X/b, we can suppose that b = 1, since the
canonical map X/b — X preserves pullbacks. For clarity, we shall use a magnifying
glass by denoting the objects of Y = X/b by capital letters. The base point u: 1 — b
defines an object T' € Y and the arrow p : ¢ — b an object F € Y. The base point
v :1 — e defines a morphism v : T'— E. Observe that the image of the projection
p2 : T X E — E by the canonical map Y — X is the arrow 4 : u*(u) — e. Similarly,
the image of the canonical morphism j : T xg T — T x T by the map ¥ — X
is the arrow Q(p) : Q(e) — Q(b). The square in the NE corner of the following
commutative diagram is cartesian,

{O

u()

Yt )

TxgT ——>TxT

e
|
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It follows that the square in the NW corner is cartesian, since the composite of the
top squares is cartesian. This shows that the square above is cartesian and hence
that the arrow Q(p) : Q,(e) — Q,(b) is the fiber at w of the arrow J. We thus
obtain a fiber sequence

Q(p)

Q(e) Qb) L f—se—Lsy.
By iterating, the sequence can be extended to a long fiber sequence
0%(e) —2- () - ) S (0) L f e —Lm,

39.4. The considerations above can be dualised. Let X be a pointed cocartesian
quasi-category with nul object 0 € X. The cofiber of an arrow w : * — y is the
arrow v : x — y defined by a pushout square

r——->0
Yy — Y5z
The suspension ¥(x) is the cofiber of the nul arrow  — 0. It follows from the

duality that ¥(x) has the structure of a cogroup object in X. We obtain the Puppe
cofiber sequence

2 (u) (v) )

x u y v 5 1¢] E(Q?)

(y)

(2)

22(2)

40. ADDITIVE QUASI-CATEGORIES

40.1. A category with finite products is pointed iff its terminal object is initial.
Recall that the product of two objects x X y in a pointed category C' is called a
direct sum x @ y if the pair of arrows

14,0 0,1

(1z,0) ZXy (0,1y) y
is a coproduct diagram. A pointed category C is said to be semi-additive if has
finite products and the product z X y of two objects of C' is a direct sum x & y.
In a semi-additive category, the coproduct x of a family of objects (x; : i € I) is
denoted as a direct sum

The opposite of a semi-additive category is semi-additive. The set of arrows between
two object of a semi-additive category has the structure of a commutative monoid.
A semi-additive category C'is said to be additive if the monoid C(x,y) is a group
for any pair of objects x,y € C.

40.2. A quasi-category with finite products is pointed iff its terminal object is
initial. We shall say that the product x x y of two objects in a pointed quasi-
category is a direct sum x @ y if the pair of arrows
15,0 0,1
" (1z,0) zxy (0,1y) y
is a coproduct diagram. A pointed quasi-category with finite products X is said to
be semi-additive if the product x X y of any two objects is a direct sum x ®y. In a
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semi-additive quasi-category, the coproduct x of a family of objects (z; : i € I) is
denoted as a direct sum

iel
The opposite of a semi-additive quasi-category X is semi-additive. The homotopy
category of a semi-additive quasi-category is semi-addditive. A semi-additive quasi-
category X is said to be additive if the category hoX is additive. The opposite of
an additive quasi-category is additive.

40.3. If a quasi-category X is semi-additive (resp. additive), then so is the quasi-
category X4 for any simplicial set A and the quasi-category Mod*(T, X) for any
algebraic theory T

40.4. An additive quasi-category T is unisorted iff it is equipped with an essentially
surjective morphism Add — T. A unisorted additive quasi-category is essentially
the same thing as a ring space.

40.5. Recall that the fiber a — = of an arrow z — y in a quasi-category with null
object 0 is defined by a pullback square

a——
00—V

The cofiber of an arrow is defined dually. An additive quasi-category is cartesian iff
every arrow has a fiber. An additive quasi-category is finitely bicomplete iff every
arrow has a fiber and a cofiber.

40.6. Let X be an additive quasi-category. To a commutative square in X
a c
|, b
b d

(u,v) b c(—g,f) d

The square is a pullback iff the sequence is a fiber sequence. The square is a pushout
iff the sequence is a cofiber sequence.

v
_

g
—_—

corresponds a null sequence

40.7. Let X be a cartesian additive quasi-category. Then to each arrow f:z — y
in X we can associate by 39.3 a long fiber sequence,

Qi Q i
@) Q(x)—>(f) Qy) 9 L. T ! Y.

)
0%(y) Q(z)
where i : z — x is the fiber of f.

40.8. A map f : X — Y between semi-additive quasi-categories preserves finite
products iff it preserves finite coproducts iff it preserves finite direct sums. Such
a map is said to be additive. The canonical map X — hoX is additive for any
semi-additive quasi-category X.
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40.9. A map between cocomplete additive quasi-categories is cocontinuous iff it
preserves direct sums and cofibers. An additive map between cartesian additive
quasi-categories is left exact iff it preserves fibers.

40.10. The Karoubi envelope of a semi-additive (resp. additive) quasi-category is
semi-additive (resp. additive). If an additive quasi-category X is Karoubi complete,
then every idempotent e : + — x has a fiber Ker(e) and we have a decomposition
x ~ Ker(e) ® Im(e), where x — I'm(e) — x is a splitting of e.

40.11. Let X be a Karoubi complete additive quasi-category. If C' : A° — X
is a simplicial object, then the morphism C(d,) : Cph41 — C, is splitted by the
morphism C(s,,) : C,, — Cyq1 for every n > 0. We thus obtain a decomposition

6071@071 =~ n+1;

where 0C,, — C,11 is the fiber of C(d,) : Cps1 — Cy. This defines a simplicial
object 6C' : A° — X called the first difference of C. The simplicial object §C
is augmented, with the augmentation d¢ : 6Cy — Cp obtained by composing the
canonical morphism §Cy — C7 with the morphism C(dy) : C1 — Cp. This defines
an augmented simplicial object §,C' = (§C, O¢). The resulting map

6+ : [AO,X] - [Ai,X]

is an equivalence of quasi-categories. The inverse equivalence associates to an aug-
mented simplicial object D : A9 — X the simplicial object XD obtained by putting

(£D), = @ D(i)
1=0

for every n > 0. Let us describe the simplicial object 3D more explicitly. Let
o : Ay — A be the functor defined by putting o(n) = n + 1 = [n]. Then the left
Kan extension of D along o is computed by the following formula:

n+1

o1(D)n = @ D).
=0

If u denotes the inclusion A C Ay, then we have u*(D),, = D(n+1). Let us describe
a morphism ap : u*(D) — 01(D) whose cofiber is a morphism ¢y(D) — XD. From
the obvious natural transformation Id — ou, we obtain a natural transformation
B :1d — owy. If € : wyu™ — Id is the counit of the adjunction w F u*, then we can
take

ap = 01(ep)Bu=(p) : v (D) — ovwu™ (D) — a1(D).

40.12. The first difference C' — §C can be iterated. Let C'h be the pointed category
whose objects are the natural numbers and whose arrows are given by

{0,0} ifm=n+1
Ch(m,n) =< {id,0} ifm=n.
{0} otherwise

The only relation is 90 = 0. If X is an additive quasi-category, a chain complexr in
X is defined to be a map Ch — X which send a null arrow to a nul arrow. We shall
denote by Ch(X) the full simplicial subset of X" spanned by the chain complexes
in X. The quasi-category Ch(X) is additive. If C': A° — X, then the simplicial
object §(C) is equipped with an augmentation map 9 : 6Cy — Cp. The second
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difference 62C' = §(6(C)) is equipped with an augmentation 8 : 62Cy — §Cp and
we have 00 = 0. By iterating, we obtain a chain complex

%) %) [}

Co 0Cy 52Cy
It follows from the construction that §”Cj is the fiber of the map

(D1, 0n) : Co = P Cra
=1

for every n > 0. The map
ch: [A% X] — Ch(X)

defined by putting ch(C) = §*Cy is an equivalence of quasi-categories; it is the
Dold-Kan correspondance. The inverse equivalence associates to a chain complex
D € Ch(X) the simplicial object S(D) obtained by putting

S(D)n = EnD (Z) Dy,

k=0
for every n > 0. The equivalence

Cp = S(6°C),, = ”)5’“00

o= (;
is Newton’s formula of finite differences calculus. Let us describe the simplicial
object S(D) more explictly. The binomial coefficient (Z) is the number of surjec-
tions [n] — [k]. Let A,, C A be the subcategory of monomorphisms. Consider the
functor G : A, — Ch which takes a monomorphism f : [m] — [n] to the morphism
G(f) : m — n defined by putting

0 ifn=m+1 and f=4dy
G(f)y=1 1id if m=n.
0 otherwise

Then the map S(D) : A° — X is the left Kan extension of the composite D o G :
A? — X along the inclusion A,, C A.

40.13. Let X be an additive cartesian quasi-category. Then a simplicial object
C : A° — X is a groupoid iff we have §"C' = 0 for every n > 1. The Dold-Kan
correspondance associates to a groupoid C' : A° — X the map J¢ : 6Cy — Cp. It
induces an equivalence
O_ : Grpd(X) ~ X1

between the quasi-category Grpd(X) of groupoids in X and the quasi-category X’
of maps in X. If C is the equivalence groupoid of an arrow u : * — y, then the
arrow Oc is the fiber Ker(u) — z. A functor p: E — C in Grpd(X) is fully faithful
iff the square

6E0 i) EO

dpo i J{po
dc

500 —— C()

is cartesian. A functor p: E — C in is a left (or right) fibration iff the morphism
dpo : 0Eyg — 6Cy is invertible. Hence the Dold-Kan correspondance induces an
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equivalence between the quasi-category X and the quasi-category Fact(0c, X) of
factorisations of the arrow Jc.

40.14. An additive quasi-category X is exact iff the following five conditions are
satisfied:

X admits surjection-mono factorisations;

The base change of a surjection is a surjection;
Every morphism in has a fiber and a cofiber;
Every morphism is the fiber of its cofiber;
Every surjection is the cofiber of its fiber.

40.15. Let us sketch a proof of 40.14. (=) Every morphism has a fiber, since
X is cartesian. Moreover, X admits surjection-mono factorisations stable under
base changes, since X is exact. Let Surj(X) be the full sub-quasi-category of X’
spanned by the surjections in X. It follows from 40.13 and 37.13 that the map
Ker : Surj(X) — X! which associates to a surjection its fiber is an equivalence of
quasi-categories. The inverse equivalence X! — Surj(X) associates to a morphism
its cofiber. Thus, every morphism has a cofiber and is the fiber of its cofiber.
Moreover, every surjection is the cofiber of its fiber. (<) The quasi-category X is
cartesian, since X is additive and every morphism has a fiber. Let us show that
every surjection f : x — y is a descent morphism. For this we have to show that
the map D : X/y — XP4) induced by f* : X/y — X/z is an equivalence of quasi-
categories. If ¢ : z — x is the fiber of f, then D associates to a morphism q: vy — y
a factorisation i = pi’ : z — 2’ — x, where &’ = f*(y/) and ¢’ = (¢,0) : z — & x, /.
Let f' : ' —— 9 be the projection. The boundary squares of the following diagram
is a pullback,
0
e

Y
lq
f

r—-1Y.

_

v
?

B S N

8]

P

-~

Hence also the top square, since the boundary square is a pullback. Hence the
morphism ¢’ : z — ' is the fiber of the morphism f’ : '’ —— ¢'. But f’ is
surjective, since f is surjective. Thus, f’ is the cofiber of of i’. The map D has a
left adjoint L which associates to a factorisation i = pi’ : 2z — 2/ — x the arrow
q : 3y — y in the following diagram of pushout squares,

Z —>

l 0

x L>y’

pl \Lq
f

r——-1Y.

~

We have LD(q) ~ q for every morphism ¢ : y’ — y, since f’ is the cofiber of of i’.
Let us show that the map DL is isomorphic to the identity. The map L associates
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to a factorisation ¢ = pi’ : z — ¢’ — x the morphism ¢ : 4’ — y in the diagram of
pushout squares above. We have to show that the the pushout square

y/
lq

AN

/ fl
_—

8

p

S<—

is a pullback. By 40.6, it suffices to show that the null sequence

o (nf’)x &y (f,—q) y
is a fiber sequence. But the sequence is a cofiber sequence by 40.6, since the square
is a pushout. It is thus a fiber sequence, since every morphism is the fiber of its
cofiber. This proves that every surjection is a descent morphism. It remains to
show that every groupoid is effective. But this follows from the fact that every
morphism is the fiber of its cofiber.

40.16. Let X be an exact additive quasi-category. If a morphism f : z — y is
surjective, then a null sequence 0 = fi : z — = — y is a fiber sequence iff it is a
cofiber sequence.

40.17. Let X be an exact additive quasi-category. An object a € X is discrete iff
Q(a) = 0. A morphism u : @ — bin X is a O-cover iff its fiber Ker(u) is discrete. An
object a € X is connected iff the morphism 0 — a is surjective. A morphism a — b
is 0-connected iff it is surjective and the fiber Ker(u) is connected. The suspension
¥ : X — X induces an equivalence between X and the full sub-quasi-category of
connected objects of X.

40.18. Let X be an exact additive quasi-category. An object a € X is a n-object
iff Q"(a) = 0. An arrow u : @ — b in X is a n-cover iff its fiber Ker(u) is a
n-object. An object a € X is n-connected iff it is connected and Q(a) is (n — 1)-
connected. A morphism a — b is n-connected iff it is surjective and its fiber Ker(u)
is n-connected.

40.19. If a quasi-category X is additive and exact, then so is the quasi-category
X4 for any simplicial set A and the quasi-category Mod*(T, X) for any algebraic
theory T.

40.20. The algebraic theory of symmetric monoids SMon is semi-additive. The
direct sum A @ B of two finite sets is their disjoint union A LI B. This is illustrated
by the equivalences of groupoids,

SMon(AU B,C) =~ SMon(A,C)x SMon(B,C),

SMon(C,AU B) SMon(C,A) x SMon(C, B)

12

for any triple of finite sets (A, B, C).

40.21. If an algebraic theory T is semi-additive, then so is the quasi-category
Mod*(T, X) for any quasi-category with finite products X.
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40.22. Let us sketch a proof of 40.21. We first verify that the quasi-category

Mod*(T, X) is pointed. The nul object 0 € T is both initial and terminal. Hence
the map 0 : 1 — T is both left and right adjoint to the map p : 7" — 1. Hence
the map 0* : Mod*(T,X) — Mod*(1,X) = 1 is both left and right adjoint to
the map p* : 1 = Mod*(1,X) — Mod*(T,X). It follows that the object p*(1) is
both initial and terminal in Mod*(T, X). We have proved that the constant map
T — X with value 1 is both initial and terminal in Mod*(T, X). Let us now show
that the product map Mod*(T, X) x Mod*(T, X) — Mod*(T, X) is left adjoint to
the diagonal. The 2-category of algebraic theories AT is by itself ”semi-additive”
by ??. Hence the map Mod™(T,X) x Mod*(T,X) — Mod™(T x T, X) obtained
from the inclusions iny : T — T x T and iny : T — T x T is an equivalence of
quasi-categories. If § : T'— T x T is the diagonal, then

8% s Mod*(T, X) x Mod™(T,X) — Mod™(T, X)
is the product map. If 0 : T x T — T is the product map, then
o Mod™(T,X) — Mod™(T, X) x Mod*(T, X)

is the diagonal. But o is left adjoint to the diagonal, since the product is a coproduct
in T. Hence we have §* F o* since we have o F §. This shows that the product
map 0* is left adjoint to the diagonal. A closer examination reveals that §* is a
direct sum map.

40.23. Let Mon be the algebraic theory of monoids and SMon be the algebraic
theory of symmetric monoids. Then the following conditions on a quasi-category
with finite products X are equivalent (assuming a conjecture in 31.15):

e X is semi-additive;
e the forgetful map Mon(X) — X is an equivalence of quasi-categories;
e the forgetful map SMon(X) — X is an equivalence of quasi-categories.

40.24. Let us sketch a proof of 40.23. (i)=-(iii) Let X be an additive quasi-category.
Let T" be the category of finite pointed sets and basepoint preserving maps. The
category I' has finite coproducts. It follows from 31.12 that it is freely generated
by the pointed object 1, = {1,*}. Hence the forgetful map

Map, (T, X) — X

is an equivalence of quasi-categories, where Map, (T, X) is the quasi-category of
maps [' — X which preserves finite coproducts. It is easy to see that amap I' — X
preserves finite coproducts iff it is a model of the Segal sketch (T", C) of 31.17. Thus,

Map,(T, X) = Mod(T/C, X).
It follows that the forgetful map
Mod(T/C, X) — X,
is an equivalence of quasi-categories. But we have an equivalence of quasi-categories
Mod(T/C, X) ~ Mod*(SMon, X)
by ??. It follows that the forgetful map
Mod*(SMon,X) — X,
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is an equivalence of quasi-categories. (iii)=-(i) The quasi-category SMon(X) is
semi-additive by 40.21, since SMon is semi-additive by 40.20. Hence the quasi-
category X is semi-additive if the forgetful map SMon(X) — X is an equivalence.
(iii)=(ii) The canonical morphism SMon — SMon ® Mon is an equivalence, since
SMon is the (homotopy) colimit of the theories Mon™ for n > 0 by a conjecture in
31.15. Hence the forgelful map Mon(SMon(X)) — SMon(X) is an equivalence.
This shows that the forgelful map Mon(X) — X is an equivalence since we have
X ~ SMon(X). (ii)=(iii) If the forgetful map Mon(X) — X is an equivalence,
then so is the map forgetful map Mon™(X) — X for every n > 0 if we iterate. Hence
also the the forgetful map SMon(X) — X, since the quasi-category SMon(X) is
the (homotopy) projective limits of the quasi-categories Mon™(X) when n — oo.
Hence the forgetful map SMon(X) — X is an equivalence by a conjecture in 31.15.

40.25. Let Mon be the algebraic theory of monoids and SMon be the theory
of symmetric monoids. Then following conditions on an algebraic theory T are
equivalent (assuming a conjecture in 31.15):

e T is semi-additive;

e Mod*(T) is semi-additive;

e the canonical morphism T'— T'® Mon is an equivalence;

e the canonical morphism T'— T ® SMon is an equivalence.

40.26. Let us sketch a proof of 40.25. The implication (i)=-(ii) follows from 40.21.
Let us prove the implication (ii)= (i). The Yoneda map T° — Mod*(T) is fully
faithful and it preserves finite coproducts. It thus induces an equivalence between
the quasi-category T° and a full additive sub-quasi-category of Mod*(T'). This
shows that 7° is semi-additive. It follows that T is semi-additive. (i)=-(iii) If T
is semi-additive, then so is the quasi-category Mod*(T, X) for any quasi-category
with finite product X by 40.21. Hence the forgetful map Mon(Mod*(T, X)) —
Mod*(T, X) is an equivalence by 40.23. But we have

Mon(Mod (T, X)) = Mod*(Mon, Mod™(T, X)) = Mod*(T ® Mon, X).

It follows by Yoneda lemma that the canonical morphism T — T ® Mon is an
equivalence. (iii)=-(ii) If the canonical morphism 7' — T ® Mon is an equivalence,
then so is the forgetful morphism Mon(Mod*(T)) — Mod*(T). This proves that
Mod*(T) is semi-additive by 40.23. The implications (i)=-(iii)=-(ii) are proved
similarly.

40.27. The results of 40.21 and 40.25 can be reformulated for cartesian theories
instead of algebraic theories. If a cartesian theory T is semi-additive, then so is
the quasi-category Mod(T, X) for any cartesian quasi-category X. Moreover, the
following conditions on a cartesian theory T are equivalent (assuming a conjecture
in 31.15):

e T is semi-additive;
Mod(T) is semi-additive;
the canonical morphism T'— T ® Mon is an equivalence;
the canonical morphism T — T ® SMon is an equivalence.

40.28. A (multiplicative) localisation of a semi-additive (resp. additive) algebraic
theory is semi-additive (resp.additive). The algebraic theory of infinite loop spaces
Add is additive.
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40.29. The results of 40.23 and of 40.27 can be reformulated in the additive case.
Let Grp be the algebraic theory of groups and Add be the algebraic theory of
infinite loop spaces. If X is a quasi-category with finite products, then the following
conditions are equivalent:

e X is additive;
e the forgetful map Grp(X) — X is an equivalence of quasi-categories;
e the forgetful map Add(X) — X is an equivalence of quasi-categories.

If a cartesian theory T is additive, then so is the quasi-category Mod(T, X) for
any cartesian quasi-category X. Moreover, the following conditions on a cartesian
theory T are equivalent (assuming a conjecture in 31.15):

T is additive;

Mod(T) is additive;

the canonical morphism T'— T'® Grp is an equivalence;
the canonical morphism T" — T' ® Add is an equivalence.

40.30. The suspension theorem of Freudenthal implies that a pointed n-connected
space with vanishing homotopy groups in dimension > 2n is naturally a loop space
[May2]. The (n + 1)-fold loop space functor induces an equivalence between the
homotopy category of pointed n-connected spaces and the homotopy category of
(n + 1)-fold loop spaces by a classical result [?]. The (n + 1)-fold loop space of
a 2n-object is a (n — 1) object. It then follows from Freudenthal theorem that a
(n 4+ 1)-fold loop space with vanishing homotopy groups in dimension > n — 1 is
naturally a (n 4 2)-fold loop space. This means that the forgetful map

Grp"™3(U(n — 1)) — Grp"™(U(n — 1))
is an equivalence of quasi-categories for every n > 1. It follows that the cartesian
theory
OB(n—1)® Grp™*!
is additive for every n > 1 by 40.29.

40.31. (Generalised Suspension Conjecture) We conjecture that the cartesian the-
ory

OB(n) ® Mon™*+?

is semi-additive for every n > 0.

40.32. Let AT be the (2-)category of algebraic theories. Then the full sub(2-
)category AAT of AT spanned by the additive algebraic theories is (pseudo) re-
flective and coreflective. The left adjoint to the inclusion AAT C AT is the functor
X — X ® Add and its right adjoint is the functor X — Mod*(Add, X).

40.33. Let CT be the 2-category of cartesian theories. Then the full sub 2-category
ACT of CT spanned by the additive cartesian theories is (pseudo) reflective and
coreflective. The left adjoint to the inclusion ACT C CT is the functor T —
T ® Add and its right adjoint is the functor T +— Mod*(Add,T).
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40.34. Let LP be the (2-)category of locally representable quasi-categories. Then
the full sub(2-)category ALP of LP spanned by the additive locally presentable
quasi-categories is (pseudo) reflective and coreflective. The left adjoint to the in-
clusion ALP C LP is the functor X — Mod*(Add, X) ~ X ® Add and its right
adjoint is the functor X — Map(Add, X), where Add = Mod*(Add) is the quasi-
category of infinite loop spaces.

40.35. If A is a algebraic theory, then the quasi-category Mod*(A, Add) is ex-

act and a variety of homotopy algebras. Let us give a proof. The quasi-category
Add) = Mod*(Add) is obviously a variety. Hence also the quasi-category Mod*(A, Add)
by 33.2. It is thus exact by 38.3.

40.36. If A is an additive quasi-category, then the map hom 4 : A°x A — U admits
a factorisation

Add

hom;‘
U

A° x A L) U’
where hom/, preserves finite products in each variable and where U is the forgetful
map. The factorisation is unique up to a unique invertible 2-cell. This defines an
”enrichement” of the quasi-category A over the quasi-category Add. The Yoneda
map

ya : A° — Mod*(A, Add)

is obtained from hom/, by exponential adjointness.

40.37. Let A be an additive algebraic theory. We say that a map f: A — Add
is representable if it belongs to the essential image of the Yoneda map A° —
Mod*(A, Add).

40.38. Let X be a (locally small) cocomplete additive quasi-category. Then an
object © € X is bicompact iff the map y(x) : X — Add is cocontinuous. Let us
give a proof. (=) If x is bicompact, then the map y(z) is cocontinuous by 33.16
since it preserves finite coproducts.

40.39. Let A be an additive algebraic theory. Then the following conditions on an
object x € Mod*(A, Add) are equivalent:

e 1 is bicompact
e 1 is compact and projective;
e r is a retract of a representable.

Let us give a proof. The forgetful map Add — U induces an equivalence of quasi-
categories

Mod*(A, Add) — Mod*(A,U)
by 40.32 since we have Mod*(Add,U) = Add. The result then follows from 33.20.
40.40. A cocomplete additive quasi-category X is equivalent to a quasi-category

Mod*(A, Add) for some additive algebraic theory A iff it is generated by a set of
bicompact objects.
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41. STABLE QUASI-CATEGORIES

41.1. Let X be a quasi-category with null object 0 € X. Recall that the loop space
Q(x) of an object € X is defined to be the fiber of the arrow 0 — z. We say
that X is stable if if every object £ € X has a loop space, and the loop space map
Q: X — X is an equivalence of quasi-categories.

41.2. Let X be a stable quasi-category. Then the arrow z — 0 has a cofiber
x — X(x) for every object x € X. The map ¥ : X — X is the inverse of the map
Q: X — X. We shall put

Q"=%¥" and XT"=Q"

for every n > 0. The opposite of a stable quasi-category X is stable. The loop
space map €2 : X° — X° is obtained by putting Q(z°) = X(z)° for every object
rzeX.

41.3. We say that a map f : X — Y between stable quasi-categories is stable if it
preserves nul objects and the canonical morphism f o — Qo f is invertible.

41.4. If T is a stable algebraic theory and X is a pointed cartesian quasi-category,
we say that a model T — X is stable if the canonical natural transformation
fofl— Qo f is invertible. We denote by SProd(T, X) the full simplicial subset of
Prod(T, X ) spanned by the stable models. We shall put

SProd(T) = SProd(T,1\U).
The forgetful map Spec — 1\U induces an equivalence of quasi-categories

SProd(T,Spec) ~ SProd(T).

41.5. The quasi-category Spec(X) is stable for any cartesian quasi-category X.
A cartesian quasi-category X is stable iff the forgetful map Spec(X) — X is an
equivalence. The quasi-categories Spec and Mod(Spec) = Spec are stable.

41.6. Let us give a proof of 41.5, starting with the first statement. We have
Spec(X) = Spec(1\X). Hence we can suppose that X is pointed. In this case, the
quasi-category Spec(X) is the (homotopy) projective limit of the infinite sequence
of quasi-categories

X<t x<2 x<*2

It follows that the map Q : Spec(X) — Spec(X) is an equivalence. Let us prove
the second statement. Clearly, the forgetful map Spec(X) — X is an equivalence if
X is stable, Conversely, if the forgetful map Spec(X) — X is an equivalence, then
X is stable, since Spec(X) is stable. Let us prove the last statement. The quasi-
category Spec = Spec(U) is stable. Hence the quasi-category Spec is pointed,
since Yoneda map Spec® — Spec preserves initial objects. Let us show that the
map ) : Spec — Spec is invertible. The map Mod(2, X) : Mod(Spec, X) —
Mod(Spec, X) is invertible for any cartesian quasi-category X, since the quasi-
category Mod(Spec, X) = Spec(X) is stable. It follows by Yoneda lemma that the
map 2 : Spec — Spec is invertible.
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41.7. A stable quasi-category with finite products X is additive. Let us sketch a
proof. The loop space Q(z) of an object x € X has the structure of a group by
39.1. If Grp(X) denotes the quasi-category of group objects in X, then the map
Q: X — X can be lifted along the forgetful map Grp(X) — X,

Grp(X)
o
x—2-x
But Q is an equivalence of quasi-categories, since X is stable. It follows that
the forgetful map Grp(X) — X admits a section which preserves finite products.
Hence also the forgetful map Grp"t1(X) — Grp™(X) for every n > 0. But the
quasi-category Add(X) is the (homotopy) projective limit of the sequence of quasi-
categories
X «— Grp(X) « Grp*(X) « ---

by ??. Tt follows that the forgetful map Add(X) — X admits a section which
preserves finite products. But the quasi-category Add(X) is additive by 40.29,
since Add is additive by 40.28. Hence it suffices to show that a retract of an
additive quasi-category is additive (when the retraction and the section preserve
finite products). But this follows from 40.23.

41.8. We denote by SAT the category of stable algebraic theories and stable mor-
phisms of theories. The category SAT has the structure of a 2-category induced by
the 2-category structure of the category of simplicial sets. If T' is a stable algebraic
theory and X is a pointed cartesian quasi-category, we say that a model T' — X
is stable if the canonical natural transformation f o — Qo f is invertible. We
denote by SProd(T,X) the full simplicial subset of Prod(T,X) spanned by the
stable models. We shall put

SProd(T) = SProd(T,1\U).
The forgetful map Spec — 1\U induces an equivalence of quasi-categories
SProd(T,Spec) ~ SProd(T).
If w:S — T is a stable morphism of theories, then the map
u* : SProd(T) — SProd(S)

induced by u has a left adjoint w;. The adjoint pair (w,u*) an equivalence iff the
map u : S — T is a Morita equivalence.

41.9. We denote by SAdd the stable algebraic theory freely generated by one object
u € SAdd. Every object f € SAdd is a finite direct sum

f=P=ri(w)
icF
where n; is an integer. We say that a stable algebraic theory T is unisorted if it
is equipped with an essentially surjective map SAdd — T. A ”ring spectrum” is
essentially the same thing as a unisorted stable theory. In other words, a stable
algebraic theory T is a ”ring spectrum with many objects”. A stable model f :
T — Spec is a left T-module.
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41.10. The opposite of a stable algebraic theory is a stable algebraic theory. The
stable theory SAdd® is freely generated by the object u°® € SAdd. Hence the stable
morphism SAdd — SAdd® which takes u to u° is an equivalence. The duality takes
the object X" (u) to the object X" (u) for every integer n.

41.11. Every stable algebraic theory T generates freely a cartesian theory u : T —
T.. By definition, T, is a pointed cartesian theory and w : T — T, is a stable
morphism which induces an equivalence of quasi-categories

Mod(T.,X) ~ SProd(T,X)

for any pointed cartesian quasi-category X. The cartesian theory T is stable. For
example, we have SAdd. = Spec.

41.12. The quasi-category of spectra Spec is exact. More generally, if T is a stable
algebraic theory, then the quasi-category SProd(T) is stable and exact.

41.13. Let us sketch a proof of 41.12. The quasi-category Spec is a para-variety by
35.4. Tt is thus exact by ??. Let us show that the quasi-category SProd(T,Spec)
is stable and exact. It is easy to see that it is stable. Let us show that it is a
para-variety. The quasi-category Prod(T,Spec) is a para-variety by 34.4. Hence
it suffices to show that the quasi-category SProd(T,Spec) is a left exact reflection
of the quasi-category Prod(T,Spec). A model f : T — Spec is stable iff the the
canonical natural transformation o : f — Qf3 is invertible. By iterating, we obtain
an infinite sequence

f « QfE QaX

QQfEZH....

The colimit R(f) of this sequence is a stable map T — Spec. This defines a left
exact reflection
R : Prod(T,Spec) — SProd(T, Spec).

Thus, SProd(T,Spec) is a para-variety. Hence it is exact by ?7.

41.14. An additive quasi-category X is stable and exact iff the following two con-
ditions are satisfied:

e Every morphism has a fiber and a cofiber;
e A null sequence z — x — y is a fiber sequence iff it is a cofiber sequence.

41.15. Let us sketch a proof of 40.14. (=) Every morphism in X has a fiber and
a cofiber by 40.14, since X is exact and additive. Let us show that every arrow
is surjective. For this it suffices to show that every monomorphism is invertible,
since every arrow is right orthogonal to every quasi-isomorphism. If u:a — b is a
monomorphism, then we have a fiber sequence

Q(b) 0 a——>b.

by 40.7. Thus, Q(u) invertible, since it is the fiber of a nul morphism, It follows that
u is invertible, since the map {2 : X — X is an equivalence. We have proved that
every arrow is surjective. It then follows from 40.16 that a nul sequence z — = — y
is a fiber sequence iff it is a cofiber sequence. (<) Let us show that X is stable. If
x € X, then we have XQ(z) ~ x, since the fiber sequence Q(z) — 0 — x is a cofiber
sequence. Moreover, we have x ~ QX (x), since the cofiber sequence z — 0 — ()
is a fiber sequence. This shows that X is stable. It remains to show that X is
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exact. For this, it suffices to show that the conditions of 40.14 are satisfied. Let
us first show that X admits surjection-mono factorisations. For this, it suffices to
show that every monomorphism is invertible. If x — y is monic, then the sequence
0 — = — y is a cofiber sequence, since it is a fiber sequence. It follows that the
arrow x — y is invertible. This proves that every monomorphism is invertible.
Thus, every morphism is surjective. Hence the base change of a surjection is a
surjection.

41.16. The opposite of an exact stable quasi-category is exact and stable.

41.17. An additive map X — Y between two exact stable quasi-categories is exact
iff it is left exact iff it is right exact.

41.18. Let X be an exact stable quasi-category. Then to each arrow f:x — y in
X we can associate by 40.7 a two-sided long fiber sequence,

Quf) f b5}

Qy) L=z —">u y 2(2)

- 0()

where i : z — x is the fiber of f. The sequence is entirely described by a triangle

where 0 is now regarded as a morphism of degree -1 (ie as a morphism y — ¥(z)).

41.19. If A and B are two stable algebraic theories then so is the quasi-category
SProd(A, B) of stable models A — B. The 2-category SAT is symmetric monoidal
closed. The tensor product A ®g B of two stable algebraic theories is the target of
amap A X B — A®g B which is a stable morphism in each variable (and which
is universal with respect to that property). There is a canonical equivalence of
quasi-categories

SProd(A ®s B,X) ~ SProd(A, SProd(B, X))

for any cartesian quasi-category X. In particular, we have two equivalences of
quasi-categories,

SProd(A ®s B) ~ SProd(A, SProd(B)) ~ SProd(B, Prod(A)).

The unit for the tensor product is the theory SAdd described in ??. The opposite
of the canonical map S x T — S ®T can be extended along the Yoneda maps as a
map cocontinuous in each variable.

SProd(A) x SProd(B) — SProd(A ®g B).

41.20. Let CT be the (2-)category of cartesian theories. Then the full sub(2-
Jeategory SCT of CT spanned by the stable cartesian theories is (pseudo) reflec-
tive and coreflective. The left adjoint to the inclusion SCT C CT is the func-
tor T +— T ®, Spec and its right adjoint is the functor T +— Mod(Spec,T) ~
SProd(SAdd,T).
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41.21. Let LP be the (2-)category of locally representable quasi-categories. Then
the full sub(2-)category SLP of LP spanned by the stable locally presentable quasi-
categories is (pseudo) reflective and coreflective. The left adjoint to the inclusion
SLP C LP is the functor X — Mod(Spec, X) ~ SProd(SAdd,X) ~ X ® Spec
and its right adjoint is the functor X — Map(Spec, X).

41.22. If A is a stable quasi-category, then the map homy : A° x A — U admits
a factorisation

Spec
2
U
A° % AL[L

where the map hom/, is stable in each variable, and where U is the forgetful map.
The factorisation is unique up to a unique invertible 2-cell. This defines an ”en-
richement” of the quasi-category A over the quasi-category of spectra Spec. The
Yoneda map

y: A° — Spec”

is obtained from hom/; by exponential adjointness.

41.23. If T is a stable algebraic theory, then the Yoneda map y : T° — Spec’
induces a map y : 7° — SProd(T). We say that a model f : T — Spec is
representable if it belongs to the essential image of the Yoneda map.

42. HOMOTOPOI (00-TOPOI)

The notion of homotopos (co-topos) presented here is due to Carlos Simpson
and Charles Rezk.

42.1. Recall from 34.1 that a category £ is said to be a Grothendieck topos if it is
a left exact reflection of a presheaf category [C?,Set]. A homomorphism & — F
between Grothendieck topoi is a cocontinuous functor f : &€ — F which preserves
finite limits. The 2-category of Grothendieck topoi and homomorphism is has
the structure of a 2-category, where a 2-cell is a natural transformation. Every
homomorphism has a right adjoint. A geometric morphism €& — F is an adjoint
pair
g F o &g

with ¢* a homomorphism. The map ¢* is called the inverse image part of g
and the map g, its direct image part. . We shall denote by Gtop the category
of Grothendieck topoi and geometric morphisms. The category Gtop has the
structure of a 2-category, where a 2-cell « : f — ¢ is a natural transformation
a: g* — f*. The 2-category Gtop is equivalent to the opposite of the 2-category
of Grothendieck topoi and homomophism.

42.2. Recall from 34.3 that a locally presentable quasi-category X is said to be
a homotopos, or an oco-topos, if it is a left exact reflection of a quasi-category of
prestacks. P(A) for some simplicial set A. The quasi-category of homotopy types
Tp is the archtype of a homotopos. If X is a homotopos, then so is the quasi-
category X/a for any object a € X and the quasi-category X4 for any simplicial
set A.
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42.3. Recall that a cartesian quasi-category X is said to be locally cartesian closed
if the quasi-category X/a is cartesian closed for every object a € X. A cartesian
quasi-category X is locally cartesian closed iff the base change map f* : X/b — X/a
has a right adjoint f. : X/a — X/b for any morphism f:a — bin X.

42.4. A locally presentable quasi-category X is locally cartesian closed iff the base
change map f*: X/b — X/a is cocontinuous for any morphism f :a — b in X.

42.5. (Giraud’s theorem)[Lul] A locally presentable quasi-category X is a homo-
topos iff the following conditions are satisfied:

e X is locally cartesian closed;
e X is exact;
e the canonical map

X/ Ua; — H X/al
is an equivalence for any family of objects (a; : ¢ € I) in X.

42.6. A homomorphism X — Y between utopoi is a cocontinuous map f: X — Y
which preserves finite limits. Every homomorphism has a right adjoint. A geometric
morphism X — Y between utopoi is an adjoint pair

g :Y - X g,

with g* a homomorphism. The map g* is called the inverse image part of g and the
map g, the direct image part. . We shall denote by Utop the category of utopoi
and geometric morphisms. The category Utop has the structure of a 2-category,
where a 2-cell «: f — g between geometric morphisms is a natural transformation
a: g* — f*. The opposite 2-category Utop? is equivalent to the sub (2-)category
of LP whose objects are utopoi, whose morphisms (1-cells) are the homomorphisms,
and whose 2-cells are the natural transformations.

42.7. If u : A — B is a map of simplicial sets, then the pair of adjoint maps
u* : P(B) — P(A) : u, is a geometric morphism P(A) — P(B). If X is a
homotopos, then the adjoint pair f* : X/b — X/a : f. is a geometric morphism
X/a — X/b for any arrow f:a — bin X.

42.8. Recall that if X is a bicomplete quasi-category and A is a simplicial set,
then every map f : A — X has a left Kan extension f : P(A) — X. A locally
presentable quasi-category X is a homotopos iff the map f, : P(T) — X is left
exact for any cartesian theory T and any cartesian map f: T — X.

42.9. If X is a homotopos, we shall say that a reflexive sub quasi-category S C X
is a sub-homotopos if it is locally presentable and the reflection functor r : X — S
preserves finite limits. If ¢ : S C X is a sub-homotopos and r : X — S is the
reflection, then the pair (r,4) is a geometric morphism S — X. In general, we say
that a geometric morphism g : X — Y is an embedding if the map g, : X — Y is
fully faithful. We say that a geometric morphism ¢g : X — Y is surjective if the
map g* : Y — X is conservative. The (2-) category Utop admits a homotopy
factorisation system (A, B) in which A is the class if surjections and B the class of
embeddings.
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42.10. If X is a homotopos, then the quasi-category Dis(X) spanned by the 0-
objects of X is (equivalent to) a Grothendieck topos. The inverse image part of a
geometric morphism X — Y induces a homorphism Dis(Y) — Dis(X), hence also
a geometric morphism Dis(X) — Dis(Y). The 2-functor

Dis : Utop — Gtop

has a right adjoint constructed as follows. If £ is a Grothendieck topos, then the
category [A°, &] of simplicial sheaves on £ has a simplicial model structure. The
coherent nerve of the category of fibrant objects of [A° £] is a homotopos £ and

there is a canonical equivalence of categories Dis(€) ~ €. The 2-functor
(=) : Gtop(1) — Utop

is fully faithful and left adjoint to the functor Dis. Hence the (2-)-category Gtop
is a reflective sub-(2)-category of Utop.

42.11. A set X of arrows in a homotopos X is called a Grothendieck topology if
the quasi-category of X-local objects X* C X is a sub-homotopos. Every sub-
homotopos of X is of the form X* for a Grothendieck topology X. In particular,
if A is a simplicial set, every sub-homotopos of P(A) is of the form P(A)* for a
Grothendieck topology ¥ on A. The pair (A4, X) is called a site and a Y-local object
f € P(A) is called a stack.

42.12. For every set ¥ of arrows in a homotopos X, the sub-quasi-category X~
contains a largest sub-homotopos L(X*). We shall say that a Grothendieck topol-
ogy X' is generated by ¥ if we have X= = L(X®).
is contained in a Grothendieck topology ¥’ with the property that a subtopos
then we have f,(X) C Y™ iff f* take every arrow in ¥ to a quasi-isomorphism
in X.

42.13. If ¥ is Grothendieck topology on Y, then we have f,(X) C Y= iff f* take
every arrow in Y to a quasi-isomorphism in X.

42.14. Every simplicial set A generates freely a cartesian quasi-category A —
C(A). Similarly, every simplicial set A generates freely an homotopos i : A —
UT(A). The universality means that every map f : A — X with values in a
homotopos has an homomorphic extension f’: UT(A) — X which is unique up to
a unique invertible 2-cell. By construction, UT(A) = P(C(A)). The map i : A —
UT(A) is obtained by composing the canonical map A — C(A) with the Yoneda
map C(A) — P(C(A)).

42.15. A geometric sketch is a pair (A, X)), where ¥ is a set of arrows in UT(A).
A geometric model of (A,X) with values in a homotopos X is a map f: A — X
whose homomorphic extension f’ : UT(A) — X takes every arrow in ¥ to an
equimorphism in X. We shall denote by Mod(A/%, X) the full simplicial subset of
X4 spanned by the models A — X.
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42.16. Every geometric sktech has a universal geometric modelu : A — UT(A/X).
The universality means that for every homotopos X and every geometric model
f: A — X there exists a homomorphism f’ : UT(A/X) — X such that f'u = f,
and moreover that f’ is unique up to a unique invertible 2-cell. We shall say that
UT(A/Y) is the classifying homotopos of (A,%). The homotopos UT(A/Y) is a
sub-homotopos of the homotopos UT(A). We have UT(A/X) = UT(A)*', where
> C UT(A) is the Grothendieck topology generated by X.

43. HIGHER CATEGORIES

We introduce the notions of n-fold category object and of n-category object in
a quasi-category. We finally introduced the notion of truncated n-category object.

43.1. Let X be a quasi-category. If A is a simplicial set, we say that a map
[ A— X is essentially constant if it belongs to the essential image of the diagonal
X — XA If A is weakly contractible, then a map f : A — X is essentially
constant iff it takes every arrow in A to an isomorphism in X. A simplicial object
C : A° — X in a quasi-category X is essentially constant iff the canonical morphism
sk®(Cy) — C is invertible. A category object C': A° — X is essentially constant
iff it inverts the arrow [1] — [0]. A n-fold category C : (A™)° — X is essentially
constant iff C' inverts the arrow [¢] — [0"] for every € = (e1, -+ ,€,) € {0,1}",
where [0"] =[0,...,0].

43.2. Let X be a cartesian quasi-category. We call a double category C' : A° —
Cat(X) a 2-category if the simplicial object C : A° — X is essentially constant. A
double category C' € Cat?(X) is a 2-category iff it inverts every arrow in [0] x A.
Let us denote by Id the set of identity arrows in A. Then the set of arrows

Se= || Id'x[0]x A
i+1tj=n

is a subcategory of A™. We say that a n-fold category object C' € Cat™(X) is a
n-category if it inverts every arrow in ¥,. The notion of n-category object in X
can be defined by induction on n > 0. A category object C' : A° — Cat,_1(X)
is a n-category iff the (n — 1)-category Cy is essentially constant. We denote by
Cat,, the cartesian theory of n-categories and by Cat,(X) the quasi-category of
n-category objects in X.

43.3. The object of k-cells C(k) of a n-category C : (A°)" — X is the image by C
of the object [1¥0"~*]. The source map s : C(k) — C(k—1) is the image of the map
[1¥=1] x dy x [0"~*] and the target map t : C(k) — C(k—1) is the image of the map
[15F=1] x dg x [0"~*]. From the pair of arrows (s,t) : C(k) — C(k — 1) x C(k — 1)
we obtain an arrow 9 : C(k) — C(9k), where C(0k) is defined by the following
pullback square

C(Ok) — = C(k—1)

e

C(k—1) Ck —2) x Clk —2).
Ifn=1,08=(st): C(1) — C(0) x C(0).

(st)
—_—
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43.4. There is a notion of n-fold reduced category for every n > 0. If RCat
denotes the cartesian theory of reduced categories, then RCat™ is the theory of
n-fold reduced categories. If X is a cartesian quasi-category, then we have

RCat"™(X) = RCat(RCat"(X))

for every n > 0.

43.5. We say that a n-category C € Cat, (X) is reduced if it is reduced as a n-fold
category. We denote by RCat,, the cartesian theory of reduced n-categories. A
n-category C' : A° — Cat,_1(X) is reduced iff it is reduced as a category object
and the (n — 1)-category Cy is reduced. If X is an exact quasi-category, then the
inclusion RCat,(X) C Cat,(X) has a left adjoint

R: Cat,(X) — RCat,(X)

which associates to a n-category C' € Cat,(X) its reduction R(C') . We call a map
f:C — Din Cat,(X) an equivalence if the map R(f) : R(C')) — R(D) is invertible
in RCat,(X). The quasi-category

Typ,, = Mod(RCaty,)

is cartesian closed.

43.6. The object [0] is terminal in A. Hence the functor [0] : 1 — A is right adjoint
to the functor A — 1. It follows that the inclusion i, : A" = A" x [0] C A"*!
is right adjoint to the projection p, : A»*! = A" x A — A", For any cartesian
quasi-category X, the pair of adjoint maps

Py [(A%)", X] = [(A%)"™ X 2,
induces a pair of adjoint maps
inc: Cat,(X) < Catpy1(X) : res.

The ”inclusion” inc is fully faithful and we can regard it as an inclusion by adopting
the same notation for C' € Cat,(X) and inc(C) € Catp41(X). The map res
associates to C' € Caty,41(X) its restriction res(C) € Cat,(X). The adjoint pair
pp, |4} also induces an adjoint pair

inc: RCaty(X) < RCatp41(X) : res.
In particular, it induces an adjoint pair
inc: Typ,, < Typ,, . : res.

When n = 0, the map inc is induced by the inclusion Kan C QCat and the map
res by the functor J : QCat — Kan. The inclusion Typ,, C Typ,, has also a
left adjoint which associates to a reduced (n+1)-category C the reduced n-category
obtained by inverting the (n + 1)-cells of C.

43.7. Recall from ?7? that a quasi-category X is said to be n-truncated if the sim-
plicial set X (a,b) is a (n — 1)-object for every pair a,b € Xy. A quasi-category X
has a nerve NX : A° — Typ which is a (reduced) category object in Typ by 30.18.
By construction we have (NX), = J(X AP for every p > 0. A quasi-category X
is n-truncated iff the morphism (NX); — (NX)o x (NX)g is a (n — 1)-cover.
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43.8. Let X be a cartesian quasi-category. We say that a category object C' in X
is n-truncated if the morphism Cy; — Cy x Cp is a (n — 1)-cover. If C' is n-truncated
and reduced, then Cj is a n-object for every k > 0.

43.9. The notion of n-truncated category is essentially algebraic and finitary. We
denotes the cartesian theory of n-truncated categories by Cat[n]. The notion of n-
truncated reduced category is also essentially algebraic. We denotes the cartesian
theory of n-truncated reduced categories by RCat[n]. The equivalence N : Typ; ~
Mod(RCat) of 30.18 induces an equivalence

Typ,[n] ~ Mod(RCat[n])

for every n > 0. In particular, an ordinary category is essentially the same thing
as a l-truncated reduced category in Typ. Recall from 37.27 that if X is an
exact quasi-category, then the inclusion RCat(X) C Cat(X) has a left adjoint
R : Cat(X) — RCat(X) which associates to a category C' € Cat(X) its reduction
R(C). If C € Cat[n](X), then R(C) € RCat[n](X).

43.10. Let C be a n-category object in a cartesian quasi-category X. If 1 <k <n
and C(k) is the object of k-cells of C, then from the pair of arrows (s,t) : C'(k) —
C(k —1) x C(k — 1) we obtain an arrow 0 : C(k) — C(9k) by 43.3. If m > n,
we say that C is m-truncated if the map C(n) — C(dn) is a (m — n)-cover. If
n = 1, this means that the category C' is m-truncated in the sense of 30.19. We
shall denote by Cat,[m] the cartesian theory of m-truncated n-categories. We shall
denote by RCat,[m] the cartesian theory of m-truncated reduced n-categories. If
X is an exact quasi-category, then a n-category C € Cat,(X) is m-truncated iff
its reduction R(C') € RCat,(X) is m-truncated. Hence the notion of m-truncated
n-category in X is invariant under equivalence of n-categories. If C' € Cat,,[m](X)
and n < m, then inc(C) € Catpy1[m](X). Moreover, if C € RCat,[m](X), then
res(C) € RCatn,—1|m](X) and C, is a m-object for every p € A™. Hence the
canonical morphism

RCatp[m] — RCat,[m] ®. OB(m)

is an equivalence of quasi-categories for every m > n.

44. HIGHER MONOIDAL CATEGORIES

The stabilisation hypothesis of Breen-Baez-Dolan was proved by Simpson in
[Si2]. We show that it is equivalent to a result of classical homotopy theory 40.30.

44.1. If Mon denotes the theory of monoids, then MonF is the theory of k-monoids
and Mon¥ ® Cat,, the theory of k-monoidal n-categories. For any cartesian quasi-
category X we have

Mod(Mon* ® Cat,, X) = Cat,(Mon*(X)).
k

If X is an exact quasi-category, then inclusion RCat,,(Mon* (X)) C Cat,,(Mon* (X))
has a left adjoint

R: Cat,(Mon*(X)) — RCat, (Mon* (X)),

since the quasi-category Mon*(X) is exact. We call a map f : C — D between
k-monoidal n-categories in X an equivalence if the map R(f) : R(C) — R(D) is
invertible in RCat,,(Mon*(X)).
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44.2. An object of the quasi-category Mod*(Cat,[n](X)) is a k-fold monoidal n-
truncated n-category. The stabilisation hypothesis of Baez and Dolan in [BD] can
be formulated by saying that the forgetful map

Mon**(Cat,[n)(X)) — Mon*(Cat,[n](X))

is an equivalence if k¥ > n 4+ 2 and X = Typ. But this formulation cannot be
totally correct, since it it does use the correct notion of equivalence between n-
categories. In order to take this notion into account, it suffices to replace Cat,, (X)
by RCat,(X). If correctly formulated, the hypothesis asserts the forgetful map

Mon* T (RCat,[n)(X)) — Mon*(RCat, [n](X))

is an equivalence of quasi-categories if k > n + 2 and X = Typ. A stronger
statement is that it is an equivalence for any X. In other words, that the canonical
map

Mon* ®, RCat,[n] — Mon**! . RCat,[n]

is an equivalence if k > n + 2.

44.3. Let us show that the stabilisation hypothesis of Breen-Baez-Dolan is equiv-
alent to the Generalised Suspension Conjecture in 40.30. We first prove the the
implication GSC=BBD. For this it suffices to show by 40.25 that the cartesian
theory Mon* ©. RCat,[n] is semi-additive for k > n+ 2. But for this, it suffices to
show that the cartesian theory Mon"™2 ©, RCat,[n] is semi-additive. Let us show
more generally that the the cartesian theory RCat,[m]® Mon™%? is semi-additive
for every m > n. But we have an equivalence RCat,[m]| ~ RCat,[m] ©. OB(m)
by 43.10. Hence it suffices to show that the cartesian theory

RCat,[m] ®. OB(m) ® Mon™"2

is semi-additive. But this is true of the cartesian theory OB(m)® Mon™*2 by the
GSC in 40.30. Hence the canonical map

RCat,[m] ®. OB(m) ® Mon™"? — RCat,[m] ®. OB(m) ® Mon™"3

is an equivalence. The implication GSC=BBD is proved. Conversely, let us prove
the implication BBD=-GSC. The cartesian theory RCato[m] ® Mon™"? is semi-
additive if we put n = 0. But we have RCatg[m] = OB(m). Hence the cartesian
theory OB(m) ® Mon™*? is semi-additive.

45. DISKS AND DUALITY

45.1. We begin by recalling the duality between the category A and the category
of intervals. An interval I is a linearly ordered set with a first and last elements
respectively denoted 1. and T or 0 and 1. If 0 = 1 the interval is degenerate,
otherwise we say that is strict. A morphism I — J between two intervals is defined
to be an order preserving map f : I — J such that f(0) = 0 and f(1) = 1. We
shall denote by D(1) the category of finite strict intervals (it is the category of finite
1-disk). The category D(1) is the opposite of the category A. The duality functor
(—=)* : A° — D(1) associates to [n] the set [n]* = A([n],[1]) = [n + 1] equipped
with the pointwise ordering. The inverse functor D(1)° — A associates to an
interval I € D(1) the set I* = D(1)(I,[1]) equipped with the pointwise ordering.
A morphism f: I — J in D(1) is surjective (resp. injective) iff the dual morphism
f*:J* — I” is injective (resp. surjective). A simplicial set is usually defined to
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be a contravarint functors A° — Set; it can be defined to be a covariant functor
D(1) — Set.

45.2. If I is a strict interval, we shall put 0 = {0,1} and int(l) = I\ 9I. We say
that a morphism of strict intervals f : I — J is proper if f(0I) C 0J. We shall say
that f : I — J is a contraction if it induces a bijection f~!(int(J)) — int(J). A
morphism f : I — J is a contraction iff it has a unique section. If A is the class
of contractions and B is the class of proper morphisms then the pair (A4, B) is a
factorisation system in D(1).

45.3. The euclidian-ball of dimension n > 0 B™ = {z € R" :|| x ||< 1} is the
main geometric example of an n-disk. The boundary of the ball is a sphere 0B™
of dimension n — 1. The sphere 9B™ is the union of two disks, the lower an upper
hemispheres. In order to describe this structrure, it is convenient to use the projec-
tion ¢ : B™ — B"~! which forget the last coordinate. Each fiber ¢~1(x) is a strict
interval except when 2 € 9B™" ! in which case it is reduced to a point. There are
two canonical sections sg,s; : B"~! — B™ obtained by selecting the bottom and
the top elements in each fiber. The image of sq is the lower hemisphere of 0B™ and
the image of s; the upper hemisphere; observe that so(z) = s;(z) iff z € 9B" 1.

45.4. A bundle of intervals over a set B is an interval object in the category Set/B.
More explicitly, it is a map p : E — B whose fibers E(b) = p~1(b) have the
structure on an interval. The map p has two canonical sections sg,s1 : B — F
obtained by selecting the bottom and the top elements in each fiber. The interval
E(b) is degenerated iff so(b) = s1(b). If so(b) = s1(b), we shall say that b is in
the singular set indexAsingular set—textbf. The projection ¢ : B™ — B" ! is an
example of bundle of intervals. Its singular set is the boundary B™~!. If we order
the coordinates in R™ we obtain a sequence of bundles of intervals:

l—«B'«B*—...B" ! — B".
45.5. A n-disk D is defined to be a sequence of length n of bundles of intervals
1=Dg Dy« Dy Dy 1« Dy
such that the singular set of the projection p : Dy11 — Dy is equal to the boundary
0Dy, := s0(Dg—1)Us1(Dy_1) for every 0 < k < n. By convention 9Dy = . If k = 0,
the condition means that the interval D is strict. It follows from the definition
that we have sgsg = s18¢ and sps; = s151. The interior of Dy is defined to be
int(Dy) = Dp\ODy. There is then a decomposition
n—1
oD, ~ |_| 2 - int(Dyg).
k=0
We shall denote by B™ the n-disks defined by the sequence of projections
l1—«B'«B*—...B"! — B

45.6. A morphism between two bundles of intervals E — B and E/ — B’ is a pair
of maps (f,¢g) in a commutative square

B<=——F



QUASI-CATEGORIES 175

such that the map E(b) — E’(f(b)) induced by g is a morphism of intervals for every
b€ B. A morphism f : D — D’ between n-disks is defined to be a commutative
diagram

1 Dl D2 anl %Dn
i fll le f’nll fnl
< D~ Dy D <D

and which the squares are morphisms of bundles of intervals. Every morphism
f: D — D’ can be factored as a surjection D — f(D) followed by an inclusion
f(D)CD'.

45.7. A planar tree T of height < n, or a n-tree, is defined to be a sequence of maps
1=Ty Ty Ty —--- T, 1T,
with linearly ordered fibers. If D is a n-disk, then we have p(int(Dy)) C int(Dk—_1)
for every 1 < k < n, where p is the projection Dy — Dy_1. The sequence of maps
1« int(Dy) « int(D3) « -+ - int(Dp_1) <« int(Dy)
has the structure of a planar tree called the interior of D and denoted int(D).

Every n-tree T is the interior of a n-disk T'. By construction, we have T}, = T}, U0T},
for every 1 < k < n, where

k—1
Ty, = |_| 2.T;.
i=0
We shall say that T is the closure of T. We have int(D) = D for every disk D.
A morphism of disks f : D — D’ is completely determined by its values on the
sub-tree int(D) C D. More precisely, a morphism of trees g : S — T is defined to
be a commutative diagram

1 Sl SQ Snfl %S’n
l gli gzl gnll gni
1 T 15 Tho1<~—1T,

in which f; preserves the linear order on the fibers of the projections for each
1 < k < n. If Disk(n) denotes the category of n-disks and Tree(n) the category
of n-trees, then the forgetful functor Disk(n) — Tree(n) has a left adjoint T+ T.
If D € Disk(n), then a morphism of trees T — D can be extended uniquely to a
morphism of disks T — D. It follows that there a bijection between the morphisms
of disks D — D’ and the morphisms of trees int(D) — D’.

45.8. We shall say that a morphism of disks f : D — D’ is proper if we have
f(int(Dy)) C int(D),) for every 1 < k < n. An proper morphism f : D —
D’ induces a morphism of trees int(f) : int(D) — int(D’). The functor T
T induces an equivalence between the category Tree(n) and the sub-category of
proper morphisms of Disk(n). We shall say that a morphism of disks f : D — D’
is a contraction if it induces a bijection f~!(int(D)) — int(D’). Every contraction
f : D — D’ has a section and this section is unique. If A is the class of contractions
and B is the class of proper morphisms then the pair (A, B) is a factorisation system
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in D(n). Every surjection f : D — D’ admits a factorisation f = up with p a
contraction and u a proper surjection and this factorisation is essentially unique.

45.9. A sub-tree of a n-tree T is a sequence of subsets Si C T} closed under the
projection Ty, — Ty—q for 1 < k < n and with Sy = 1. If T = int(D) then the
map C' — C'NT induces a bijection between the sub-disks of D and the sub-trees
of T. The set of sub-disks of D is closed under non-empty unions and arbitrary
intersections.

45.10. We shall say that a n-disk D is finite if D,, is a finite set. The degree | D |
of a finite disk D, is defined to be the number of edges of the tree int(D). By
definition,

| D |= ) Card(int(Dy)).
k=1
We have
2(14 | D |) = Card(D,,) + Card(int(D,,)).
The set
DY = hom(D, B")

has the structure of a topological ball of dimension | D |. The space DV has
the following description. Let us transport the order relation on the fibers of the
planar tree T' = int(D) to its edges. Then DV is homeomorphic to the space of
maps f : edges(T) — [—1,1] which satisfy the following conditions

o f(e) < f(€') for any two edges e < e’ with the same target;

e > .cc f(e)? <1 for every maximal chain C' connecting the root to a leaf.

We can associate to f a map of n-disks f’: D — B™ by putting
f(@) = (f(ex),-+, flew))

where (eq, - -+ , ex) is the chain of edges which connects the root to the vertex x € Tj.
The map f': D — B™ is monic iff f belongs to the interior of the ball DV. Every
finite n-disk D admits an embedding D — B™.

45.11. We shall denote by O(n) the category opposite to D(n). We call an object
of ©(n) a cell of height < n. To every disk D € D(n) corresponds a dual cell
D* € O(n) and to every cell C € O(n) corresponds a dual disk C* € D(n). The
dimension of C' is the degree of C*. A O(n)-set is defined to be a functor

X : 9(n)° — Set,

or equivalently a functor X : D(n) — Set. We shall denote by ©(n) the category of
O(n)-sets. If t is a finite n-tree we shall denote by [¢] the cell dual to the disk ¢. The
dimension of [¢t] is the number of edges of . We shall denote by O[t] the image of
[t] by the Yoneda functor ©(n) — ©(n). The realisation of a cell C is defined to be
the topological ball R(C) = (C*)V, This defines a functor R : ©(n) — Top, where
Top denotes the category of compactly generated spaces. Its left Kan extension

Ry : ©(n) — Top

preserves finite limits. We call Ri(X) the geometric realisation of X.
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45.12. We shall say that a map f : C — E in O(n) is surjective (resp. injective) if
the dual map f*: E* — C* is injective (resp. surjective). Every surjection admits
a section and every injection admits a retraction. If A is the class of surjections and
B is the class of injections, then the pair (A, B) is a factorisation system in ©(n).
If D' and D” are sub-disks of a disk D € D(n), then the intersection diagram

D/ m D77 > D77
D’ D
is absolute, ie it is preserved by any functor with codomain D(n). Dually, for every

pair of surjections f : C — C’ and g : C' — C” in the category O(n), we have an
absolute pushout square (Eilenberg-Zilber lemma). square

C*g>0”

|

Cl > C/77 .

If X is a O(n)-set, we shall say that a cell z : O[t] — X of dimension n > 0 is
degenerate if it admits a factorisation ©[t] — ©O[s] — X via a cell of dimension
< n, otherwise we shall say that x is non-degenerate. Every cell z : O[t] — X
admits a unique factorisation x = ypO[t] — O[s] — X with p a surjection and y a
non-degenerate cell.

45.13. For each 0 < k < n, let put b* = O[t*], where t* is the tree which consists of
a unique chain of k-edges. There is a unique surjection b* — b*~1 and the sequence
of surjections

1=0" — bt b2 —...0"
has the structure of a n-disk 8" in the topos O™, Tt is the generic n-disk in the

sense of classifying topos. The geometric realisation of 5" is the euclidian n-disk
B".

45.14. We shall say that a map f: C — FE in O(n) is open (resp. is an inflation)
if the dual map f* : E* — C* is proper (resp. is a contraction). Every inflation
admits a unique retraction. If A is the class of open maps in ©(n) and B is the class
of inflations then the pair (A4, B) is a factorisation system. Every monomorphism
of cells i : D — D’ admits a factorisation ¢ = qu with u an open monomorphism
and ¢ an inflation.

45.15. Recall that a globular set X is defined to be a sequence of pairs of maps
Snstn  Xnt1 — X, (n > 0) such that we have
SnSn41 = 57ztn+1 and tn5n+1 = tntn—l-l

for every n > 0. An element x € X, is called an n-cell; if n > 0 the element s,,_1(z)
is said to be the source and the element ¢,,_1(x) to be the target of . A globular set
X can be defined to be a presheaf X : G° — Set on a category G of globes which can
be defined by generators and relations. By definition ObG = {Gy, G, ...}; there
are two generating maps g, 4] : Gy, — Gy for each n > 0; the relations

n+1l:n _ n+l:n n+1l:n _ n+l:n
10" iy =177 i and 4y a7 =47 4y,
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is a presentation. The relations imply that there is exactly two maps ig, 41 : G, —
G, for each m < n. A globular set X is thus equipped with two maps s,t: X,, —
X, for each m < n. A reflexive globular set is defined to be a globular set X
equipped with a sequence of maps u, : X,, — X,,+1 such that s,u, = t,u, = id.
By composing we obtain a map v : X,, — X,, for each m < n. There is also a
notion of globular set of height < n for each n > 0. It can be defined to be a
presheaf G2 — Set, where G,, is the full sub-category of G spanned by the globes
Gy with k < n. Notice that a globular set of of height < 0 is the same thing as a
set and that globular set of of height < 1 is a graph.

45.16. Recall that a (strict) category is a graph s,t: X; — X, equipped with an
associative composition operation
(o X1 Xs,t X1 —>X1

and a unit map u : Xg — X1. A functor between two categories is a map of graphs
f: X — Y which preserves composition and units. A (strict) w-category is defined
to be a reflexive globular set X equipped with a category structure

op : Xn X Xn — X;
for each 0 < k < n, where X,, X X, is defined by the pullback square
Xp X Xy —> X,
L
X, ——> X}.
The unit map u : X — X, is given by the reflexive graph structure. The operations
should obey the interchange law
(2 or y) om (wor v) = (z om u) ok (y om v)

for each k < m < n. A functor f : X — Y between w-categories is a map of
globular sets which preserves composition and units. We shall denote by Cat,, the
category of w-categories. The notion of (strict) n-category is defined similarly but
by using a globular set of height < n. We shall denote by Cat,, the category of
n-categories.

45.17. We saw in 45.12 that the sequence of cells
1=0" ' —b* "

has the structure of a n-disk in the category ©™. The lower and upper sections
S0, 51 : bF — bk + 1) give the sequence the structure of a co-globular set of height
< n. This defines a functor b : G,, — O™ from which we obtain a functor

b Oe" = G,.
Let us see that the functor ¥ can be lifted to Cat,,

Cat,
B l
U
on L> gAn

EEEE
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We shall denote by ©(n) the category opposite to D(n) and by ©(o0) the category
opposite to D(0o). We call an object of ©(c0) a cell. To every disk D € D(c0)
corresponds a dual cell D* € ©(c0) and to every cell C' € ©(00) corresponds a dual
disk C* € D(00). The dimension of C is defined to be the degree of C* and the
height of C' to be the height of C*. If ¢ is a finite planar tree, we shall denote by
[¢] the cell opposite to the disk ¢. The dimension of [¢] is the number of edges of ¢
and the height of [t] is the height of ¢.

45.18. The height of a n-tree T is defined to be the largest integer k£ > 0 such that
Ty # 0. The height of a n-disk D is defined to be the height of its interior int(D).
If m < n, the obvious restriction functor Disk(n) — Disk(m) has a left adjoint
Ex"™ : Disk(m) — Disk(n). The extension functor Ez™ is fully faithful and its
essential image is the full subcategory of Disk(n) spanned by the disks of height
< n. We shall identify the category Disk(m) with a full subcategory of Disk(n) by
adoptiong the same notation for a disk D € Disk(m) and its extension Ez™(D) €
Disk(n). We thus obtain an increasing sequence of coreflexive subcategories,

Disk(1) C Disk(2) C --- C Disk(n).
Hence also an increasing sequence of coreflexive subcategories,
D(1) C D(2) C --- C D(n).

The coreflection functor p* : D(n) — D(k) takes a disk T to the sub-disk TF C T,
where T* is the k-truncation of T. We shall denote by D(co) the union of the
categories D(n),

D(o0) = JD(n)

An object of D(00) is an infinite sequence of bundles of finite intervals
1= DO — D1 — D2 —
such that
e the singular set of the projection D,, 11 — D,, is the set D,, :== so(Dy—1)U
$1(Dy—1) for every n > 0;
e the projection D,,+1 — D, is bijective for n large enough.

We have increasing sequence of reflexive subcategories,
O(1) CcB(2) C -+ C O(c0),

where ©(k) is the full subcategory of ©(o0) spanned by the cells of height < k. By
45.1, we have ©! = A A cell [t] belongs to A iff the height of t is < 1. If n > 0 we
shall denote by n the unique planar tree height < 1 with n edges. A cell [t] belongs
to A iff we have t = n for some n > 0. The reflection functor p* : ©(c0) — O(k)
takes a cell [t] to the cell [t¥], where t* is the k-truncation of t.

45.19. A O-set of height < n is defined to be a functor
X : ©(n)° — Set,

or equivalently a functor X : D(n) — Set. We shall denote by ©(n) the category of
©-sets of height < n. If ¢ is a finite tree of height < n, we shall denote by ©[t] the
image of [t] by the Yoneda functor ©(n) — ©(n). Consider the functor R : ©(n) —
Top defined by putting R(C) = (C*)V = Hom(C*,B"), where Top denotes the
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category of compactly generated spaces. Its left Kan extension R : é(n) — Top
preserves finite limits. We call R(X) the geometric realisation of the ©-set X.
The left Kan extension of the inclusion

el ceom

45.20. For each 0 < k < n, let us denote by E¥* the n-disk whose interior is a
chain of k edges. The geometric realisation of dual cell b* = (E¥)* is the euclidian
k-ball B*. There is a unique open map of disks E¥~' — E*_ hence a map of cells
b* — b*~1. The sequence

1:b0(—b1(—b2(—"'bn

has the structure of a n-disk ™ in the topos O™, Tt is the generic n-disk in the
sense of classifying topos.

45.21. Recall that a globular set X is defined a sequence of sets (X,, : n > 0)
equipped with a sequence of pair of maps s,,t, : X;,4+1 — X, such that we have

SnSn+1 = Sntn-i-l and tnsn-l—l = tntn+1

for every n > 0. An element z € X, is called an n-cell; if n > 0 the element s,,_1(x)
is said to be the source and the element t,,_1 (x) to be the target of . A globular set
X can be defined to be a presheaf X : G — Set on a category G of globes which can
be defined by generators and relations. By definition ObG = {G,, G1,...}; there
are two generating maps i(, i} : Gy, — G,41 for each n > 0; the relations
iptlip =4ty and  apthin =Pt

is a presentation. The relations imply that there is exactly two maps ig, i1 : G, —
G, for each m < n. A globular set X is thus equipped with two maps s,t: X,, —
X for each m < n. A reflexive globular set is defined to be a globular set X
equipped with a sequence of maps wu,, : X,, — X,,41 such that s,u, = t,u, = id.
By composing we obtain a map u : X,, — X,, for each m < n. There is also a
notion of globular set of height < n for each n > 0. It can be defined to be a
presheaf G2 — Set, where G, is the full sub-category of G spanned by the globes
G}, with £ < n. Notice that a globular set of of height < 0 is the same thing as a
set and that globular set of of height < 1 is a graph.

45.22. Recall that a (strict) category is a graph s,t : X1 — X, equipped with an
associative composition operation

0: Xy X X1 — Xy

and a unit map u : Xg — X;1. A functor between two categories is a map of graphs
f:+ X — Y which preserves composition and units. A (strict) w-category is defined
to be a reflexive globular set X equipped with a category structure

Ok:Xn Xan*)Xn
for each 0 < k < n, where X,, Xy X,, is defined by the pullback square
Xn Xk Xn —— Xn

L

X, ——> X}.
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The unit map u : X — X, is given by the reflexive graph structure. The operations
should obey the interchange law

(x ok y) om (u ok v) = (T 0, ) of (Y O, v)

for each £k < m < n. A functor f : X — Y between w-categories is a map of
globular sets which preserves composition and units. We shall denote by Cat,, the
category of w-categories. The notion of (strict) n-category is defined similarly but
by using a globular set of height < n. We shall denote by Cat,, the category of
n-categories.

45.23. We saw in 45.20 that the sequence of cells
1=0" —bt — b2 —...0"

has the structure of a n-disk in the category ©". The lower and upper sections
50,51 : b — bk + 1) give the sequence the structure of a co-globular set of height
< n. This defines a functor b : G,, — O™ from which we obtain a functor

be" — Qn
Let us see that the functor b' can be lifted to Cat,,,

Cat,,
B l
U

if 0 < k < n, let us denote by E* the n-disk whose interior is a chain of k edges.
There is a unique element e* € int(E*),. The interval over ef has exactly two
points. There are two map of disks pg,p1 : E¥ — E*~1. The first takes e € EF
to the top element of the interval over e*~! € E¥~1 and the second to the top
element of the interval over ef=1 € EF-1,

There is a unique map of disks ex_1 — e, and two maps of disks

let us denote by ey the n-disk whose interior is a chain of k edges. The geometric
realisation of the cell b* = *e; is the euclidian n-ball. There is a unique map of
disks ez_1 — ey, hence also a unique map of cells b¥ — b*~!. The sequence

1=00 — bl — b2 —...0"

has the structure of a n-disk b in the topos ©”. It is the generic n-disk in the sense
of classifying topos.

45.24. The composite D o E of a n-disk D with a m-disk F is the m + n disk
1=Dg«— Dy« -« D, «— (D,,0D,) x Ey « -+« (D,,0D,,) x E,,,
where (D,,,0D,,) X FEj is defined by the pushout square
8DnXEk4 >Dn><Ek
E, —— (Dy,0D,) X Ej.

This composition operation is associative.
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45.25. The category S = [(A™)?, Set], contains n intervals
I, =1010..-10/01 - - - 1001,

one for each 0 < k < n. It thus contain a n-disk 1™ : [; oIy 0---0I,,. Hence there
is a geometric morphism

(p*7p*) ;8 — é7

such that p*(b) = I™). We shall say that a map of ©"-sets f : X — Y is a weak
categorical equivalence if the map p*(f) : p*(X) — p*(Y) is a weak equivalence in
the model structure for reduced Segal n-spaces. The category ©,, admits a model
structure in which the weak equivalences are the weak categorical equivalences and
the cofibrations are the monomorphisms. We shall say that a fibrant object is
a ©"-category. The model structure is cartesian closed and left proper. We call
it the model structure for ©"-categories. We denote by ©™Cat the category of
Om-categories. The pair of adjoint functors

PO, =8y,

is a Quillen equivalence between the model structure for ©™-categories and the
model structure for reduced Segal n-spaces.

46. HIGHER QUASI-CATEGORIES

EEE

A n-quasi-category can be defined to be a fibrant object with respect to a certain
model structure structure on the category of presheaves on certain category ©,,.
The category ©,, was introduced for this purpose by the author in 1998. It was first
defined as the opposite of the category of finite n-disks. It was later conjectured
(jointly by Batanin, Street and the author) to be isomorphic to a category T
introduced by Batanin in his theory of higher operads [?]. The category T is a full
subcategory of the category of strict n-categories. The conjecture was proved by
Makkai and Zawadowski in [MZ] and by Berger in [Ber]. The model structure for n-
quasi-categories can be described in various ways. In principle, the model structure
for n-quasi-categories can be described by specifying the fibrant objects, since the
cofibrations are supposed to be the monomorphisms. But a complete list of the
filling conditions defining the n-quasi-categories is still missing (a partial list was
proposed by the author in 1998). An alternative approach is find a way of specifying
the class Weat,, of weak equivalences (the weak categorical n-equivalences). Let
us observe that the class Weat in S can be extracted from the canonical map
i : A — Uy, since a map of simplicial sets u : A — B is a weak categorical
equivalence if the arrow i(u) : #A — 4B is invertible in U;, where i : A - U,
denotes the left Kan extension of ¢ along the Yoneda functor. In general, it should
suffices to exibit a map ¢ : ©,, — U, with values in a cocomplete quasi-category
chosen appropriately. The quasi-category U; is equivalent to the quasi-category of
reduced category object in U. It seems reasonable to suppose that U, is the quasi-
category of reduced m-category object in U. A n-category object in U is defined
to be a map C : 02 — U satisfying a certain Segal condition. A n-category C
is reduced if every invertible cell of C' is a unit. The notion of reduced n-category
object is essentially algebraic. Hence the quasi-category U,, is cocomplete, since it is
locally presentable. The canonical map i : ©,, — U, is obtained from the inclusion
of ©,, in the category of reduced strict n-categories. A map u: A — B in O, is
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then defined to be a weak categorical n-equivalence if the arrow i(u) : itA — 4B
is invertible in U,,, where 4, : @n — U,, denotes the left Kan extension of ¢ along
the Yoneda functor. The model category (@n, Weat,,) is cartesian closed and its
full subcategory of fibrant objects QCat,, has the structure of a simplicial category
enriched over Kan complexes. We conjecture that the coherent nerve of QCat,, is
equivalent to U,. There is another description of Weat,, which is conjectured by
Cisinski and the author. It is easy to show that the localizer Weat is generated by
inclusions I[n] C Aln] (n > 0), where I[n] is the union of the edges (i — 1,4) for
1 <4 < n. The simplicial set I[n] is said to be the spine of A[n]. The objects of
O,, are indexed by finite planar trees of height < n. For each tree ¢, let us denote
by O[t] the representable presheaf generated by the object [t] of ©,. The spine
S[t] C O[t] is the union of the generators of the n-category [t] (it is the globular
diagram associted to ¢ by Batanin). It is conjectured that Weat,, is the localizer
generated by the inclusions S[t] C O[t].
EEEE

46.1. There is a notion of n-fold Segal space for every n > 1. Recall that the cate-
gory [(A°)",S] = 8™ of n-fold simplicial spaces admits a Reedy model structure
in which the weak equivalences are the level wise weak homotopy equivalences and
the cofibrations are the monomorphisms. A n-fold Segal space is defined to be a
Reedy fibrant n-fold simplicial space C : (A°)™ — S which satisfies the Segal condi-
tion 7?7 in each variable. The Reedy model structure admits a Bousfield localisation
in which the fibrant objects are the n-fold Segal spaces. The model structure is
simplicial. It is the model structure for n-fold Segal spaces. The coherent nerve
of the simplicial category of n-fold Segal spaces is equivalent to the quasi-category
Cat™(Typ).

46.2. There is a notion of n-fold Rezk space for every n > 1. It is a n-fold Segal
space which satisfies the Rezk condition ?? in each variable. The Reedy model
structure admits a Bousfield localisation in which the fibrant objects are the n-fold
Rezk spaces. The model structure is simplicial. It is the model structure for n-fold
Rezk spaces. The coherent nerve of the simplicial category of n-fold Rezk spaces is
equivalent to the quasi-category RCat™(Typ).

46.3. There is a notion of Segal n-space for every n > 1. It is defined by induction
onn > 1. If n =1, it is a Segal space C' : A° — S. If n > 1, it is a n-fold Segal
space C' : A° — S("=1S such that

e ()}, is a Segal n-space for every k > 0,

e Cy: (A°)" ! — S is homotopically constant.
The model structure for n-fold Segal spaces admits a Bousfield localisation in which
the fibrant objects are the Segal n-spaces. The model structure is simplicial. It is
the model structure for Segal n-spaces. The coherent nerve of the simplicial category
of Segal n-spaces is equivalent to the quasi-category Cat, (Typ).

46.4. There is a notion of Rezk n-space for every n > 1. By definition, it is a Segal
n-space which satisfies the Rezk condition 77 in each variable. The model structure
for Segal n-spaces admits a Bousfield localisation for which the fibrant objects are
the Rezk n-spaces. It is the model structure for Rezk n-spaces. The coherent
nerve of the simplicial category of Rezk n-spaces is equivalent to the quasi-category
RCat,(Typ).
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46.5. There is a notion of n-fold quasi-category for every n > 1. If n = 1, this is
a quasi-category. The projection p : A™ x A — A™ is left adjoint to the functor
i: A" — A™ x A defined by putting i(a) = (0, [0]) for every n > 0. We thus obtain
a pair of adjoint functors
p* 80 gl g,

Let us say that a map f: X — Y in S is a weak equivalence if the map p*(f)isa
weak equivalence in the model structure for n-fold Rezk spaces. Then the category
S(™ admits a unique Cisinski model structure with these weak equivalences. We
call it the model structure for n-fold quasi-categories, A fibrant object for this model
structure is a n-fold quasi-category. The pair of adjoint functors (p*,i*) is a Quillen
equivalence between the model structure for n-fold quasi-categories and the model
structure for n-fold Rezk spaces.

46.6. There is box product functor
0:8m x g, glmtn)

for every m,n > 0. The functor is a left Quillen functor of two variables with respect
to the model structures for p-fold quasi-categories, where p € {m,n,m + n}.

46.7. There is a notion of quasi-n-category for every n > 1. Let p* : S —
S(+1) . i* be the pair of adjoint functors of 46.5. Let us say that a map f: X — Y
in S is a weak equivalence if the map p*(f) is a weak equivalence in the model
structure for Rezk n-spaces. Then the category S admits a unique Cisinski model
structure with these weak equivalences. We call it the model structure for quasi-n-
categories. A fibrant object for this model structure is a quasi-n-category. The pair
of adjoint functors (p*,i*) is a Quillen equivalence between the model structure for
quasi-n-categories and the model structure for Rezk n-spaces.

46.8. The composite D o E of a n-disk D with a m-disk E is the m + n disk
1=Dg« Dy - Dy «— (Dn;aDn) X By - <;(DnvaDn) XErm
where (D,,,0D,,) X E} is defined by the pushout square

8DnXEk4 5-D'n,X-Ek

| |

E, —— (Dy,0Dy,) X Ej,.
This composition operation is associative.

46.9. The category S = [(A™)°, Set], contains n intervals
I, =1010--- 10701 - - - 101,

one for each 0 < k < n. It thus contain a n-disk 1™ : I; o [ 0---0I,,. Hence there
is a geometric morphism

(P ps) : st — é)7
such that p*(b) = I™). We shall say that a map of n-cellular sets f : X — Y is a
weak categorical equivalence if the map p*(f) : p*(X) — p*(Y) is a weak equivalence
in the model structure for quasi-n-categories. The category ©,, admits a model
structure in which the weak equivalences are the weak categorical equivalences and
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the cofibrations are the monomorphisms. We say that a fibrant object is a n-quasi-
category The model structure is cartesian closed and left proper. We call it the model
structure for n-quasi-categories. We denote the category of n-quasi-categories by
QCat,,. The pair of adjoint functors

p* : én - S(n) L Px

is a Quillen equivalence between the model structure for n-quasi-categories and the
model structure for quasi-n-categories.

47. APPENDIX ON CATEGORY THEORY

47.1. We fix three arbitrary Grothendieck universes U; € Uy € Us. Sets in U,
are said to be small, sets in Uy are said to be large and sets in Ujs are said to be
extra-large. Beware that a small set is large and that a large set is extra-large. We
denote by Set the category of small sets and by SET the category of large sets. A
category is said to be small (resp. large, extra-large) if its set of arrows belongs to
U; (resp. Us, Ujz). The category Set is large and the category SET extra-large.
We denote by Cat the category of small categories and by CAT the category of
large categories. The category Cat is large and the category CAT is extra-large. A
large category is locally small if its hom sets are small. We shall often denote small
categories by ordinary capital letters and large categories by curly capital letters.

47.2. We shall denote by A° the opposite of a category A. It can be useful to
distinguish between the objects of A and A° by writing a® € A° for each object
a € A, with the convention that a®® = a. If f : @ — b is a morphism in A, then
f°:b° — a° is a morphism in A°. Beware that the opposite of a functor F': A — B
is a functor F° : A° — B°. A contravariant functor FF : A — B between two
categories is defined to be a (covariant) functor A° — B; if a € A, we shall often
write F'(a) instead of F'(a®).

47.3. We say that a functor u : A — B is biunivoque if the map Ob(u) : ObA —
ObB is bijective. Every functor u : A — B admits a factorisation u = pq with ¢ a
biunivoque functor and p a fully faithful functor. The factorisation is unique up to
unique isomorphism. It is called the Gabriel factorisation of the functor u.

47.4. The categories Cat and CAT are cartesian closed. We shall denote by B4
or [A, B] the category of functors A — B between two categories. If £ is a locally
small category, then so is the category £4 = [A, £] for any small category A. Recall
that a presheaf

on a small category A is defined to be a functor X : A° — Set. A map of
presheaves X — Y is a natural transformation. The presheaves on A form a locally
small category

A = Set?” =[A°, Set].

The category A is cartesian closed and we shall denote by YX. the presheaf of
maps X — Y between two presheaves.
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47.5. The Yoneda functor ya : A — A associates to an object a € A the presheaf
A(—,a). The Yoneda lemma asserts that for any object a« € A and any presheaf
X e /1, the evaluation x — xz(1,) induces a bijection between the set of maps
x: A(—,a) — X and X (a). We shall identify these two sets by adopting the same
notation for a map x : A(—,a) — X and the element z(1,) € X(a). The Yoneda
functor is fully faithful. and we shall often regard it as an inclusion A° C A by
adopting the same notation for an object a € A and the presheaf A(—,a). In this
notation, the map zu : a — X obtained by composing a map = : b — X with a
morphism u : @ — b in A is the element X (u)(z) = X (u)(x(1p)) € X(a). We say
that a presheaf X is represented by an element = € X (a) if the map x : a — X is
invertible in A. A presheaf X is said to be representable if it can be represented by a
pair (a,x). Recall that the category of elements El(X) of a presheaf X : A — Set
is the category whose objects are the pairs (a,z), where a € A and =z € X(a),
and whose arrows (a,z) — (b,y) are the morphism f : a — b in A such that
X(f)(y) = z. It follows from Yoneda lemma that we have FiI(X) = A/X, where
A/X is the full subcategory of A/X whose objects are the maps a — X with a € A.
A presheaf X is represented by an element x € X (a) iff the object (a,z) of El(X)
is terminal. Thus, a presheaf X representable iff its category of elements FEl(X)
has a terminal object.

47.6. The dual Yoneda functor y4 : A° — [A, Set] associates to an object a € A
the set valued functor A(a,—). The Yoneda lemma asserts that for any object
a € A and any functor F' : A — Set, the evaluation z — z(1,) induces a bijection
between the set of natural transformations z : A(a,—) — F and F(a). We shall
identify these two sets by adopting the same notation for a natural transformation
x: A(a,—) — F and the element x(1,) € F(a). The dual Yoneda functor is fully
faithful. and we shall often regard it as an inclusion A° C [A, Set] by adopting the
same notation for an object a® € A° and the presheaf A(a, —). We say that a functor
F : A — Set is represented by an element z € F'(a) if the corresponding natural
transformation z : a® — X is invertible. The functor F is said to be representable if
it can be represented by an element (a,x). The category of elements of a (covariant)
functor F': A — Set is the category el(F') whose objects are the pairs (a, z), where
a € Aand z € F(a), and whose arrows (a,z) — (b,y) are the morphisms f:a — b
in A such that F(f)(x) = y. The functor X is represented by an element x € F'(a)
iff (a,x) is an initial object of the category el(X). Thus, F representable iff the
category el(F) has an initial object.

47.7. Recall that a 2-category is a category enriched over Cat. An object of a 2-
category & is often called a 0-cell. If A and B are 0-cells, an object of the category
E(A,B) is called a 1-cell and an arrow is called a 2-cell. We shall often write
a: f—g:A— B toindicate that « is a 2-cell with source the 1-cell f: A — B
and target the 1-cell g : A — B. The composition law in the category £(A, B) is
said to be wertical and the composition law

E(B,C) x (A, B) — £(A,C)

horizontal. The vertical composition of a 2-cell o : f — g with a 2-cell : g — h
is a 2-cell denoted by Ba : f — h. The horizontal composition of a 2-cell « :
f—9g:A— Bwitha2celland §: u — v : B — C is a 2-cell denoted by
foa:uf —vg: A— C.
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47.8. There is a notion of adjoint in any 2-category. If u: A — Bandv: B — A
are 1-cells in a 2-category, an adjunction (o, ) :u v is a pair of 2-cells @ : 14 —
vu and B : uv — 1pg for which the adjunction identities hold:

(Bou)(uoa)=1, and (vof)(aov)=1,.

The 1-cell u is the left adjoint and the 1-cell v the right adjoint. The 2-cell « is
the unit of the adjunction and the 2-cell 5 the counit. Each of the 2-cells o and
determines the other.

47.9. In any 2-category, there is a notion of left (and right) Kan extension of 1-cell
f:A— X along a 1-cell u : A — B. More precisely, the left Kan extension of f
along u is a pair (g, «) where g : B — X and «: f — gu is a 2-cell which reflects the
object f € Hom(A, X) along the functor Hom(u, X) : Hom(B, X) — Hom(A, X).
The right Kan extension of f along w is a pair (g,3) where ¢ : B — X and
B : gu — fis a 2-cell which coreflects the object f € Hom(A, X) along the functor
Hom(u,X) : Hom(B,X) — Hom(A, X).

47.10. Recall that a full subcategory A C B is said to be reflective if the inclusion
functor A C B has a left adjoint r : B — A called a reflection. In general, the
right adjoint v of an adjunction u : A < B : v is fully faithful iff the counit of the
adjunction § : uv — 1p is invertible, in which case u is said to be a reflection and
v to be reflective. These notions can be defined in any 2-category. The left adjoint
u of an adjunction u : A < B : v is said to be a reflection if the counit of the
adjunction 3 : uv — 1p is invertible, in which case v is said to be reflective. There
is a dual notion of coreflection: the right adjoint v of an adjunction u : A < B : v
is said to be a coreflection if the unit of the adjunction « : 14 — vu is invertible,
in which case u is said to be coreflective.

47.11. If A and B are small categories, a functor F' : A° x B — Set is called a
distributor F' : A — B. The composite two distributors F': A — Band G : B — C)
is the distributor G o F' : A — C obtained by putting

beB
GoF = (Fop G)(a,c):/ Fla,b) x G(b, ).

This composition operation is coherently associative, and the distributor hom :
A° x A — S is a unit. This defines a bicategory Dist whose objects are the small
categories. The bicategory Dist is biclosed. This means that the composition
functor o is divisible on each side. See 51.25 for this notion. For every H €
Dist(A,C), F € Dist(A, B) and G € Dist(B,C) we have

G\H = Hom¢c(G,H) and H/F = Homu(F, H).

Notice that Dist(1,A) = [A,Set] and that Dist(A,1) = A. To every distributor
F € Dist(A, B) we can associate a cocontinuous functor — o F' : Dist(B,1) —
Dist(A,1). This defines an equivalence between the category Dist(A, B) and
the category of cocontinuous functors B — A. Dually, to every distributor F' €
Dist(A, B) we can associate a cocontinuous functor Fo— : Dist(1, A) — Dist(1, B).
This defines an equivalence between Dist(A, B) and the category of cocontinuous
functors [A, Set] — [B, Set].
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47.12. The bicategory Dist is symmetric monoidal. The tensor product of F €
Dist(A,B) and G € Dist(C, D) is the distributor FF ® G € Dist(A x C,B x D)
defined by putting

(F' x G)((a,¢), (b,d)) = F(a,b) x G(c,d)

for every quadruple of objects (a,b,¢,d) € Ax B x C x D.

47.13. The symmetric monoidal bicategory Dist is compact closed. The dual of
a category A is the opposite category A° and the adjoint of a distributor F' €
Dist(A, B) is the distributor F* € Dist(B°, A°) obtained by putting F*(b°,a°) =
F(a,b). The unit of the adjunction A - A° is a distributor n4 € Dist(1, A° x A)
and the counit a distributor €4 € Dist(A x A°,1). We have ng = ¢4 = Homy :
A° x A — Set. The adjunction A - A° is defined by a pair of invertible 2-cells,

apg:la~(ea®A)o(A®na) and [a:Ta0 >~ (A°®e€q)0 (na® A°).

each of which is defined by using fthe canonical isomorphism
/ A(a,b) x A(b,c) x A(e,d) ~ A(a,d).
beA JecA

47.14. The trace of a distributor F' € Dist(A, A) defined by putting
Tra(F)=¢€ao0(F® A°) ongeo

is isomorphic to the coend of the functor F': A° x A — Set
acA
coenda(F) = / F(a,a).

47.15. To every functor u : A — B in Cat is associated a pair of adjoint functor
uy : [A°, Set] < [B°, Set] : u*.

We have v*(Y) = T'(u) ® Y = Y o I'(u) for every Y € [B° Set|, where the
distributor I'(u) € Dist(A, B) obtained by putting I'(u)(a, b) = B(ua,b) for every
pair of objects a € A and b € B. We have u(X) = I'"(u) ®4 X = X oI'*(u) for
every X € [A°, Set], where the distributor I'(u) € Dist(B, A) is defined by putting
I'*(u)(b,a) = B(b,ua). Notice that the functor u* has a right adjoint u, and that
we have u,(X) = X/T'(u) for every X € [A°, Set].

47.16. Recall that a set S of objects in a category A is called a sieve if the impli-
cation

target(f) € S = source(f) € S

is true for every arrow f € A. We shall often identify S with the full subcategory
of A spanned by S. A cosieve in A is defined dually. The opposite of a sieve S C A
is a cosieve S° C A°. For any sieve S C A (resp. cosieve), there exists a unique
functor p : A — I such that S = p~1(0) (resp. S = p~!(1)). We shall say that the
sieve p~1(0) and the cosieve p~1(1) are complementary. Complementation defines
a bijection between the sieves and the cosieves of A.
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47.17. We shall say that an object of the category Cat/I is a categorical cylinder,
or just a cylinder if the context is clear. The cobase of a cylinder p : C' — I is
defined to be the the sieve C(0) = p~1(0) and its base to be the cosieve C(1) =
p~1(1). If i denotes the inclusion OI C I, then the functor

i* : Cat/I — Cat x Cat

has left adjoint 4, and a right adjoint 7,. The functor ¢* is a Grothendieck bifibration,
since it is an isofibration and the functor ¢ is fully faithful. Its fiber at (A, B)
is the category Cyl(A, B) of cylinders with cobase A and base B. The cylinder
i1(A, B) = AUB is the initial object of Cyl(A, B) and the cylinder i,(A, B) = AxB
is the terminal object.

47.18. The category Cat/I is cartesian closed. The model structure (Cat, Eq)
induces a cartesian closed model structure on the category Cat/I.

47.19. To every cylinder C' € Cyl(A, B) we can associate a distributor D(C) €
Dist(A, B) by putting D(C)(a,b) = C(a,b) for every pair of objects a € A and
b € B. The functor

D : Cyl(A, B) — Dist(B, A)
so defined is an equivalence of categories. The inverse equivalence associate to a
distributor F' : A° x B the collage cylinder C' = col(F) = A xp B constructed as
follows: Ob(C') = Ob(A) U Ob(B) and for x,y € Ob(A) U Ob(B),

A(z,y) ifzeA and ye A

) B(z,y) ifzxeB and ye B
Cla,y) = F(z,y) ifz€A and ye B
U ifx € B and y € A.

Composition of arrows is obvious. The category C has the structure of a cylinder
with base B and cobase A. The resulting functor

col : Dist(A, B) — Cyl(A, B)

is an equivalence of categories. The collage of the distributor hom : A° x A — Set
is the cylinder A x I; the collage of the terminal distributor 1 : A° x B — Set is the
join A B; the collage of the empty distributor () : A° x A — Set is the coproduct
AU A.

48. APPENDIX ON FACTORISATION SYSTEMS

In this appendix we study the notion of factorisation system. We give a few
examples of factorisation systems in Cat.

Definition 48.1. If £ is a category, we shall say that a pair (A,B) of classes of

maps in € is a (strict) factorisation system if the following conditions are satisfied:

e cach class A and B is closed under composition and contains the isomor-
phisms;

e cvery map f : A — B admits a factorisation f = pu: A — E — B with

u € A and p € B, and the factorisation is unique up to unique isomorphism.

We say that A is the left class and B the right class of the weak factorisation system.
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In this definition, the uniqueness of the factorisation f = pu : A - E — B
means that for any other factorisation f = p'v/ : A — E' — B with v/ € A and
p’ € B, there exists a unique isomorphism i : £ — F such that 7u = v’ and p’i = p,

’
_

A
. T
U ts
7
7
E

/

—_—
p

W<~
=3

Recall that a class of maps M in a category £ is said to be invariant under
isomorphisms if for every commutative square

A—A

B—— B

in which the horizontal maps are isomorphisms we have u € M < v € M. It
is obvious from the definition that each class of a factorisation system is invariant
under isomorphism.

Definition 48.2. We shall say that a class of maps M in a category € has the
right cancellation property if the implication

mueMandueM = veM

is true for any pair of maps u: A — B and v : B — C. Dually, we shall say that
M has the left cancellation property if the implication

vmweMandveM = ue M
s true.

Proposition 48.3. The intersection of the classes of a factorisation system (A, B)
is the class of isomorphisms. Moreover,

e the class A has the right cancellation property;
o the class B has the left cancellation property.

Proof: If a map f: A — B belongs to AN B, consider the factorisations f = flyu
and f = 1pf. We have 14 € A and f € B in the first, and we have f € A and
1g € B in the second. Hence there exists an isomorphism ¢ : B — A such that
if =14 and fi = 1g. This shows that f is invertible. If u € A and vu € A, let us
show that v € A. For this, let us choose a factorisation v = ps : B — E — C, with
s € Aand p € B, and put w = vu. Then w admits the factorisation w = p(su)
with su € A and p € B and the factorisation w = 1o (vu) with vu € A and 1¢ € B.
Hence there exists an isomorphism ¢ : £ — C such that i(su) = vu and 1¢i = p.
Thus, p € A since p = i and every isomorphism belongs to A. It follows that
v =ps € A, since A is closed under composition. n
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Definition 48.4. We say that a map u: A — B in a category & is left orthogonal
to a map f : X — Y, or that f is right orthogonal to u, if every commutative
square

HX
7

A x

ui // f
s

BT>Y

has a unique diagonal filler d : B — X (that is, du = = and fd = y). We shall
denote this relation by ul f.

Notice that the condition w1 f means that the square

Hom(B, X) —2"“) _ Hom(A, X)
Hom(BJ)l J/Hom(A,f)
Hom(B,Y) Hom(A)Y)
Hom(u,Y)

is cartesian. If A and B are two classes of maps in £, we shall write A_LB to indicate
that we have a_Lb for every a € A and b € B.

If M is a class of maps in a category &, we shall denote by “M (resp. M%)
the class of maps which are left (resp. right) orthogonal to every map in M. Each
class “M and M+ is closed under composition and contains the isomorphisms. The
class “M has the right cancellation property and the class M= the left cancellation
property. If A and B are two classes of maps in &, then

AC'B & ALB & A+DB.
Proposition 48.5. If (A, B) is a factorisation system then
A=1B and B=A"

Proof Let us first show that we have ALB. If a : A — A’ is a map in A and
b: B — B’ is amap in B, let us show that every commutative square

A4u>B

|k
Al——=D
u
has a unique diagonal filler. Let us choose a factorisation u = ps : A - E — B

with s € A and p € B and a factorisation v’ = p’s’ : A’ - E' — B’ with s’ € A
and p’ € B. From the commutative diagram

A*S>E*p>3

i |

7
Al——F —— DB,
s P
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we can construct a square

Observe that s € A and bp € B and also that s’a € A and p’ € B. By the uniqueness
of the factorisation of a map, there is a unique isomorphism ¢ : £/ — E such that

is'a = s and bpi = p':

A—s>p—Lsp
A —>F —>PB.
s P

The composite d = pis’ is then a diagonal filler of the first square

A—2 >R

d/1
a Y b
s

A —— DB,

It remains to prove the uniqueness of d. Let d’ be an arrow A’ — B such that
d'a = uw and bd’ = u’. Let us choose a factorisation d’ = gt : A’ — F — B with
t € A and ¢ € B. From the commutative diagram

A*S>E*p>3

Al——>F —PB.
s P

we can construct two commutative squares

A—2s A’*t>F

l NN

F—0Db, E —— B
q p

Observe that we have ta € A and g € B. Hence there exists a unique isomorphism j :
F — FE such that jta = s and pj = ¢. Similarly, there exists a unique isomorphism
j' : B/ — F such that j's’ = t and bgj’ = p’. The maps fits in the following
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commutative diagram,

Hence the diagram

A—2 s R

{7

E — B
P
commutes. It follows that we have j7' = ¢ by the uniqueness of the isomorphism
between two factorisations. Thus, d' = qt = (pj)(j's’) = pis’ = d. The relation
ALB is proved. This shows that A C +B. Let us show that *B C A. If a map
f:A— Bisin +B. let us choose a factorisation f = pu: A — C — B with u € A
and p € B. Then the square

A—t>

Q

!

<
=

B——
1p

sy

has a diagonal filler s : B — C, since f € *B. We have ps = 1p. Let us show that
sp = 1¢. Observe that the maps sp and 1¢ are both diagonal fillers of the square

u

A——C

ul J{P
This proves that sp = 1¢ by the uniqueness of a diagonal filler. Thus, p € A, since
every isomorphism is in 4. Thus, f = pu € A. n

Corollary 48.6. Fach class of a factorisation system determines the other.

48.1. We shall say that a class of maps M in a category £ is closed under limits if
the full subcategory of £/ spanned by the maps in M is closed under limits. There
is a dual notion of a class of maps closed under colimits.

Proposition 48.7. The class M™ is closed under limits for any class of maps M
in a category E. Hence the right class of a factorisation system is closed under
limits.
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Proof: For any pair of morphisms v : A — B and f: X — Y in &, we have a
commutative square Sq(u, f):

£(B, X) —X) g4 x)
E(B-,f)i is(A,n
E(B,Y) —5= E(AY).

The resulting functor
Sq: (%) x &1 — Set’™!

continuous in each variable. An arrow f € &€ belongs to M= iff the square Sq(u, f)
is cartesian for every arrow u € M. This proves the result, since the full subcategory
of Set’*! spanned by the cartesian squares is closed under limits. QED

Recall that a map u : A — B in a category & is said to be a retract of another
map v : C — D, if u is a retract of v in the category of arrows 1. A class of maps
M in a category £ is said to be closed under retracts if the retract of a map in M
belongs to M.

Corollary 48.8. The class M= is closed under retracts for any class of maps M
in a category €. Fach class of a factorisation system is closed under retracts.

48.2. Let (A, B) be a factorisation system in a category £. Then the full subcate-
gory of &7 spanned by the elements of B is reflective. Dually, the full subcategory
of T spanned by the elements of A is coreflective.

Proof: Let us denote by B’ the full subcategory of £/ whose objects are the arrows
in B. Every map u : A — B admits a factorisation u =pi: A - F — B withi € A
and p € B. The pair (i,15) defines an arrow u — p in £'. Let us show that the
arrow reflects w in the subcategory B’. For this, it suffices to show that for every
arrow f: X — Y in B and every commutative square

N

there exists a unique arrow z : £ — X such that fz = yp and z¢ = x. But this is
clear, since the square

A X

E s

_— Y
has a unique diagonal filler by 48.5. n

x
—_

—_—
Y

x

|
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Recall that the projection A xg E — A in a pullback square
A XB E——F

|

A——B

is said to be the base change of the map E — B along the map A — B. A class of
maps B in a category & is said to be closed under base changes if the base change
of a map in B along any map in £ belongs to B when this base change exists. The
class M is closed under base changes for any class of maps M C £. In particular,
the right class of a factorisation system is closed under base change. Recall that
the map B — F U4 B in a pushout square

A——B

.

E——FUux B

is said to be the cobase change of the map A — F along the map A — B. A class
of maps A in category £ is said to be closed under cobase changes if the cobase
change of a map in A along any map in £ belongs to .4 when this cobase change
exists. The class -~ M is closed under cobase changes for any class of maps M C &.
In particular, the left class of a factorisation system is closed under cobase changes.

48.3. Let us say that an arrow f : X — Y in a category with finite limits is
surjective if it is left orthogonal to every monomorphism. The class of surjections
is closed under cobase change, under colimits and it has the right cancellation
property. Every surjection is an epimorphism, but the converse is not necessarly
true.

We now give some examples of factorisation systems.

Proposition 48.9. Letp: & — C be a Grothendieck fibration. Then the category €
admits a factorisation system (A, B) in which B is the class of cartesian morphisms.
An arrow u € & belongs to A iff the arrow p(u) is invertible.

Dually, if p : £ — C is a Grothendieck opfibration, then the category £ admits
a factorisation system (A, B) in which A is the class of cocartesian morphisms. A
morphism u € &£ belongs to B iff the morphism p(u) is invertible.

If £ is a category with pullbacks, then the target functor t : £ — £ is a
Grothendieck fibration. A morphism f : X — Y of the category &' is a com-
mutative square in &,

X, L)YO

f1

X —Y1.
The morphism f is cartesian iff the square is a pullback (also called a cartesian
square). Hence the category £ admits a factorisation system (A, B) in which B is
the class of cartesian squares. A square f: X — Y belongs to A iff the morphism

f1: X1 — Y7 is invertible.
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Corollary 48.10. Suppose that we have a commutative diagram

Ag ——= By ——=Cy

L

A —— B ——(C}

in which the right hand square is cartesian. Then the left hand square is cartesian
iff the composite square is cartesian.

Proof: This follows from the left cancellation property of the right class of a
factorisation system. m

Corollary 48.11. Suppose that we have a commutative cube
Co

By

Ao

Dy

Ay

Gy

NN

Bl %Dl.

in which the left face, the right face and front face are cartesian. Then the back
face is cartesian.

We now give a few examples of factorisation systems in the category Cat.

Recall that a functor p : E — B is said to be a discrete fibration if for every object
e € FE and every arrow g € B with target p(e), there exists a unique arrow f € F
with target e such that p(f) = e. There is a dual notion of discrete opfibration.
Recall that a functor between small categories u : A — B is said to be final (but we
shall say 0-final) if the category b\ A = (b\B) X A defined by the pullback square

MDA 4

L

b\B — B.

is connected for every object b € B. There is a dual notion of initial functor (but
we shall say 0-initial).

Theorem 48.12. [Street] The category Cat admits a factorisation system (A, B)
in which B is the class of discrete fibrations and A the class of 0-final functors.
Dually, category Cat admits a factorisation system (A’,B') in which B’ is the class
of discrete opfibrations and A’ is the class of 0-initial functors.
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48.4. Recall that a functor p: C' — D is said to be conservative if the implication
p(f) invertible = f invertible

is true for every arrow f € C. The model category (Cat, Fq) admits a factorisation
system (A, B) in which B is the class of conservative functors. A functor in the class
A is an iterated strict localisation Let us describe the strict localisations explicitly.
We say that a functor g : A — B inverts a set S of arrows in A if every arrow in
g(S) is invertible. When the category A is small. there is a functor lg: A — S™1A
which inverts S universally. The universality means that for any functor g : A — B
which inverts S there exists a unique functor h : S~'A — B such that hlg = g. The
functor lg is a strict localisation. Every functor v : A — B admits a factorisation
uw=uyly : A — S;'A — B, where Sy is the set of arrows inverted by u and where
li = lg,. Let us put 4y = Sy LA. The functor u; is not necessarly conservative
but it admits a factorisation u; = usly : A1 — S’flAl — B, where S7 is the set
of arrows inverted by u;. Let us put A; = Sl_lAl. By iterating this process, we
obtain an infinite sequence of categories and functors,

l1 l2

A=A, A, Ay~ pg Mo E

B.

If the category F is the colimit of the sequence, then the functor v : E — B is
conservative. and the canonical functor [ : A — F is an iterated strict localisation.

48.5. For any category A, the full subcategory of A\Cat spanned by the iterated
strict localisations A — C'is equivalent to a complete lattice Loco(A). Its maximum
element is defined by the strict localisation A — 7 A which inverts every arrow in
A. Every functor u : A — B induces a pair of adjoint maps

wy : Locg(A) — Locy(B) : u*,
where u is defined by cobase change along u.
49. APPENDIX ON WEAK FACTORISATION SYSTEMS

49.1. Recall that an arrow v : A — B in a category & is said to have the left lifting
property with respect to another arrow f : X — Y, or that f has the right lifting
property with respect to u, if every commutative square

A—"S=X
P
|
/7
BT>Y

has a diagonal filler d : B — X (that is, du = x and fd = y). We shall denote this
relation by w th f. If the diagonal filler is unique we shall write ul f and say that
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u is left orthogonal to f, ot that f is right orthogonal to u. For any class of maps
M C &, we shall denote by "M (resp. M™) the class of maps having the left lifting
property (resp. right lifting property) with respect to every map in M. Each class
"M and M™ contains the isomorphisms and is closed under composition. If A and
B are two classes of maps in £, we shall write A rh B to indicate that we have u M f
for every u € A and f € B. Then

ACT"B «—= AMB < BC A"

49.2. We say that a pair (A,B) of classes of maps in a category £ is a weak
factorisation system if the following two conditions are satisfied:

e cvery map f € £ admits a factorisation f = pu with u € A and p € B;
e A=""Band A" = B.

We say that A is the left class and B the right class of the weak factorisation system.
49.3. Every factorisation system is a weak factorisation system.

49.4. We say that a map in a topos is a trivial fibration if it has the right lifting
property with respect to every monomorphism. This terminology is non-standard
but useful. The trivial fibrations often coincide with the acyclic fibrations (which
can be defined in any model category). An object X in a topos is said to be
injective if the map X — 1 is a trivial fibration. If B is the class of trivial fibrations
in a topos and A is the class monomorphisms, then the pair (A, B) is a weak
factorisation system. A map of simplicial sets is a trivial fibration iff it has the
right lifting property with respect to the inclusion §, : dA[n] C Aln] for every
n > 0.

49.5. We say that a Grothendieck fibration E — B is a I-fibration if its fibers E(b)
are groupoids. We say that a category C is I-connected if the functor mC' — 1
is an equivalence. We say that functor v : A — B is is I-final) if the category
b\A = (b\B) x g A is 1-connected for every object b € B. The category Cat admits
a weak factorisation system (A, B) in which B is the class of 1-fibrations and A the
class of 1-final functors.

49.6. Let &£ be a cocomplete category. If & = {i : i < a} is a non-zero ordinal, we
shall say that a functor C': @« — &£ is an «-chain if the canonical map

lim C(7) — C(j)

1<

is an isomorphism for every non-zero limit ordinal j < a. The composite of C' is
the canonical map

C(0) — lim C(4).
<o
We shall say that a subcategory A C & is closed under transfinite composition if
the composite of any a-chain C': a — & with values in A4 belongs to A.
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49.7. Let £ be a cocomplete category. We shall say that a class of maps A C £ is
saturated if it satisfies the following conditions:

e A contains the isomorphisms and is closed under composition ;
e A is closed under transfinite composition;
e A is closed under cobase change and retract;

Every class of maps ¥ C £ is contained in a smallest saturated class X called the
saturated class generated by . We shall say that a saturated class A is accessible
if it is generated by a set of maps ¥ C A.

49.8. [Cil] The class M of monomorphisms in a Grothendieck topos is accessible.

49.9. If ¥ is a set of maps in a locally presentable category, then the pair (3, Em)
is a weak factorisation system, where ¥ denotes the saturated class generated by
3.

50. APPENDIX ON SIMPLICIAL SETS

We fix some notations about simplicial sets. The category of finite non-empty
ordinals and order preserving maps is denoted A. It is standard to denote the
ordinal n+1 = {0,...,n} by [n]. A map u : [m] — [n] in A can be specified by
listing its values (u(0),...,u(m)). The order preserving injection [n — 1] — [n]
which omits ¢ € [n] is denoted d;, and the order preserving surjection [n] — [n — 1]
which repeats i € [n — 1] is denoted s;.

50.1. Recall that a (small) simplicial set is a presheaf on the category A. We shall
denote the category of simplicial sets by S. If X is a simplicial set and n > 0,
it is standard to denote the set X([n]) by X,,. An element of X, is said to be a
simplex of dimension n, or a n-simplex of X; a O-simplex is called a verter and a
1-simplex an arrow. If n > 0 and 4 € [n], the map X (d;) : X;, — X,,—1 is denoted
by 9;, and if ¢ € [n—1], the map X(s;) : X,,—1 — X, is denoted by ;. The simplex
0i(z) € X,,_1 is the i-th face of a simplex x € X,,. The source of an arrow f € X;
is defined to be the vertex 01 (f) and its target to be the vertex dy(f); we shall write
f :a— b to indicate that a = 91(f) and b = 9y(f).

50.2. The combinatorial simplez Aln] of dimension n is defined to be the simplicial
set A(—,[n]); the simplex A[1] is the combinatorial interval and we shall denote it
by I; the simplex A[0] is the terminal object of the category S and we shall denote
it by 1. We shall often identify a morphism u : [m] — [n] in A with its image
ya(u) : Alm] — Aln] by the Yoneda functor ya : A — S. By the Yoneda lemma,
for every X € S and n > 0 the evaluation map x +— x(1f,)) is a bijection between
the maps A[n] — X and the elements of X,,; we shall identify these two sets by
adopting the same notation for a map A[n] — X and the corresponding simplex
in X,. If u:[m] — [n] and « € X,,, we shall denote the simplex X (u)(z) € X,
as a composite zu : Alm| — X. For example, 0;(z) = zd; : A[n —1] — X for
every © € X, and o;(z) = xs; for every x € X,,_1. A simplex x € X, is said to be
degenerate if it belongs to the image of o; : X,,_1 — X,, for some i € [n — 1]. To
every vertex a € Xy is associated a degenerate arrow og(a) : @ — a that we shall
denote as a unit 1, : a — a.



200 ANDRE JOYAL

50.3. The cardinality of a simplicial set X is defined to be the cardinality of the set
of non-degenerate simplices of X. A simplicial set is finite if it has a finite number
of non-degenerate simplices. A simplicial set can be large. A large simplicial set
is defined to be a functor A° — SET, where SET is the category of large sets. We
say that a large simplicial set X is locally small if the vertex map X,, — X(;H'l has
small fibers for every n > 0. If X is locally small, then so is the simplicial set X4
for any small simplicial set A.

50.4. Let 7 : A — A be the automorphism of the category A which reverses
the order of each ordinal. If u : [m] — [n] is a map in A, then 7(u) is the map
u® : [m] — [n] obtained by putting u°(i) = n — f(m — ). The opposite X° of a
simplicial set X is obtained by composing the (contravariant) functor X : A — Set
with the functor 7. We distinguish between the simplices of X and X° by writing
x° € X° for each x € X, with the convention that °° = z. If f : @ — b is an arrow
in X, then f°:0° — a° is an arrow in X°. Beware that the opposite of a map of
simplicial sets v : A — B is a map u° : A° — B°. A contravariant map p: A — B
between two simplicial sets is defined to be a map ¢ : A° — B; we shall often write
p(a) instead of g(a®) for a € A. .

50.5. If X is a simplicial set, we say that a subfunctor A C X is a simplicial subset
of X. If n > 0 and ¢ € [n] the image of the map d; : A[n — 1] — A[n] is denoted
0;A[n] C Aln]. The simplicial sphere OA[n] C A[n] is the union the faces 9;A[n]
for ¢ € [n]; by convention JA[0] = 0. If n > 0, a map z : dA[n] — X is said to
be a simplicial sphere of dimension n — 1 in X; it is determined by the sequence
of its faces (zg,...,xn) = (zdo, ..., xd,). A simplicial sphere 0A[2] — X is called
a triangle. Every n-simplex y : A[n] — X has a boundary 9y = (Oyy, ...,0ny) =
(ydo, . ..,yd,) obtained by restricting y to dA[n|. A simplex y is said to fill a
simplicial sphere z if we have dy = x. A simplicial sphere x : 0A[n] — X commutes
if it can be filled.

50.6. If n > 0 and k € [n], the horn A¥[n] C A[n] is defined to be the union of
the faces 9;A[n] with i # k. A map x : A¥[n] — X is called a horn in X; it is
determined by a lacunary sequence of faces (xq, ..., Tp_1,%, Thtl,---,Tn). A filler
for x is a simplex A[n] — X which extends . Recall that a simplicial set X is
said to be a Kan complex if every horn A*[n] — X (n > 0,k € [n]) has a filler
Aln] — X,

Ak[n] L> X

Aln].

50.7. Let us denote by A(n) the full subcategory of A spanned by the objects [k]
for 0 < k < n. We say that a presheaf on A(n) is a n-truncated simplicial set and we
put S(n) = [A(n)?, Set]. If i,, denotes the inclusion A(n) C A, then the restriction
functor ¢ : S — S(n) has a left adjoint (i,), and a right adjoint (iy)«. The functor
Sk™ = (i )1(in)* : S — S associates to a simplicial set X its n-skeleton Sk"X C X;
it is the simplicial subset of X generated by the simplices z € X} of dimension
k <n. The functor Cosk™ = (in)«(in)* : S — S associates to a simplicial set X its
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n-coskeleton Cosk™X. A simplex A[k] — Cosk™X is the same thing as a simplex
SK"Alk] — X.

50.8. We say that a map of simplicial sets f : X — Y is biunivoque if the map
fo: Xo — Yp is bijective. We say that a map of simplicial sets f: X — Y is n-full
if the ollowing square of canonical maps is a pullback,

X ! Y
Cosk™(X) _Co D) Cosk™(Y).

The n-full maps are closed under composition and base change. Every map f :
X — Y admits a factorisation f = pg : X — Z — Y with p a 0-full map and ¢
biunivoque. The factorisation is unique up to unique isomorphism. It is the Gabriel
factorisation of the map. A O-full map between quasi-categories is fully faithful.
We say that a simplicial subset S of a simplicial set X is n-full if the inclusion of
the subset S C X is n-full. The inclusion of a subcategory in a category is always
1-full.

50.9. Let Top be the category of (small) topological spaces. Consider the functor
r: A[n] — Top which associates to [n] the geometric simplex

An:{(xl,axn)()gxlggxngl}

The singular complex of a topological space Y is the simplicial set 'Y defined by
putting
(r'Y), = Top(A™,Y)

for every n > 0. The simplicial set 'Y is a Kan complex. The singular complex
functor r' : Top — S has a left adjoint 7 which associates to a simplicial set X its
geometric realisation mX. A map of simplicial sets u : A — B is said to be a weak
homotopy equivalence if the map r(u) : mA — nB is a homotopy equivalence of
topological spaces.

51. APPENDIX ON MODEL CATEGORIES

51.1. We shall say that a class W of maps in a category £ has the “three for two”
property if the following condition is satisfied:

e If two of three maps u: A — B, v: B — C and vu: A — C belong to W,
then so does the third.

51.2. Let & be a finitely bicomplete category. We shall say that a triple (C, W, F)
of classes of maps in &£ is a model structure if the following conditions are satisfied:

e W has the “three for two” property;
e the pairs (CNW, F) and (C,F N W) are weak factorisation systems.

A map in W is said to be acyclic or to be a weak equivalence. A map in C is called
a cofibration and a map in F a fibration . An object X € £ is said to be fibrant
if the map X — T is a fibration, where T is the terminal object of £. Dually, an
object A € £ is said to be cofibrant if the map | — A is a cofibration, where L is
the initial object of £. A Quillen model category is a category £ equipped with a
model structure (C, W, F).
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51.3. We shall say that a model structure (C, W, F) in a cocomplete category & is
accessible or cofibrantly generated if the saturated classes C and CNW are accessible.

51.4. A model structure is said to be left proper if the cobase change of a weak
equivalence along a cofibration is a weak equivalence. Dually, a model structure is
said to be right proper if the base change of a weak equivalence along a fibration is
a weak equivalence. A model structure is proper if it is both left and right proper.

51.5. If £ is a model category, then so is the slice category £/B for each object
B € £. By definition, a map in £/B is a weak equivalence (resp. a cofibration
, resp. a fibration) iff the underlying map in £ is a weak equivalence (resp. a
cofibration , resp. a fibration). Dually, each category B\ is a model category.

51.6. Let £ be a finitely bicomplete category equipped a class of maps W having
the “three-for-two” property and two factorisation systems (Cy, F) and (C, Fy ).
Suppose that the following two conditions are satisfied:

e Cw CCNW and Fw CFNW,;

e CNWCCw or FNWCFw.
Then we have Cyy =CNW, Fiy = FNW and (C, W, F) is a model structure.

51.7. The homotopy category of a model category &£ is defined to be the category
of fractions Ho(€) = W~E. We shall denote by [u] the image of a map u € € by
the canonical functor £ — Ho(£). A map u: A — B is a weak equivalence iff [u]
invertible in Ho(€) by [Q].

51.8. We shall denote by & (resp. &) the full sub-category of fibrant (resp. cofi-
brant) objects of a model category £. We shall put & = & NE.. A fibrant
replacement of an object X € £ is a weak equivalence X — RX with codomain a
fibrant object. Dually, a cofibrant replacement of X is a weak equivalence LX — X
with domain a cofibrant object. Let us put Ho(&y) = Wf_lé'f where Wy = WnNE;
and similarly for Ho(&;) and Ho(Ey.). Then the diagram of inclusions

gfc —_— gf

|

E—&
induces a diagram of equivalences of categories

Ho(Efc) — Ho(Ey)

L

Ho(€,) — Ho(€).

51.9. A path object for an object X in a model category is obtained by factoring
the diagonal map X — X x X as weak equivalence § : X — PX followed by a
fibration (po,p1) : PX — X x X. A right homotopy h : f ~, g between two maps
u,v: A— X isamap h: A — PX such that u = pph and v = p1h. Two maps
u,v : A — X are right homotopic if there exists a right homotopy h : f ~, g
with codomain a path object for X. The right homotopy relation on the set of
maps A — X is an equivalence if X is fibrant. There is a dual notion of cylinder
object for A obtained by factoring the codiagonal A LI A — A as a cofibration
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(ig,41) : AU A — T A followed by a weak equivalence p: TA — A. A left homotopy
h:u ~; v between two maps u,v: A — X is a map h: IA — X such that u = hig
and v = hiy;. Two maps u,v : A — X are left homotopic if there exists a left
homotopy h : u ~; v with domain some cylinder object for A. The left homotopy
relation on the set of maps A — X is an equivalence if A is cofibrant. The left
homotopy relation coincides with the right homotopy relation if A is cofibrant and
X is fibrant; in which case two maps u,v : A — X are said to be homotopic if they
are left (or right) homotopic; we shall denote this relation by u ~ v.

Proposition 51.1. [Q]. If A is cofibrant and X is fibrant, let us denote by E(A, X)™~
the quotient of the set E(A, X) by the homotopy relation ~. Then the canonical map
u — [u] induces a bijection

E(A, X))~ ~ Ho(€)(A, X).
A map X —Y in &y is a homotopy equivalence iff it is a weak equivalence.

51.10. A model structure M = (C,W,F) in a category £ is determined by its
class C of cofibrations together with its class of fibrant objects Fib(M). If M’ =
(C, W', F’) is another model structure with the same cofibrations, then the relation
W C W is equivalent to the relation FIlb(M') C Fib(M).

Proof: Let us prove the first statement. It suffices to show that the class W is
determined by C and Fib(M). The class F N W is determined by C, since the pair
(C,WNF) is a weak factorisation system. For any map v : A — B, there exists a
commutative square

A——=A

I
in which the horizontal maps are acyclic fibrations and the objects A’ and B’ are
cofibrants. The map u is acyclic iff the map u' is acyclic. Hence it suffices to
show that the class W N &, is is determined by C and Fib(M). If A and B are
two objects of &, let us denote by h(A, B) the set of maps A — B between in
the category Ho(€). A map u : A — B in & is invertible in Ho(E) iff the map
h(u,X) : h(B,X) — h(A, X) is bijective for every object X € £ by Yoneda lemma.
Hence amap v : A — B in € belongs to W iff the map h(u, X) : h(B, X) — h(A4, X)
is bijective for every object X € Fib(M), since every object in Ho(£) is isomorphic
to a fibrant object. If A is cofibrant and X is fibrant, let us denote by (A, X)™
the quotient of the set £(A, X) by the homotopy relation. It follows from 51.1 that
amap u: A — B in & belongs to W iff the map £(B, X)~ — £(4, X)~ induced
by the map £(u, X) is bijective for every object X € Fib(M). Hence the result
will be proved if we show that the homotopy relation ~ on the set £(A4, X) only
depends on the class C if A is cofibrant and X is fibrant. But two maps A — X
are homotopic iff they are left homotopic, since A is cofibrant and X is fibrant.
A cylinder for A can be constructed by factoring the codiagonal ALUA — A as a
cofibration (ig,i1) : AU A — I(A) followed by an acyclic fibration I(A) — A. Two
maps f,g: A — X are left homotopic iff there exists a map h : I(A) — X such that
hip = f and hi; = g. The construction of I(A) only depends on C, since it only
depends on the factorisation system (C, W N F). Hence the left homotopy relation
on the set £(A, X) only depends on C. The first statement of the proposition
follows. The proof of the second statement is left to the reader. [



204 ANDRE JOYAL

51.11. Recall from [Ho] that a cocontinuous functor F' : Uf — V between two model
categories is said to be a left Quillen functor if it takes a cofibration to a cofibration
and an acyclic cofibration to an acyclic cofibration. A left Quillen functor takes
a weak equivalence between cofibrant objects to a weak equivalence. Dually, a
continuous functor G : V — U between two model categories is said to be a right
Quillen functor if it takes a fibration to a fibration and an acyclic fibration to an
acyclic fibration. A right Quillen functor takes a weak equivalence between fibrant
objects to a weak equivalence.

51.12. A left Quillen functor F' : i/ — V induces a functor F, : Y. — V, hence also
a functor Ho(F,) : Ho(U.) — Ho(V.). Its left derived functor is a functor

FL: HoUd) — Ho(V)
for which the following diagram of functors commutes up to isomorphism,

Ho(u,) T2

L

Ho(U) —= Ho(V),

Ho(V,)

The functor F is unique up to a canonical isomorphism. It can be computed as
follows. For each object A € U, we can choose a cofibrant replacement A4 : LA —
A, with A4 an acyclic fibration. We can then choose for each arrow u : A — B an
arrow L(u) : LA — LB such that uhg = AgL(u),

LA 4

A

LB ——B.

Then
FY([u]) = [F(L(u))] : FLA — FLB.

51.13. Dually, a right Quillen functor G : ¥V — U induces a functor Gy : Vy — Uy
hence also a functor Ho(Gy) : Ho(Vy) — Ho(Uy). Its right derived functor is a
functor

GR: Ho(V) — Ho(U)
for which the following diagram of functors commutes up to a canonical isomor-
phism,

Ho(vy) ™ Houy)

n

Ho(V) —%—= Ho(U).

The functor G is unique up to a canonical isomorphism. It can be computed as
follows. For each object X € V let us choose a fibrant replacement px : X — RX,
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with px an acyclic cofibration. We can then choose for each arrow v : X — Y an
arrow R(u) : RX — RY such that R(u)px = pyu,

X 2~ Rrx

l lR(“)

y —2% Ry.

Then
GR([u]) = [G(R(u))] : GRX — GRY.

51.14. Let F : U < V : G be an adjoint pair of functors between two model
categories. Then the following two conditions are equivalent:

e Fis a left Quillen functor;
e (G is a right Quillen functor.

When these conditions are satisfied, the pair (F, G) is said to be a Quillen pair. In
this case, we obtain an adjoint pair of functors

FE . HoU) < Ho(V) : GE.

If A € U is cofibrant, the adjunction unit A — G®F¥(A) is obtained by composing
the maps A — GFA — GRF A, where FA — RF A is a fibrant replacement of F'A.
If X € Vis fibrant, the adjunction counit F*G#(X) — X is obtained by composing
the maps FLGX — FGX — X, where LGX — GX is a cofibrant replacement of
GX.

51.15. We shall say that a Quillen pair F' : U < V : G a homotopy reflection of
U into V if the right derived functor G* is fully faithful. Dually, we shall say that
(F,G) is a homotopy corefiection of V into U if the left derived functor F¥ is fully
faithful. We shall say that (F,G) is called a Quillen equivalence if the adjoint pair
(FL,G%) is an equivalence of categories.

51.16. A Quillen pair F': Y < V : G is a homotopy reflection iff the map FLGX —
X is a weak equivalence for every fibrant object X € V, where LGX — GX denotes
a cofibrant replacement of GX. A homotopy reflection F' : U < V : G is a Quillen
equivalence iff the functor F reflects weak equivalences between cofibrant objects.

51.17. Let F : U < V : G be a homotopy reflection beween two model categories.
We shall say that an object X € U is local (with respect to the the pair (F,G)) if it
belongs to the essential image of the right derived functor G¥ : Ho(V) — Ho(U).

51.18. Let M; = (C;, W;,F;) (i = 1,2) be two model structures on a category £.
If C; C Co and Wy C W, then the identity functor £ — £ is a homotopy reflection
My — M. The following conditions on an object A are equivalent:

e A is local;

e there exists a Mj-equivalence A — A’ with codomain a M-fibrant object

A,

o ( every My-fibrant replacement A — A’ is a M;-fibrant replacement.
In particular, every Ma-fibrant object is local. A map between local objects is a
M-equivalence iff it is a Ms-equivalence.
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51.19. Let M; = (C;, W;, F;) (i = 1,2) be two model structures on a category &.
If C; = Cy and Wi C Ws, we shall say that My is a Bousfield localisation of M.
We shall say that M is the localised model structure and My is the local model
structure.

51.20. Let My = (Cy, Wh, F2) be a Bousfield localisation of a model structure
My = (Ci, W1, F1) on a category €. A local object is M;-fibrant iff it is M-
fibrant. An object A is local iff every M;-fibrant replacement ¢ : A — A’ is a
M-fibrant replacement. A map between Ms-fibrant objects is a Mo-fibration iff
it is a M-fibration.

51.21. Let ®: & x & — &3 be a functor of two variables with values in a finitely
cocomplete category £3. If u: A — Bismap in & and v : S — T is a map in &y,
we shall denote by v @' v the map

AOTUpes BOS — BOT
obtained from the commutative square

AGS—=B06S

L

AT ——=BOT.
This defines a functor of two variables
O & x & — &,

where £7 denotes the category of arrows of a category &.

51.22. [Ho] We shall say that a functor of two variables ® : & x €3 — &3 between
three model categories is a left Quillen functor it is concontinuous in each variable
and the following conditions are satisfied:

e u & v is a cofibration if u € & and v € & are cofibrations;
e u(®' v is an acyclic cofibration if u € £ and v € &; are cofibrations and one
of the maps u or v is acyclic.

Dually, we shall say that the functor of two variables ® is a right Quillen functor
if the opposite functor ®° : &7 x €5 — &5 is a left Quillen functor.

51.23. [Ho| A model structure (C, W, F) on monoidal closed category £ = (€, ®)
is said to be monoidal if the tensor product ® : £ x £ — £ is a left Quillen functor
of two variables and if the unit object of the tensor product is cofibrant.

51.24. A model structure (C,W,F) on a category & is said to be cartesian if the
cartesian product x : £ x & — £ is a left Quillen functor of two variables and if the
terminal object 1 is cofibrant.
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51.25. We say that a functor of two variables ® : & x & — &3 is divisible on the
left if the functor A®(—) : &3 — &5 admits a right adjoint A\(—) : &5 — &, for every
object A € & . In this case we obtain a functor of two variables (A4, X) — A\ X,

510 X53*>52,

called the left division functor. Dually, we say that © is divisible on the right if the
functor (=) @ B : &; — &3 admits a right adjoint (—)/B : & — &; for every object
B € &;. In this case we obtain a functor of two variables (X, B) — X/B,

53 X 55 — 51,
called the right division functor.
51.26. If a functor of two variables ® : & x & — &3 is divisible on both sides,
then so is the left division functor £ x & — &, and the right division functor

& x £§ — &;. This is called a tensor-hom-cotensor situation by Gray [?]. There is
then a bijection between the following three kinds of maps

AGB— X, B — A\X, A — X/B.
The contravariant functors A — A\X and B — B\X are mutually right adjoint
for any object X € &s.

51.27. Suppose the category & is finitely complete and that the functor ® : & X
&y — &3 is divisible on the left. If u: A — Bismap in & and f: X — Y is a map
in &, we denote by (u\ f) the map

B\X — B\Y x4y A\X
obtained from the commutative square
B\X —— A\X
B\Y ——= A\Y.

The functor f — (u\f) is right adjoint to the functor v — u @’ v for every map
u € & . Dually, suppose that the category &; is finitely complete and that the
functor ® is divisible on the right. If v : S - T ismapin & and f: X — Y isa
map in &3, we denote by (f/v) the map

X/T — Y/T Xy/s X/S
obtained from the commutative square
X/T—X/S
Y/T——Y/5S.

the functor f — (f/v) is right adjoint to the functor u — u @' v for every map
v € Es.
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51.28. Let ® : & x & — &3 be a functor of two variables divisible on both sides,
where &; is a finitely bicomplete category for ¢ = 1,2,3. If u € &, v € & and
f € &s, then

(we'v)mf <= uh{f/v) < v {u\f).

51.29. Let ® : &1 x &9 — &3 be a functor of two variables divisible on each side
between three model categories. Then the functor ® is a left Quillen functor iff the
corresponding left division functor £ x £ — &s is a right Quillen functor iff the
the corresponding right division functor £7 x £ — &, is a right Quillen functor.

51.30. Let & be a symmetric monoidal closed category. Then the objects X/A
and A\ X are canonicaly isomorphic; we can identify them by adopting a common
notation, for example [A, X]. Similarly, the maps (f/u) and (u\f) are canonicaly
isomorphic; we shall identify them by adopting a common notation, for example
(u, f). A model structure on & is monoidal iff the following two conditions are
satisfied:

e if w is a cofibration and f is a fibration, then (u, f) is a fibration which is
acyclic if in addition u or f is acyclic;
e the unit object is cofibrant.

51.31. Recall that a functor P : £ — K is said to be a bifibration if it is both a
Grothendieck fibration and a Grothendieck opfibration. If P is a bifibration, then
every arrow f : A — B in £ admits a factorisation f = ¢fuf with ¢/ a cartesian
arrow and u/ a unit arrow (ie P(u/) = 1p(4))), together with a factorisation
f = ugcp with ¢/ a cocartesian arrow and uy a unit. Let us denote by £(S) the
fiber of the functor P at an object S € IC. Then for every arrow g : S — T in K
we can choose pair of adjoint functors

g :E(S)— &) : g

The pullback functor g* is obtained by choosing for each object B € £(T') a cartesian
lift g*(B) — B of the arrow g. The pushforward functor g, is obtained by choosing
for each object A € £(S) a cocartesian lift A — ¢i(A) of the arrow g.

51.32. Let P: £ — K be a Grothendieck bifibration where K is a model category.
We shall say that a model structure M = (C, W, F) on & is bifibered by the functor
P if the following conditions are satisfied:

e The intersection M(S) = (CNE(S), WNE(S), FNE(S)) is a model structure
on £(S) for each object S € K;
e The pair of adjoint functors

9 :E(9)—&(T):g"

is a Quillen pair for each arrow g : S — T in K and it is a Quillen equivalence
if g is a weak equivalence;
e An arrow f : A — B in £ is a cofibration iff the arrows uy € £(B) and
P(f) € K are cofibrations;
e An arrow f : A — B in £ is a fibration iff the arrows uf € £(A) and
P(f) € K are fibrations.
It follows from these conditions that the functor P takes a fibration to a fibration,
a cofibration to a cofibration and a weak equivalence to a weak equivalence. For
another notion of bifibered model category, see [Ro].
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51.33. Let P : £ — K be a bifibered model category over a model category K.
Then the model structure on £ is determined by the model structure on K together
with the model structure on £(S) for each object S € K.

e An arrow f: A — B in £ is an acyclic cofibration iff the arrows uy € £(B)
and P(f) € K are acyclic cofibrations;

e An arrow f : A — B in £ is an acyclic fibration iff the arrows u/ € £(A)
and P(f) € K are acyclic fibrations.

52. APPENDIX ON CISINSKI THEORY

We briefly describe Cisinki’s theory of model structures on a Grothendieck topos.
It can be used to generate the model structure for n-quasi-category for every n > 1.

52.1. We shall say that a model structure on a Grothendieck topos &£ is a Clisinski
structure if its cofibrations are the monomorphisms.

52.2. The classical model structure (S, Who) is a Cisinski model structure on the
category S. Also the model structure for quasi-categories. The model structure for
Segal categories is a Cisinski model structure on PCat. The model structure for
Segal spaces is a Cisinski structure on S, and also the model structure for Rezk
categories.

52.3. Let C be the left class of a weak factorisation system in a finitely bicomplete
category £. We shall say that a class of maps W C £ is a localizer (with respect
to C) if the triple M (W) = (C,W, (CNW)™M) is a model structure. A class of maps
W C £ is a localizer with respect to C iff the following conditions are satisfied:

e W has the“three for two” property;

e C"CW;

e CN W is the left class of a weak factoriszation system.
The map W — M (W) induces a bijection between the localizers with respect to
C and the model structures on &£ having C for class of cofibrations. If W and
W' are two localizers with respect to C, then the model structure M(W’) is a
Bousfield localisation of the model structure M (W) iff we have W C W’. This
defines a partial order relation on the class of model structures having C for class
of cofibrations.

52.4. [Cil] We say that a class W of maps in a Grothendieck topos £ is a localizer
if it is a localizer with respect to the class C of monomorphisms. We shall say that a
localizer W is accessible if the saturated class CNW is accessible. A localizer W C &€
is accessible iff the triple M (W) = (C,W,C N W)™M) is a Cisinski model structure.
The map W +— M (W) induces a bijection between the accessible localizers and the
Cisinski model structures.

52.5. [Cil] If £ is a Grothendieck topos, then every set of maps S C £ is contained
in a smallest (accessible) localizer W(S) called the localizer generated by S . In
particular, there is a smallest localizer Wy = W((}). We say that the model structure
M(Wp) is minimal. The minimal Cisinski model structure M (W) is cartesian
closed and proper. Every Cisinski model structure is a Bousfield localisation of
MWy).
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52.6. In the category S of simplicial sets, the localizer Who is generated by the
maps A[n] — 1, where n > 0. The localizer Weat is generated by the inclusions
I[n] C Aln], where n > 0.

52.7. [Ci2] Let L be the Lawvere object in a topos £ and let tg,t; : 1 — L be
the canonical elements (the first is classifying the subobject § C 1 and the second
the subobject 1 C 1). Then an object X € C is fibrant with respect to minimal
Cisinski model structure (C, Wy, Fo) iff the projection X% : X* — X is a trivial
fibration for i = 0,1. A monomorphism A — B is acyclic iff the map XB — X4 is
a trivial fibration for every fibrant object X.
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