Chapter 2.
Normed Rings

Norms || - || of associative rings are generalizations of absolute values | - | of
integral domains, where the inequality ||zy|| < ||z - |ly|| replaces the standard
multiplication rule |xy| = |z|-|y|. Starting from a complete normed commuta-
tive ring A, we study the ring A{xz} of all formal power series with coefficients
in A converging to zero. This is again a complete normed ring (Lemma 2.2.1).
We prove an analog of the Weierstrass division theorem (Lemma 2.2.4) and
the Weierstrass preparation theorem for A{x} (Corollary 2.2.5). If A is a
field K and the norm is an absolute value, then K{x} is a principal ideal
domain, hence a factorial ring (Proposition 2.3.1). Moreover, Quot(K{x})
is a Hilbertian field (Theorem 2.3.3). It follows that Quot(K{z}) is not a
Henselian field (Corollary 2.3.4). In particular, Quot(K{z}) is not separably
closed in K((x)). In contrast, the field K((x))o of all formal power series
over K that converge at some element of K is algebraically closed in K ((x))
(Proposition 2.4.5).

2.1 Normed Rings

In Section 4.4 we construct patching data over fields K(x), where K is a
complete ultrametric valued field. The ‘analytic’ fields P; will be the quotient
fields of certain rings of convergent power series in several variables over K.
At a certain point in a proof by induction we consider a ring of convergent
power series in one variable over a complete ultrametric valued ring. So, we
start by recalling the definition and properties of the latter rings.

Let A be a commutative ring with 1. An ultrametric absolute value
of A is a function | |: A — R satisfying the following conditions:
(1a) |a| > 0, and |a| = 0 if and only if a = 0.
(1b) There exists a € A such that 0 < |a|] < 1.
(1c) |ab| = laf - [b].
(1d) |a+b| < max(la], b]).

By (1a) and (1c), A is an integral domain. By (1c), the absolute value
of A extends to an absolute value on the quotient field of A (by |§| = %)

It follows also that |1| =1, | — a| = |al|, and
(1d") if |a| < |b], then |a + b = |b].

Denote the ordered additive group of the real numbers by R*. The
function v: Quot(A) — R U {oo} defined by v(a) = —log |a| satisfies the
following conditions:

(2a) v(a) = oo if and only if a = 0.
(2b) There exists a € Quot(A) such that 0 < v(a) < cc.
(2¢) v(ab) = v(a) + v(b).
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(2d) v(a +b) > min{v(a),v(b)} (and v(a + b) = v(b) if v(b) < v(a)).
In other words, v is a real valuation of Quot(A). Conversely, every real
valuation v: Quot(A) — RT U {oo} gives rise to a nontrivial ultrametric
absolute value | - | of Quot(A): |a| = €*(*), where ¢ is a fixed real number
between 0 and 1.

An attempt to extend an absolute value from A to a larger ring A’ may
result in relaxing Condition (1c), replacing the equality by an inequality. This
leads to the more general notion of a ‘norm’.

Definition 2.1.1: Normed rings. Let R be an associative ring with 1. A

norm on R is a function || ||: R — R that satisfies the following conditions
for all a,b € R:
(3a) |la|| > 0, and ||a|]| = 0 if and only if a = 0; further ||1]| = || — 1|| = 1.
(3b) There is an « € R with 0 < ||z| < 1.
(3¢) labl| < [lall - [[b]|-
(3d) [la+ bl < max([al], [|b]])-

The norm || || naturally defines a topology on R whose basis is the

collection of all sets U(ag,7) = {a € R| |la — ao|| < r} with ag € R and
r > 0. Both addition and multiplication are continuous under that topology.
Thus, R is a topological ring. O

Definition 2.1.2: Complete rings. Let R be a normed ring. A sequence
ai, as,as, ... of elements of R is Cauchy if for each € > 0 there exists mg
such that ||a, — an| < € for all m,n > mg. We say that R is complete if
every Cauchy sequence converges. O

Lemma 2.1.3: Let R be a normed ring and let a,b € R. Then:

(a) || —all = lall
(b) If [lafl < |o], then [la +b]| = [|b].
(c) A sequence aq,as,as,... of elements of R is Cauchy if for each ¢ > 0

there exists mq such that ||am4+1 — aml|| < & for all m > my.

(d) The map x — ||z|| from R to R is continuous.

(e) If R is complete, then a series Y - a,, of elements of R converges if and
only if a,, — 0.

(f) If R is complete and ||a|| < 1, then 1—a € R*. Moreover, (1—a)™! = 1+b
with [|b]| < 1.

Proof of (a): Observe that || —a|| < || = 1| - |la|| < ||a||. Replacing a by —a,

we get ||al]| < || — a|, hence the claimed equality.

Proof of (b): Assume |ja+b|| < ||b||. Then, by (a), ||b]| = ||(—a)+ (a+b)|| <

max(|| — all, ||la + b||) < ||b||, which is a contradiction.

Proof of (¢): With mg as above let n > m > mg. Then

lan — am|l < max(|lan — an_1ll,. .., [|[ams1 — aml]) <e.

Proof of (d): By (3d), ||z|| = [|(z —y) +y| < max(||z —yll, [y[) < |z —yll+
lyll. Hence, [[zf| — [yl < llz —yll. Symmetrically, [[y|| - [lz]| < [ly — =[] =
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|z — y||. Therefore, | ||z]| — [|y]| | < ||z — y||. Consequently, the map z +— ||x||
is continuous.

Proof of (e): Let s, = > ga;. Then s,41 — sy = ayp41. Thus, by (c),
S1, 82, 83, ... is a Cauchy sequence if and only if a,, — 0. Hence, the series
>0 o an converges if and only if a,, — 0.

Proof of (f):  The sequence a" tends to 0. Hence, by (e), >_-° , a”™ converges.
The identities (1 —a)Y i ya’ =1 —a"" and Y1 ja’(l —a) =1 — a™*!
imply that ZZOZO a™ is both the right and the left inverse of 1 —a. Moreover,
Yo pa"=1+bwithb=3 " a™ and ||b]| < max,>1 [ja]|™ < 1. O

Example 2.1.4:

(a) Every field K with an ultrametric absolute value is a normed ring.
For example, for each prime number p, Q has a p-adic absolute value | - |,
which is defined by |z|, = p™™ if x = §p™ with a,b,m € Z and p{ a,b.

(b) The ring Z, of p-adic integers and the field Q,, of p-adic numbers are
complete with respect to the p-adic absolute value.

(c) Let Ky be a field and let 0 < ¢ < 1. The ring Ky[[t]] (resp. field
Ko((t))) of formal power series Y .o a;t" (resp. > oo a;t" with m € Z) with
coefficients in Ky is complete with respect to the absolute value | Y277 a;t'| =
Emin(i| aiyﬁO).

(d) Let ||-]| be a norm of a commutative ring A. For each positive integer
n we extend the norm to the associative (and usually not commutative) ring
M, (A) of all n X n matrices with entries in A by

[(aij)1<ij<nll = max(||ai;lli<ij<n)-

If b= (bjk)1<jk<n is another matrix and ¢ = ab, then c;, = Z;;l a;;b;r and
Jeaell < max(flas ] - [1bs2l) < llal - [bll. Hence, lle] < [lafl[b]: This verifies
Condition (3c). The verification of (3a), (3b), and (3d) is straightforward.
Note that when n > 2, even if the initial norm of A is an absolute value, the
extended norm satisfies only the weak condition (3c) and not the stronger
condition (1c), so it is not an absolute value.

If A is complete, then so is M,(A). Indeed, let a; = (airs)i<rs<n be
a Cauchy sequence in M, (A). Since ||a;rs — ajrs|| < |la; — aj], each of the
sequences aj rs, G2 rs, 43,5, - - - is Cauchy, hence converges to an element b,
of A. Set b = (bys)1<r,s<n- Then a; — b. Consequently, M, (A) is complete.

(e) Let a be a proper ideal of a Noetherian domain A. By a theorem of
Krull, N,—,a" = 0 [AtM69, p. 110, Cor. 10.18]. We define an a-adic norm
on A by choosing an ¢ between 0 and 1 and setting [ja|| = g™*(*| a€a™) Tf
lla|l = e™ and ||b]| = €™, and say m < n, then a™ C a™, so a + b € a™, hence
la+ bl <e™ = max(|lal, [b]]). Also, ab € a™*", so [lab]| < [laf - [lBl. O

Like absolute valued rings, every normed ring has a completion:
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LEMMA 2.1.5: Every normed ring (R, | ||) can be embedded into a complete
normed ring (R, || ||) such that R is dense in R and the following universal
condition holds:

(4) Each continuous homomorphism f of R into a complete ring S uniquely

extends to a continuous homomorphism f :R—S.

The normed ring (R, || ||) is called the completion of (R, || ||).

Proof:  'We consider the set A of all Cauchy sequences a = (a,,)32, with
an, € R. For each a € A, the values |la,|| of its components are bounded.
Hence, A is closed under componentwise addition and multiplication and
contains all constant sequences. Thus, A is a ring. Let n be the ideal of all
sequences that converge to 0. We set R = A /n and identify each x € R with
the coset ()52, + n.

If a € A~n, then ||a,| eventually becomes constant. Indeed, there
exists 8 > 0 such that ||a,|| > 8 for all sufficiently large n. Choose ng such
that |lan, — am|| < B for all n,m > ng. Then, |lan — anyll < B < ||an,|l,
80 |lan|| = [[(an — Gng) + anell = ||an,|l. We define ||al| to be the eventual
absolute value of a,, and note that |lal| # 0. If b € n, we set ||b|| = 0 and
observe that ||a + b|| = ||a||. It follows that ||a + n|| = ||a|| is a well defined
function on R which extends the norm of R.

One checks that || || is a norm on R and that R is dense in R. Indeed, if
a=(a,)>2, € A, then a, +n — a+n. To prove that R is complete under
| || we consider a Cauchy sequence (ay)?>, of elements of R. For each k we
choose an element by, € R such that ||by —ax|| < +. Then (by)72; is a Cauchy
sequence of R and the sequence (ay)g2, converges to the element (by)7° , +n
of R.

Finally, let S be a complete normed ring and f: R — S a continuous
homomorphism. Then, for each a = (a,)52; € A, the sequence (f(an))5,

of S is Cauchy, hence it converges to an element s. Define f(a +n) = s and
check that f has the desired properties. O

Example 2.1.6: Let A be a commutative ring. We consider the ring R =
Alxy,...,xy] of polynomials over A in the variables x1, ..., z, and the ideal
a of R generated by x1,...,2,. The completion of R with respect to a
is the ring R = Allz1,...,x,]] of all formal power series f(z1,...,z,) =
Z?io filx1,...,2n), where f; € Alzq,...,z,] is a homogeneous polynomial
of degree i. Moreover, R = A[[z1,...,2,_1]][[zs]] and R is complete with
respect to the ideal a generated by z1,...,x, [Lan93, Chap. IV, Sec. 9]. If
R is a Noetherian integral domain, then so is R [Lan93, p. 210, Cor. 9.6]. If
A = K is a field, then R is a unique factorization domain [Mat94, Thm. 20.3].

If A is an integral domain, then the function v: R — ZU{oo} defined for
f as in the preceding paragraph by v(f) = min;>o(f; # 0) satisfies Condition
(2), so it extends to a discrete valuation of K = Quot(R). However, by
Weissauer, K is Hilbertian if n > 2. [FrJO8, Example 15.5.2]. Hence, K
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is Henselian with respect to no valuation [FrJ08, Lemma 15.5.4]. Since v is
discrete, K is not complete with respect to v. O

2.2 Rings of Convergent Power Series

Let A be a complete normed commutative ring and z a variable. Consider
the following subset of A[[x]]:

Afa} = {3 ana"| an € A, lim [a, | =0}.

n=0

For each f =""° ja,z" € A{z} we define || f|| = max(||a,||)n=0,1,2,... This
definition makes sense because a,, — 0, hence ||a,|| is bounded.

We prove the Weierstrass division and the Weierstrass preparation theo-
rems for A{z} in analogy to the corresponding theorems for the ring of formal
power series in one variable over a local ring.

LEMMA 2.2.1:

(a) A{x} is a subring of A[[z]] containing A.

(b) The function || ||: A{z} — R is a norm.

(c¢) The ring A{z} is complete under that norm.

(d) Let B be a complete normed ring extension of A. Then each b € B with
Ib]l <1 defines an evaluation homomorphism A{z} — B given by

F=Dana™ = f(b) = anb™
n=0 n=0

Proof of (a): We prove only that A{x} is closed under multiplication. To
that end let f = >37°; a;z° and g = Y777, bz be elements of A{z}. Consider
e > 0 and let ng be a positive number such that [a;|]| < e if i > % and
|b;]] < eif j > . Now let n > ng and i +j = n. Then i > 5> or j > =0,
It follows that ||y, aibsl| < max(ai] - 6;)isjon < ¢ - max((|f]}, g])-
Thus, fg=>,"¢ > it j=n @ibjz™ belongs to A{x}, as claimed.

Proof of (b): Standard checking.

Proof of (¢): Let fi => " qainx™, i =1,2,3,..., be a Cauchy sequence in
A{zx}. For each € > 0 there exists ig such that ||a;, —a;n| < ||fi — f;]| < e for
all 4,7 > ip and for all n. Thus, for each n, the sequence a1y, asy, asn, - - . is
Cauchy, hence converges to an element a,, € A. If we let j tend to infinity in
the latter inequality, we get that ||a;, — a,|| < € for all ¢ > iy and all n. Set
f=>20anz™. Then a, — 0 and || f; — f|| = max(||ain — anl)n=01,2,... <€
if ¢ > ig. Consequently, the f;’s converge in A{x}.

Proof of (d): Note that [la,b"| < |la,|| — 0, so Y.~ ,a,b™ is an element of
B. O
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Definition 2.2.2: Let f = Y. jan,az™ be a nonzero element of A{z}. We
define the pseudo degree of f to be the integer d = max{n > 0] ||a,| =
II71I} and set pseudo.deg(f) = d. The element a4 is the pseudo leading
coefficient of f. Thus, |la4|| = ||f]| and ||a.|| < ||f| for each n > d. If
f € Alzx] is a polynomial, then pseudo.deg(f) < deg(f). If aq is invertible
in A and satisfies ||caq| = ||c| - ||aql| for all ¢ € A, we call f regular. In
particular, if A is a field and || || is an ultrametric absolute value, then each
0 # f € A{x} is regular. The next lemma implies that in this case || || is an
absolute value of A{x}.

LEMMA 2.2.3 (Gauss’ Lemma): Let f,g € A{z}. Suppose f is regular of
pseudo degree d and f,g # 0. Then ||fgll = ||f]l - llgll and pseudo.deg(fg) =
pseudo.deg(f) + pseudo.deg(g).

Proof:  Let f = > % ax’ and g = 3372 (bjal. Let aq (resp. be) be the
pseudo leading coefficient of f (resp. g). Then fg = Y7 c ™ with ¢, =

Zi—i—j:n aib;.

Ifi+j =d+eand (i,j) # (d,e), then either ¢ > d or j > e. In
each case, |la;bj|| < [laillllb;]l < [If]l - llgl]]- By our assumption on aq, we
have ||agbel| = |ladll - bl = IIf]l - lgl]- By Lemma 2.1.3(b), this implies

[carell = ILFI - llgll-

If i+j > d+e, then either ¢ > d and ||a;|| < || f]| or j > e and ||b;]| < ||g]l-
In each case ||a;b;|| < [lai]| - [[b;] <[[f[| - [lgll. Hence, [|cn|| < [|lcatel| for each
n > d + e. Therefore, cq4e is the pseudo leading coefficient of fg, and the
lemma is proved. O

PROPOSITION 2.2.4 (Weierstrass division theorem): Let f € A{z} and let
g € A{x} be regular of pseudo degree d. Then there are unique q € A{x}
and r € Alx] such that f = qg + r and deg(r) < d. Moreover,

(1) lagll = Nl - lgllf < WA and —flr]f <[]

Proof: We break the proof into several parts.

PART A: Proof of (1). First we assume that there exist ¢ € A{z} and
r € Alx] such that f = gg + r with deg(r) < d. If ¢ = 0, then (1) is
clear. Otherwise, ¢ # 0 and we let e = pseudo.deg(q). By Lemma 2.2.3,
llggll = llgll - llgll and pseudo.deg(qg) = e+ d > deg(r). Hence, the coefficient
Ccare of 97¢ in qg is also the coefficient of 24+¢ in f. It follows that ||qg|| =

lcatell < [If]l. Consequently, ||| = [[f — qgll < [[f]]

PART B: Uniqueness. Suppose f = qg+1r = ¢'g+ 1/, where ¢,¢' € A{z}
and r,7’ € Ax] are of degrees less than d. Then 0 = (¢ —¢')g + (r —1’). By
Part A, applied to 0 rather than to f, |l¢ —¢| - |lgll = ||r — || = 0. Hence,
g=¢q and r =17".

n

PART C: Existence if g is a polynomial of degree d. Write f = > b,

with b, € A converging to 0. For each m > 0 let f,, = Y.  bya" €
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Alz]. Then the f1, fa, f3,... converge to f, in particular they form a Cauchy
sequence. Since g is regular of pseudo degree d, its leading coeflicient is
invertible. Euclid’s algorithm for polynomials over A produces g, rm € Alx]
with f,, = gmg + rm and deg(r,,) < deg(g). Thus, for all k,m we have
fm = fe = (@m — ar)g + (rm — 7%). By Part A, [lgm — gl - |gll; Irm — il <
lfm = frll- Thus, {gm}S_y and {r,,}5°_, are Cauchy sequences in A{x}.
Since A{x} is complete (Lemma 2.2.1), the ¢,,,’s converge to some ¢ € A{z}.
Since A is complete, the r,,’s converge to an r € A[z] of degree less than d.
It follows that f =qg+r

PArT D: Existence for arbitrary g. Let g = Zflo:o anx” and set gy =
EZ:O anx™ € Alx]. Then |[g—go|| < |lg||. By Part C, there are gy € A{z} and
ro € Alx] such that f = gogo + ro and deg(rp) < d. By Part A, ||qo|| < %
and |rol| < [|f|l. Thus, f = gog + 7o + f1, where fi = —qo(g — go), and

2]l < dggell ).
Set fo f. By induction we get, for each k > 0, elements f, qr € A{x}
and r, € Alx] such that deg(ry) < d and

k
Fo = aug 41+ fasn, ||qk||<”f|”, Il < Ifell, and

< llg—goll 90||

lgll
0. Therefore, ¢ = > poyqx € A{z} and r = > ;2 7, € Alz]. By construc-
tion, f = Zi:o Gng + Zflzo T + fry1 for each k. Taking k to infinity, we
get f =qg +r and deg(r) < d. O

k
It follows that || fy]| < (M) 171, s0 | full — 0. Hence, also [|gi]l, 7] —

COROLLARY 2.2.5 (Weierstrass preparation theorem): Let f € A{z} be reg-
ular of pseudo degree d. Then f = qg, where q is a unit of A{x} and g € Alx]
is a monic polynomial of degree d with ||g|] = 1. Moreover, q and g are
uniquely determined by these conditions.

Proof: By Proposition 2.2.4 there are ¢’ € A{z} and r' € Alx] of degree < d
such that ¢ = ¢'f+r' and ||7’|| < [|z¢|| = 1. Set g = x¢—7r'. Then g is monic
of degree d, g = ¢'f, and ||g|| = 1. It remains to show that ¢’ € A{z}*.

Note that g is regular of pseudo degree d. By Proposition 2.2.4, there
are ¢ € A{z} and r € Alx] such that f = qg + r and deg(r) < d. Thus,
f=¢q¢f+r. Since f =1-f+ 0, the uniqueness part of Proposition 2.2.4
implies that ¢q¢' = 1. Hence, ¢’ € A{x}*.

Finally suppose f = q1g1, where ¢ € A{z}* and g; € A[z] is monic of
degree d with ||g;|| = 1. Then g; = (¢; 'q2)g and g1 = 1- g+ (g1 — g), where
g1 = g is a polynomial of degree at most d — 1. By the uniqueness part of
Proposition 2.2.4, ql_lq2 =1,s0q1 = ¢ and g1 = g. U
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COROLLARY 2.2.6: Let f =Y  ana™ be a regular element of A{z} such
that ||agb|| = |lao| - ||b]] for each b € A. Then f € A{x}* if and only if
pseudo.deg(f) = 0 and ag € A*.

Proof: If there exists g € >~ b,2z" in A{z} such that fg = 1, then
pseudo.deg(f) + pseudo.deg(g) = 0 (Lemma 2.2.3 applied to 1 rather than to
f), so pseudo.deg(f) = 0. In addition, agby = 1, so ag € A*.

Conversely, suppose pseudo.deg(f) = 0 and ag € A*. Then f is regular.
Hence, by Corollary 2. 2 5, f =q-1 where ¢ € A{z}*.

Alternatively, ag lf =1 —h, where h = —Z:O_l ay 1anx”. By our
assumption on ag, we have |lag || - lao|| = [lag *aoll = 1, so [lag || = [laol|~*.

Since pseudo.deg(f) = 0, we have |lag|| < ||a,]], so |lag* an|| < lao| " Han|l <
1 for each n > 1. Tt follows that ||h| = max(||lag an|)n=123.. < 1. By
Lemma 2.1.3(f), ag ' f € A{z}*, so f € A{x}*. O

2.3 Properties of the Ring K{x}

We turn our attention in this section to the case where the ring A of the
previous sections is a complete field K under an ultrametric absolute value
| | and O = {a € K| |a| < 1} its valuation ring. We fix K and O for
the whole section and prove that K{z} is a principal ideal domain and that
F = Quot(K{x}) is a Hilbertian field.

Note that in our case |ab] = |a| - |b| for all a,b € K and each nonzero
element of K is invertible. Hence, each nonzero f € K{z} is regular. It
follows from Lemma 2.2.3 that the norm of K{x} is multiplicative, hence it
is an absolute value which we denote by | | rather than by || ||.

PROPOSITION 2.3.1:

(a) K{x} is a principal ideal domain. Moreover, each ideal in K{z} is gen-
erated by an element of Olx].

(b) K{z} a unique factorization domain.

(¢) A nonzero element f € K{x} is invertible if and only if pseudo.deg(f) =
0.

(d) pseudo.deg(fg) = pseudo.deg(f) + pseudo.deg(g) for all f,g € K{x}
with f,g # 0.

(e) Every prime element f of K{x} can be written as f = ug, where u is
invertible in K{z} and g is an irreducible element of K|z].

(f) If a g € K[z] is monic of degree d, irreducible in K|x], and |g| = 1, then
g is irreducible in K{x}.

(g) There are irreducible polynomials in Klz]| that are not irreducible in
K{x}.

(h) There are reducible polynomials in K|[z| that are irreducible in K{x}.

Proof of (a): By the Weierstrass preparation theorem (Corollary 2.2.5) (ap-

plied to K rather than to A) each nonzero ideal a of K{z} is generated by the
ideal aNK|[z] of K[z]. Since K|[z]is a principal ideal domain, anK[z] = fK|[x]
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for some nonzero f € K[z]. Consequently, a = fK{z} is a principal ideal.
Moreover, dividing f by one of its coeflicients with highest absolute value,
we may assume that f € O[z].

Proof of (b): Since every principal ideal domain has a unique factorization,
(b) is a consequence of (a).

Proof of (¢): Apply Corollary 2.2.6.
Proof of (d):  Apply Lemma 2.2.3.

Proof of (e): By (a), f = uif1 with u; € K{z}* and f; € Klz]. Write
1 = g1+ gn with irreducible polynomials ¢1,...,g9, € K[z]. Then f =
U191 * - - gn- Since f isirreducible in K{z}, one of the g,;’s, say g, is irreducible
in K{z} and all the others, that is ¢1,...,gn_1, are invertible in K{z}. Set
U=1u1g1 - gn—1 and g = g,. Then f = ug is the desired presentation.

Proof of (f): The irreducibility of g in K[z] implies that d > 0. Our assump-
tions imply that pseudo.deg(g) = d. Hence, by Corollary 2.2.6, g K{x}*.

Now assume g = g19g2, where g1, g € K{x} are nonunits. By Corollary
2.2.5, we may assume that g1 € K[z] is monic, say of degree dy, and |g1| = 1.
Thus pseudo.deg(g1) = dy. By Euclid’s algorithm, there are g,r € K[x] such
that ¢ = gg1 + r and deg(r) < d;. Applying the additional presentation
g = g2g1 + 0 and the uniqueness part of Proposition 2.2.4, we get that g, =
q € K[z]. Thus, either g; € K[z]* C K{z}* or ¢1 € K[z|* C K{z}*. In
both cases we get a contradiction.

Proof of (g): Let a be an element of K with |a|] < 1. Then az — 1 is
irreducible in K[z]. On the other hand, pseudo.deg(ax — 1) = 0, so, by (c),
ar —1 € K{z}*. In particular, az — 1 is not irreducible in K{z}.

Proof of (h): We choose a as in the proof of (f) and consider the reducible
polynomial f(z) = (az—1)(x—1). By the proof of (f), ax—1 € K{x}*. Next
we note that pseudo.deg(x — 1) = 1, so by (d) and (c),  — 1 is irreducible in
K{x}. Consequently, f(z) is irreducible in K{z}. O

Let E = K(x) be the field of rational functions over K in the variable
x. Then K[z] C K{z} and the restriction of | | to K[z] is an absolute
value. By the multiplicativity of | |, it extends to an absolute value of E.
Let E be the completion of E with respect to | | [CaF67, p. 47]. For each
S panz™ € K{z} we have, by definition, a,, — 0, hence > 77 ja,z" =
limy, oo g @iz, Thus, K[z] is dense in K{z}. Since K{z} is complete
(Lemma 2.2.1(c)), this implies that K{z} is the closure of K|[z] in E.

Remark 2.3.2:

() ol =1

(b) Let K C E be the residue fields of K C E with respect to | |.
Denote the image in F of an element u € K(z) with [u| <1 by @. Then 7 is
transcendental over K. Indeed, let h be a monic polynomial over K. Choose
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a monic polynomial p with coefficients in the valuation ring of K such that
p = h. Since |p(z)| = 1, we have h(Z) = p(7) # 0. It follows that K(7) is the
field of rational functions over K in the variable Z and K(Z) C E. Moreover,

K(z) = E. Indeed, let u = fg;) with f =Y aa’, g = Y7 bjz? # 0, and
a;,b; € K such that |u| < 1. Then max; |a;| < max; |b;|. Choose ¢ € K with
|c| = max; |b;|. Then replace a; with ¢~ 'a; and b; with ¢~1b;, if necessary, to
assume that |a,|, |b;| < 1 for all ¢, j and there exists k with [by| = 1. Under

these assumptions, © = g Eg € K(z), as claimed.

(c) If | -] is an absolute value of E which coincides with | | on K and the
residue 2’ of x with respect to | | is transcendental over K, then | |" coincides
with | |.

Indeed, let p(z) = Y i, a;z* be a nonzero polynomial in K[z]. Choose
ac € K* with |¢] = max; |a;|. Then (¢ 'p(z)) = Y1 (cta;) (2')" # 0
(the prime indicates the residue with respect to | |'), hence |c~1p(z)|" = 1, so
lp(x)|" = |e| = |p(2)|-

(d) Tt follows from (c) that if v is an automorphism of E that leaves K
invariant, preserves the absolute value of K, and z7 is transcendental over
K, then v preserves the absolute value of E.

In particular, v is | |-continuous. Moreover, if (x1,z2,23,...) is a | |-
Cauchy sequence in E, then so is (z],23,x3,...). Hence v extends uniquely
to a continuous automorphism of the | |-completion Eof E.

(e) Now suppose K is a finite Galois extension of a complete field K
with respect to | | and set Fy = Ko(z). Let v € Gal(K/Kj) and extend v in
the unique possible way to an element v € Gal(E/Ey). Then v preserves | |
on K. Indeed, |z|" = |27] is an absolute valued of K. Since K is complete
with respect to | |, Ko is Henselian, so | |" is equivalent to | |. Thus, there
exists € > 0 with |27| = |z|® for each z € K. In particular, |z| = |z|® for each
z € Ky, so e =1, as claimed. In addition 27 = z. By (d), y preserves | | also
on L.

(f) Under the assumptions of (e) we let Ey and F be the | |- completions
of E and Ej, respectively. Then EyE is a finite separable extension of o
in E. As such EOE is complete [CaF67, p. 57, Cor. 2] and contains E, so
EyoE = E. Thus, E/Eo is a finite Galois extension.

By (d) and (e) each v € Gal(E/Ey) extends uniquely to a continuous
automorphism ~ of E. Every z € Ely is the limit of a sequence (1, %2, T3,...)
of elements of Ey. Since x] = z; for each i, we have 27 = z. It follows that
res: Gal(E/Ey) — Gal(E/Ey) is an isomorphism.

(g) Finally suppose y = gis with a,b,¢,d € K such that |al, [b], ||, |d] <
1 and ad—be # 0. Then az+b and ¢Z+d are nonzero elements of K (Z), so § =

g;”is € K(z). Moreover, K(z) = K(%), hence 7 is transcendental over K. We

conclude from (c) that the map z — y extends to a K-automorphism of K (x)
that preserves the absolute value. It therefore extends to an isomorphism
ST anx™ — Y apy™ of K{x} onto K{y}. O
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In the following theorem we refer to an equivalence class of a valuation
of a field F' as a prime of F. For each prime p we choose a valuation v,
representing the prime and let O, be the corresponding valuation ring.

We say that an ultrametric absolute value | | of a field K is discrete, if
the group of all values |a| with a € K is isomorphic to Z.

THEOREM 2.3.3: Let K be a complete field with respect to a nontrivial
ultrametric absolute value | |. Then F = Quot(K{x}) is a Hilbertian field.

Proof: Let O = {a € K| |a] < 1} be the valuation ring of K with respect
to | | and let D = Of{a} = {f € K{z}| |f] < 1}. Each f € K{x} can be
written as af; with a € K, f1 € D, and |f1| = 1. Hence, Quot(D) = F.
We construct a set S of prime divisors of F' that satisfies the following
conditions:
(la) For each p € S, v, is a real valuation (i.e. v,(F) C R).
(1b) The valuation ring O, of v, is the local ring of D at the prime ideal
my = {f € D[ vp(f) > 0}.
(Ie) D ={yes Oy
(1d) For each f € F* the set {p € S| vy(f) # 0} is finite.
(le) The Krull dimension of D is at least 2.

Then D is a generalized Krull domain of dimension exceeding 1. A
theorem of Weissauer [FrJ05, Thm. 15.4.6] will then imply that F' is Hilber-
tian.

THE CONSTRUCTION OF S: The absolute value | | of K{z} extends to an
absolute value of F. The latter determines a prime 9t of F with a real
valuation voy (Section 2.1). Each u € F with |u| < 1 can be written as
u= a;% with a € O and f1,91 € D, |f1] = |g1| = 1. Hence, Ogy = Dy, where
m={feD]||fl<1}.

By Proposition 2.3.1, each nonzero prime ideal of K{x} is generated by
a prime element p € K{z}. Divide p by its pseudo leading coefficient, if
necessary, to assume that |p| = 1. Then let v, be the discrete valuation of
F' determined by p and let p,, be its equivalence class. We prove that p is a
prime element of D. This will prove that pD is a prime ideal of D and its
local ring will coincide with the valuation ring of v,,.

Indeed, let f, g be nonzero elements of D such that p divides fg in D.
Write f = af1, g = bgy with nonzero a,b € O, f1,91 € D, |fi| = |¢1] =
1. Then p divides fi1g; in K{z} and therefore it divides, say, f; in K{z}.
Thus, there exists ¢ € K{xz} with pg = f;. But then |¢| = 1, so ¢ € D.
Consequently, p divides f in D, as desired.

Let P be the set of all prime elements p as in the paragraph before the
preceding one. Then S = {p, | p € P} U {9} satisfies (1a) and (1b).

By Proposition 2.3.1(b), K{z} is a unique factorization domain, hence
f({)a:} = pep Op, hence 5Oy = {f € K{z}| [f| <1} = D. This settles

lc).
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Next observe that for each f € F* there are only finitely many p € P
such that v,(f) # 0, so (1d) holds.
Finally note that if f = "7 ja,z™ is in D, then |a,| <1 for all n and

lan| <1 for all large n. Hence D/m = K[z], where K and  are as in Remark
2.3.2(b). Since Z is transcendental over K, m is a nonzero prime ideal and
m+ Oz is a prime ideal of D that properly contains m. This proves (1le) and

concludes the proof of the theorem. O
COROLLARY 2.3.4: Quot(K{x}) is not a Henselian field.

Proof: Since K{x} is Hilbertian (Theorem 2.3.3), K{x} can not be Hensel-
ian [FrJ08, Lemma 15.5.4]. O

2.4 Convergent Power Series

Let K be a complete field with respect to an ultrametric absolute value | |.
We say that a formal power series f =Y °  a,z™ in K((x)) converges at
an element ¢ € K, if f(¢) = Y07 a,c" converges, i.e. a,c™ — 0. In this
case f converges at each b € K with [b| < |¢|. For example, each f € K{xz}
converges at 1. We say that f converges if f converges at some ¢ € K *.
We denote the set of all convergent power series in K ((z)) by K((x))o
and prove that K((x)) is a field that contains K{z} and is algebraically

closed in K ((x)).

LEMMA 2.4.1: A power series f = > >~ an2z™ in K((x)) converges if and
only if there exists a positive real number ~ such that |a,| < ™ for each
n > 0.

Proof: First suppose f converges at ¢ € K*. Then a,c” — 0, so there
exists ng > 1 such that |a,c"| <1 for each n > ny. Choose

v =max{|¢| !, lag|Y* | k=0,...,n0 — 1}.

Then |a,| < ~™ for each n > 0.

Conversely, suppose v > 0 and |a,| < 4™ for all n > 0. Increase v, if
necessary, to assume that v > 1. Then choose ¢ € K* such that |¢] < y~1°
and observe that |a,c"| < =% for each n > 0. Therefore, a,c" — 0, hence
f converges at c. O

LEMMA 2.4.2: K((x))g is a field that contains Quot(K{z}), hence also K ().

Proof: The only difficulty is to prove that if f =1+ Zzozl anpx™ converges,
then also f~1 =14 "7 al, 2™ converges.

Indeed, for n > 1, al, satisfies the recursive relation o, = —a, —

St asal, ;. By Lemma 2.4.1, there exists v > 1 such that |a;| < 7! for each
i > 1. Set ap = 1. Suppose, by induction, that |a}| <47 for j =1,...,n—1.
Then |a),| < max;(|a;| - |a),_;]) <~™. Hence, f~1 converges. O
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Let v be the valuation of K ((z)) defined by
o( Z apz™) =m  for am, Gma1, Gmt2, - .- € K with a,, # 0.

It is discrete, complete, its valuation ring is K[[z]], and v(z) = 1. The residue
of an element f = Y7 a,z" of K[[z]] at v is ag, and we denote it by f. We
also consider the valuation ring O = K[[z]] N K((x))o of K((x))o and denote
the restriction of v to K((z))o also by v. Since K((z))o contains K (), it is
v-dense in K ((x)). Finally, we also denote the unique extension of v to the
algebraic closure of K((z)) by v.

Remark 2.4.3: K((x))o is not complete. Indeed, choose a € K such that
la| > 1. Then there exists no v > 0 such that |a"’ | < 4" for all n > 1. By
Lemma 2.4.1, the power series f = a™ 2™ does not belong to K((x))o.
Therefore, the valued field (K ((z))o,v) is not complete. O
LEMMA 2.4.4: The field K((x))g is separably algebraically closed in K ((x)).

Proof: Let y =3 °  a,x™, with a, € K, be an element of K ((x)) which
is separably algebraic of degree d over K((z))g. We have to prove that

y € K((2))o-

PART A: A shift of y. Assume that d > 1 and let yq,...,yq, with y = y1,
be the (distinct) conjugates of y over K((x))o. In particular » = max(v(y —
y;))| i=2,...,d) is an integer. Choose s > r + 1 and let

1 S
Vo= (= 3 a), =l
n=m

Then 1, ...,y are the distinct conjugates of y; over K ((x))o. Also, v(y;) > 1
and ¥, = & (y; —y)+yl, sov(y)) < —1,i=2,...,d. If y} belongs to K ((z))o,
then so does y, and conversely. Therefore, we replace y; by v/, if necessary,
to assume that

(1) v(y) > 1and v(y;) < -1, i =2,...,d.

In particular y = Zif’:o anx™ with ag = 0. The elements yy,...,yq are the
roots of an irreducible separable polynomial

hY) =paY*+pa1Y 4+ p1Y 4o
with coefficients p; € O. Let e = min(v(py),...,v(pa)). Divide the p;, if

necessary, by x¢, to assume that v(p;) > 0 for each ¢ between 0 and d and
that v(p;) = 0 for at least one j between 0 and d.
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PART B: We prove that v(po),v(pa) > 0, v(pr) > v(p1) if2 <k <d-1 and
v(p1) = 0. Indeed, since v(y) > 0 and h(y) = 0, we have v(py) > 0. Since
v(y2) < 0 and h(y2) = 0, we have v(pg) > 0. Next observe that

d
1 CeeyYg
]i:j:yde:tE h y
Pa 2 Yi

If 2 <4 < d, then v(y) < v(y1), so v(y2---ya) < v(¥) +v(y2--va) =
v(#544). Hence,

pl P ...
(2) v(p—d) =v(y2* Yd)-
For k between 1 and d — 2 we have

k
(3) pd;k ==+ Z H Yo (i)s

P o i=1

where o ranges over all monotonically increasing maps from {1,...,k} to
{1,....d}. If o(1) # 1, then {Y,(1),..-,Yo(k)} is properly contained in

{ya2,...,ya}. Hence, U(Hle Yo(i)) > V(Y2 -+ ya). If o(1) = 1, then

k k
U(H%(i)) > v(Hya(i)) > v(y2 - Ya)-
i=1 =2

Hence, by (2) and (3), v(p;;’“) > v(EL), so v(pa—r) > v(p1). Since v(p;) =0
for some j between 0 and d, since v(p;) > 0 for every ¢ between 0 and d, and
since v(pg), v(pg) > 0, we conclude that v(p;) = 0 and v(p;) > 0 for all ¢ # 1.

Therefore,

(4) P =Y binz", k=0,....d
n=0

with by, € K such that b1 9 # 0 and by o = 0 for each k # 1. In particular,
|b1,0| # 0 but unfortunately, |b1,o| may be smaller than 1.

PART C: Making |by o| large. We choose ¢ € K such that [c?=1b; o| > 1 and
let z = cy. Then z is a zero of the polynomial g(Z) = pgZ? + cpg_1 291 +
oo e py Z 4 edpo with coefficients in O. Relation (4) remains valid except
that the zero term of the coefficient of Z in g becomes c?~1b; . By the choice
of ¢, its absolute value is at least 1. So, without loss, we may assume that

(5) b1,o] > 1.
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PART D: An estimate for |a,|. By Lemma 2.4.1, there exists v > 0 such
that |bg,| < 4™ for all 0 < k < d and n > 1. By induction we prove that
|an| < ~™ for each n > 0. This will prove that y € O and will conclude the
proof of the lemma.

Indeed, |ap] = 0 < 1 = 4. Now assume that |a,,| < 4™ for each
0 <m < n-—1. For each k between 0 and d we have that pk;y’C = ZZO:O Cinx™,

where
k
Ckn = Z bk,o(O) H A (j)s
j=1

oESkn

and
k
Sk = {0 {0, B} = {0, 0} | Do) = n}.
j=0

It follows that

(6) con = bon, and c1, = b1 0an +b11Gn—1+ -+ + b1 101

For k > 2 we have by o = 0. Hence, if a term by, (o) H§:1 g (j) N Cgp cOntains
an, then 0(0) =0, 50 by 50y = 0. Thus,

k
(7) Ckn = sum of products of the form by, ;) H ao(s),
j=1
with o(j) <m, j=1,... k.
From the relation ZZ:O pry* = h(y) = 0 we conclude that ZZ:O crn = 0 for
all n. Hence, by (6),

bl,oan = —bop —b1ap—1—--- — bl,n—lal — Cop — *** — Cdn-

Therefore, by (7),

k
b1,0an = sum of products of the form — by (o) H Ao (j)s
j=1

with 0 € Sk, 0<k <d, and o(j) <n, j=1,... k.

Note that by o = 0 for each k # 1 (by (4)), while by, does not occur on the
right hand side of (8). Hence, for a summand in the right hand side of (8)
indexed by o we have

k
k )
|bk,a(0) H ag(j)| < ’yzj:(l o(d) — A"

J=1

We conclude from |by o] > 1 that |a,| < ~+", as contended. O
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PROPOSITION 2.4.5: The field K((z))o is algebraically closed in K((x)).
Thus, each f € K((x)) which is algebraic over K(xz) converges at some
¢ € K*. Moreover, there exists a positive integer m such that f converges
at each b € K* with |b] < L

m’

Proof: 1In view of Lemma 2.4.4, we have to prove the proposition only for
char(K) > 0. Let f = > ° a,2™ € K((x)) be algebraic over K((z))o.
Then K ((z))o(f) is a purely inseparable extension of a separable algebraic
extension of K((x))p. By Lemma 2.4.4, the latter coincides with K ((x))o.
Hence, K((x))o(f) is a purely inseparable extension of K ((x))o.

Thus, there exists a power ¢ of char(K) such that > 7 alz"l = f9 €
K((x))o. By Lemma 2.4.1, there exists v > 0 such that |aZ| < "¢ for all
n > 1. It follows that |a,| < 4™ for all n > 1. By Lemma 2.4.1, f € K((z))o,
so there exists ¢ € K* such that f converges at c¢. If % < |¢|, then f

converges at each b € K* with [b] < L. O
COROLLARY 2.4.6: The valued field (K ((x))o,v) is Henselian.

Proof:  Consider the valuation ring O = K]{[z]] N K((x))o of K((x))o at v.
Let f € O[X] be a monic polynomial and a € O such that v(f(a)) > 0 and
v(f'(a)) # 0. Since (K((x)),v) is Henselian, there exists z € K[[z]] such that
f(2) =0 and v(z — a) > 0. By Proposition 2.4.5, z € K((z))o, hence z € O.
It follows that (K ((x))o,v) is Henselian. O

2.5 The Regularity of K((z))/K((x))o

Let K be a complete field with respect to an ultrametric absolute value | |.
We extend | | in the unique possible way to K. We also consider the discrete
valuation v of K(z)/K defined by v(a) = 0 for each a € K* and v(z) = 1.
Then K ((x)) is the completion of K(z) at v. Let K((x))o be the subfield of
K((x)) of all convergent power series.

Proposition 2.4.5 states that K((x))q is algebraically closed in K((z)).
In this section we prove that K ((x)) is even a regular extension of K ((x))o.
To do this, we only have to assume that p = char(K) > 0 and prove that
K((x))/K((x))o is a separable extension. In other words, we have to prove

that K ((x)) is linearly disjoint from K ((z))y/? over K((z))o. We do that in
several steps.

LEMMA 2.5.1: The fields K((x)) and K((x'/?)) are linearly disjoint over
K((2))o-

Proof: First note that 1,z'/7, ... xP~'/? is a basis for K (x'/?) over K (z).
Then 1,z'/?,...,xP~Y/P have distinct v-values modulo Z = v(K((z))), so
they are linearly independent over K ((x)).

Next we observe that 1,z'/7, ... aP~'/P also generate K ((z'/?)) over
K((z)). Indeed, each f € K((z'/?)) may be multiplied by an appropriate



26 Chapter 2. Normed Rings

power of x to be presented as

(1) F=3 e,
n=0

with ag,a1,as,... € K. We write each n as n = kp + [ with integers k& > 0
and 0 <! <p—1 and rewrite f as

p—1 00
) £ =3 (3 awpat) ol
=0 k=0

If f € K((x/P))o, then there exists b € K such that 377 a,b"/P converges
in K, hence anb™? — 0 as n — 00, SO akabkbl/p — 0 as k — oo for each .
Therefore, for each [, we have akp_ku — 0 as kK — oo, hence EZOZO akaxk
converges, so belongs to K ((x))g.

It follows that 1,27 ... 2P~/? form a basis for K((z'/?))o/K((x))o
as well as for K((x'/?))/K((z)). Consequently, K((x)) is linearly disjoint
from K ((z'/?))o over K((x))o. O

We set K[[z]]o = K[[]] 0 K ((z))o.

LEMMA 2.5.2: Let uy,...,un € K[[z]]o and fi,..., fm € K[[z]]. Set uip =
u;(0) fori =1,...,m and

(3) f= Z fius.
im1

Suppose w10, - ., umo are linearly independent over K, [ € Kl[a]lo, and
f(0)=0. Then fy,..., fm € K[[z]]o-

Proof: We break up the proof into several parts.

PArRT A: Comparison of norms. We consider the K-vector space V =
Yot Ku,o and define a function pu: V' — R by

(4) Zazuzo = max(|ail, . . ., |am]).

It satisfies the following rules:

(5a) p(v) > 0 for each nonzero v € V.

(5b) w(v+v") < max(u(v), u(v")) for all v,v" € V.
(5¢) p(av) =laju(v) for alla € K and v € V.

Thus, v is a norm of V. On the other hand, | | extends to an absolute
value of K and its restriction to V is another norm of V. Since K is complete
under | |, there exists a positive real number s such that
(6) p(v) < sfv| for allveV
[CaF67, p. 52, Lemma].
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PART B: Power series. For each i we write u; = w0+ u/, where u} € K[[z]]o
and u;(0) = 0. Then

(7a) fZZanx" with ay,ag,... € K,
(7b) u; = Z blnl'n Wlth b“, bi2; ... E K, and
(7c) fi= Z a;px”  with a0, a;1, aio, ... € K.

If a power series converges at a certain element of K X, it converges at
ecach element with a smaller absolute value. Since to each element of K*
there exists an element of K* with a smaller absolute value, there exists
d € K* such that Y7, a,d™ and Y .7 bjnd™, i = 1,...,m, converge. In
particular, the numbers |a,d™| and |bmd”| are bounded. It follows from the
identities |anc™| = |apd™] - |§|n and |bipc™| = |bind™] - ’§|n that there exists
¢ € K* such that

(8) max |a,c"| < s7' and max |bj,c"| < 57!
n>1 n>1
fori=1,...,m.
PART C: Claim: |aj,c®| <1 fori=1,...,m andn =0,1,2,.... To prove

the claim we substitute the presentations (7) of f,u, f; in the relation (3)
and get:

(oo} oo m oo m n—1
O S 3 D 3 9 DI

n=1 n=0 j=1 n=1 j=1 k=0
In particular, for n = 0 we get 0 = Z;nzl ajoljo. Since uig, ..., Umo are
linearly independent over K and aig, ..., amo € K, we get a1g = -+ = Gmo =
0, so our claim holds in this case.

Proceeding by induction, we assume |a;zc*| < 1 for i = 1,...,m and
k=0,...,n—1. By (5) and (6),
m
|ain| < max(|ain, ..., [amal) = £} ajntjo) < 8| ajnujol,
hence
m

(10) lainc™| < s| Z ajnUjoc”

j=1
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Next we compare the coefficients of ™ on both sides of (9),

m n—1

an = § ajnUjo + E E a]kbjn k>

Jj=1 k=0

change sides and multiply the resulting equation by ¢™:

m n—1

n—k
g Ajntjoc” = anc” —E E ajkc bjn—kC

Jj=1 k=0

By the induction hypothesis and by (8),

m
(11) | Zajnujoc”| < max (|anc"], II<IE‘EJL<>;T jhax |ajrck|- |bj,n7kcn_k‘)
i=1 SIEmisEs

<max(s 1.5 =5t

It follows from (10) and (11) that |a;,c™| < 1. This concludes the proof of
the claim.

PART D: End of the proof We choose a € K* such that |a| < |¢|]. Then
|aina™| = ’amc ( ) | < ‘7| Since the right hand side tends to 0 as n — oo,
so does the left hand side. We conclude that f; converges at a. O

LEMMA 2.5.3: The fields K((z)) and K'/?((z))o are linearly disjoint over
K((2))o-

Proof: ~We have to prove that every finite extension F’ of K((x))o in
KY/P((z))o is linearly disjoint from K ((z)) over K ((z))o.

If F/ = K((x))o, there is nothing to prove, so we assume F’ is a proper
extension of K ((z)). Each element f’ € F’ has the form f' =77, bz’ with
bi € KY? and Y22, bict converges for some ¢ € (K/P)*. Thus, (f/)P =
Yoo P2 € K((x)) and > oo, bY(cP)" converges, so (f)P € K((z))o. We
may therefore write F' = F(f), where F' is a finite extension of K((x))o in
F'and [F': F] =p.

By induction on the degree, F' is linearly disjoint from K((x)) over
K((x))o. Let m = [F : K((x))o]-

Moreover, K((x)) is the completion of K (z), so also of K((z))o. Hence,
FA = K((z))F is the completion of F under v. By the linear disjointness,
[ K((2))] = m.

The residue field of K((z)) and of K((x))o is K and the residue field
of F is equal to the residue field F' of F. Both K((x)) and K'/?((z)) have
the same valuation group under v, namely Z. Therefore, also U(F ) = Z,
so e(F/K((x))) = 1. Since K(( )) is complete and discrete, [ : K((z))] =
e(F: K((x)))[F : K] = [F : K] [CaF65, p. 19, Prop. 3].
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Now we choose a basis uig,...,Ung for F/K and lift each wu;y to an
element u; of F N K[[z]]o. Then, wy,...,u, are linearly independent over
K((7))o and over K((x)), hence they form a basis for F//K((x))o and for
FIK(@). N

Asbefore, F/ = K((z))F’ is the completion of F’. Again, both F’ and F’
have the same residue field F’ and [ﬁ'\’ : F) = [F" : F]. Note that F7 C K'/»
and [F” : F| < [F': F] = p. Therefore, F’ = F or [F": F] = p.

In the first case f € F, so by the paragraph before the preceding one,
there exist f1,..., fm € K((z)) such that f = >""" f;u;,. Multiplying both
sides by a large power of z, we may assume that fi,...,f,, € Klz]] and
f(0) = 0. By Lemma 2.5.2, f1,...,fm € K((z))o, hence f € F. This
contradiction to the choice of f implies that [F’ : F] = p. Hence, [K((z))F"’ :
K((x))F] = [F\’ : F] = p=[F’: F]. This implies that F' and F’ are linearly
disjoint over F. By the tower property of linear disjointness, K ((z)) and F’
are linearly disjoint over K ((x))o, as claimed. O

PROPOSITION 2.5.4: Let K be a complete field under an ultrametric abso-
lute value | | and denote the field of all convergent power series in x with
coefficients in K by K((x))o. Then K((x)) is a regular extension of K ((x))g.

Proof: In view of Proposition 2.4.5, it suffices to assume that p = char(K) >
0 and to prove that K ((x)) is linearly disjoint from K((x))tl)/p over K((x))o.

Indeed, by Lemma 2.5.3, K ((x)) is linearly disjoint from K/?((z))q over
K((x))o. Next observe that K'/? is also complete under | |. Hence, by Lemma
2.5.1, applied to K'/? rather than to K, K'P((x)) is linearly disjoint from
KYP((2'/7))g over KY/P((x))o.

K((2)) —— K'7((2)) —— K(())"/7= K'/?((z"/7))

KYP((x))o

K((#))o

K((z))y/"= KY/7((2'/7)),

Finally we observe that K((w))(l)/p = KYP((2'/P))g to conclude that K ((z))
is linearly disjoint from K((m))(l)/p over K((z))o. O

Notes

The rings of convergent power series in one variable introduced in Section
2.2 are the rings of holomorphic functions on the closed unit disk that ap-
pear in [FrP04, Example 2.2]. Weierstrass Divison Theorem (Proposition
2.2.4) appears in [FrP, Thm. 3.1.1]. Our presentation follows the unpub-
lished manuscript [Har05].

Proposition 2.4.5 appears as [Art67, p. 48, Thm. 14]. The proof given
by Artin uses the method of Newton polynomials.
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The property of K{z} of being a principle ideal domain appears in [FrP,
Thm. 2.2.9].

The proof that K((z))/K((x))o is a separable extension (Proposition
2.5.4) is due to Kuhlmann and Roquette [KuR96].
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