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CHAPTER lll: Green Functions and Propagators 9 9

3.1. Introduction: Scalar field ot

. t]" aqs(aj/) 6 / _ / _ 5 / _ /
= 7 20 () + 80— )6 )o(x) = 0t~ Do(a)o(')
e Lagrangian with real scalar field ¢(z) and “potential” U(¢). 5(t'—1) [6(a), d()]=0
1 " 1 5,
£ =5(0:0)(9"9) — gm*¢" ~U(9) . o o
x x
T ¢(x")p(x) =T ¢(x) +0(t' — 1) [ : cb(x)]
— Field equations ot'? o' . o' |
ou —id4(x' —x)
O+ m? — =0 S :
@ +m*)o+ D¢ =T (Vi —m?)o(z')p(z) — i6* (2’ — )
: oUu
= (O0+m*)o(z) = -J(2) with J(z) = %
— Free field equation: Klein-Gordon equation = (Dx’ + m2)7¢($l>¢(33) = —i0* (2 — )
(O +m?)o(x) =0 = (O +m?*)Ap(z’ — ) = —6*(2' — )
— Solution: PBr _ _ e Solution of inhomogeneous wave equation:
P(z) = / m (a,€ e e 4 az e”“’)
o(x) = /d4:1:’ Ap(z' —x) T (2
— Commutation relations for a; and a,i:
- o e Propagator Ay is the Green’s function of the Klein-Gordan equation.
[ ay, CLM = (2m)% 2wy, 0° (k — k') pag g b
[ak’ ak,] — [alTw a“ —0 e Fourier representation:
e Definition of time-ordered product: Ap(a' — z) = / d'k e
F (2m)* k2 — m? + e

T ¢(a")d(x) = 0t = t) p(a")p(x) + O(t — 1) () (") |
d*k (Ow 4+ m?)e ™=
(2m)* k% — m?2(+ie)

(Her + m2)AF($/ —x) = /

e Correlation function:

. / / B d4k (_kQ + m2)67ik‘«(x/7m)
iAp(x’ — ) = (0T ¢(z")p(x)|0) ) (@2n)t k2 — m?2(+ie)
4
Feynman propagator: Green’s function «<» time-ordered correlation function — _ / % ¢~ ik (2 —z)
27
o Apply O +m? to Ap: = o' — 2)
where e Poles at k? = m?:

| \ O, = 57 ng, wp = \/ 2+ m2 = ko = +wy, m
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e Cauchy’s integral formula:

3 oo —iko (t'—t) T
Ap(x’—m):/ dks/ % eq ik (Z' =)
(2m)? oo 27 k2 — k2 —m2? +ie
Il’nk()
>t
Using% /) = 27i f(a)
—wp zZ—a
X
Re k()
+%k WE = \/k2+m2—i5
r<t
d3k 67iwk(t’7t) o
t'>t: Ap(a) —2)=—i ik-(Z'—7)
o !>t ; Ap(z' —x) @/ rF 2w e

Pl D e
(271')3 —2wk

o t’<t;AF(:r;’—x)—i/

e For all t, ¢

d3k' (R 1
Ap(z' —z) = —i/— k(@ =0 o(t' —

- t —iwy (¢ —t) 9 t— t/ iwy (' —t) 3.15

— The first term on the r.h.s. of (3.15) describes a particle running forward time
with positive energy wy and t' —t > 0.

— The second term describes a “particle” running backward time with negative wy

and t —t' > 0: antiparticle.

[ Particle ] [ Antiparticle ]

space . space

3.2. Dirac propagator

e Time ordered product of Dirac fields: T v,(z")15(x)

> Dirac propagator:

iSp(2' = 2)ap = (01T Ya(a")15(0)]0)

This is the Green’s function of the free Dirac equation:
(17,0% — m)Sp(r' — 2)ap = (7' — 7)0us

e Fourier representation

dp . YD +m
IS o _ —ip-(z'—x) M
r(@ =) / (2m)3 ‘ p? —m? +ie

d*p oy Yp' +m
i~ O — m)Se(r — ) = / i~ O — —ip-(z'—x) _IvE T 77"
(Wu = m)Sr(z’ — ) (27)4 (Z%‘ x m)e p? —m? + i€
_ / dp (" —m)(wp” +m) iy (ra
(2m)* p? —m? + e

/ dp  p-m®
= (&
(2m)* p? —m? + e

= 02’ — )

e Feynman propagator of spin—% particle in momentum space:

So(p) = [ atae? 50w -

p+m _
:pQ—m2—|—ie (ﬁ:”yup“)

3.3. Free gluon propagator

e Free gluon Green’s function:

Dy, (2" — ) = (0|T Af(«") Af ()]0)

v d‘q d"(q)
Dy (2" — x) = 5ab/ 2m)4 ¢
with d"(q) = —¢g"" + (1 =€) 0

q% + i€

¢ =1 : Feynman gauge
¢ =0 : Landau gauge

Technische Universitat Minchen m
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CHAPTER IV: S-Matrix and Feynman Rules

4.1. Definition: S-matrix, T-matrix and cross section

in A: u(p,s)
a ) Incoming quark lines
in B: v(p,s)

Ty, in A: 9(p,s)

b ) Outgoing quark lines {

e S-matrix in B: u(p,s)

Spa = (B, t— o|A, t — —00) ¢ ) External gluon lines: Polarization vector: e/

A

|A) and |B) are asymptotic states:

‘ e Remember QCD Lagrangian
|A,t) = e At = 0)

Locp = () [i% (8“ — zg%Ag(x)) — m] ()

e T-matrix

1 v a
(B|S|A) = Spa = dpa +i(27)*6* (pa — pB)TaA = ;60" (@G (2)
1
(BIT|A) = Tia = —Mpa - gaﬁg(w))?

Gy (x) = 0" Af(x) — 0" AL(x) + g fare Ay () AL (2)

e Differential cross section for A — B

— Prototype: two particles colliding in initial state: A = a; + as m: quark mass matrix
W(a; +ay — B ( )
do(ay + a3 — B) = (1J2 )dNB m, 0 0 0 0 O
4 00 mg 0 0 0 O
— W(ay + ag — B): Transition probability for A — B per unit time. 0O 0 mg 0O O O
m —
— dNp: Phase space element in the final state B. 00 0 m 0 0
0 0 0 0 my O
— Ja: Flux of incoming particles in state A.
. 0 0 0 0 0 my|
g number of particles
A7 time x unit area e Interaction vertices
e Assume n particles in final state:
d3p;
ANg = JT —2 _ (E-:M*?Jﬁm?)
b 11 (27)3 2, PSR
Quark-gluon vertex 3-gluon vertex 4-gluon vertex

4.2. Feynman rules (for the calculation of invariant amplitude Tp4) o Consider QCD in its perturbative domain (“Perturbative QCD”):

2

g = I < 1 = Perturbative expansion of observables in powers of .

47
Technische Universitat Minchen m
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My, mgq ms me mp

my

4 (£2) MeV|7 (£2) MeV 120 (£5) MeV||1.3 (£0.1) GeV [4.3 (£0.1) GeV

174 (£5) GeV

TABLE 4.1: Values of quark masses
e Internal lines

a ) Quark: (a, b: color indices; 7, j: flavor indices)
7, b
1
p—m+ie
i(p+m)

p? —m?2 + ie

[iSF(P)}Z) = G 6"

- 5ab 62]

b ) Gluon: (a, b: color indices; u, v: Lorentz indices)
v, b
D pp” i
=5 — g™ + (1 —
(666666‘ bl g+ (1=¢) p* | p*+ie
1, a

¢ ) Quark-gluon vertex:

a,
A§ factor: igy*t,

d ) 3-gluon vertex:

as, (3
factor: ¢fu azas [9”1“2 (p1 — p2)*
P1 ps
ar, [ + g3 (py — p3)!
Do 4 gk (. — i )H2
s 9 D3 — D1
CFO) @2 fh2 ( "

e ) 4-gluon vertex:

ai, Ha g, 4
factor: — 92 [ farasafazasa(ghhe ghets — ghiie ghars)
+ farasafazasa(g"HF? gt — ghHi ghtare)
+ farasafasasa(gHHH2 g — gHiie gher)
az, K2 as, U3
4.3. Examples: Quark-quark and quark-antiquark scattering

in one gluon exchange approximation

a ) T-matrix for gg-scattering:

Y4 Pa
Feynman gauge (£ = 1)
q q=py =Py =P — P
Py P2
. C N2 = _iguyéab —
iT = (ig)*[ a(p}) yuta u(py) ] Ptic [ a(ph) Yoty u(py) |
b ) T-matrix for gg-scattering to order as:
, o -
—P Pa
’ - Pt Do
Py — P
—DP1 Ps
Do —P1
. . _ _iglwfsab _
iT = (ig)*[ v ta V(P — | a(ph) vty u
(i9)*[ 0(p1) Yuta v(p7) | AT [a(ph) vto u(p,y) ]
g S

— (ig)* [ u(ph) Vuta v(p}) ] ( [0(py) Yoty u(ps) ]

D1 —|—p2)2 + 1€

Technische Universitat Minchen m
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4.4. Sketch of path integrals (Functional integrals)

Systematic method for derivation of Feynman rules

e [llustration: example of scalar field theory
1
£(9, 9"0) = 5(0,00"6 — m*¢?) — V()

e Action functional:

5 / d*z L(¢, 0"¢) = S[p, ¢

e Basic relation for calculating n-point Green’s functions (correlation function)

D . ) iS[6:049]
(0| ¢p(x1)p(x2) - - @) |0) = /D¢ ¢(]9511>) Wﬁ[(fau)ﬁ

xy
% “Propagator”
T2
3
/%\ “Vertex”
Iy %)

For n = 4: “4-point function”

Tq T3
>@< “Scattering amplitude”
- x x
L) ! 2

VY

| .:';- jxf" |

V g Y
~5

\- /
-

For n = 2: “2-point function”

For n = 3: “3-point function”

e Definition of functional (path) integral:

Consider infinitesimal volume in space-time
Av = dx; 0y; 0z, 0ty

attached to a point (z;, y;, 2k, t;) with field
(i, yj, 2k, t;) and its differential d¢ defined

at that point.

+00
/D¢ — Alf}}llo];[l /_OO dgb(xz Yj 2k tl)
ij

Then the n-point function

e Starting point: Generating functional

Z[J] _ /ng eiS eifd4w¢(w)J(w)

J(x): auxiliary source function.

becomes

G (w12 -~ an) = (O|T ¢(1)d(2) - - d()[0)

() szl
Z[0] 0J(x1) -0 (xn)

J=0

0Z[J(x)]

with the functional derivative:

o @) 4 ' )] - Z 1)
. ) _ 5J(55) _ <4
<1n particular: i) 0 (x — y))

Technische Universitat Minchen m
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E le. F lar field
Xxample. rree scalar he 4.5. Appendix: Useful relations

1
Lo = 5(0:0 90— m*6?)
When dealing with path integrals, some basic formulae:
_ / D exp [Z / d4o (Lo + () J(a:))] (1) Important matrix identity: let M be a diagonalizable matrix
Using Indet M = trln M
/d4x 0,00"p = /d4:1: 0, (00" ) — / d*x oo = det M = exp [ trIn M|

'
surface integral =0

it follows that (2) Gaussian integral:

T da 1, 1
— Z,[J /D¢exp[—z/d4 [ ¢(D+m)¢—J¢H _mmeXp[‘im}:ﬁ
equation of motion: (l:] +m )gb(gj) — _J(x) e Let M be real, symmetric N x N matrix and X* = (21, , zy)
gb(x) — _ / d4y AF(m _ y)J(y) = Generalization of Gaussian integral
+oo +0o0o
d4k  emik@—y) dr, Iy o [— 1XTMX} _ ! (4.24)
ith A — ) = 5 — :

A rle =) / (2m)* k2 — m? + i€ © VI S Vo det M

= 2] = exp [_ %/d4x/d4y () Ap(z — y) J(y)] e In functional integrals: often encounter

< [oew| 5 [atrs@0+mtio) ol =3 fe [ o)

I\
Approximate / dz — Z Av; by sum over finite number N = (—) of little cubes

Now calculate 2-point function as example: €

and use Eq. (4.24):

G (w1, 22) = (01T (1) (x2)|0) [ poex [— y [ [ ate ol ot >] -—
o 0" Zo[] e Complex scalar fields
Zo[0] 6J(x1)0J (x2) . 1 1
— iAp(zy — 1) 26 [p5r e[ -] [ata [ sy oot = i
=exp [ — trln M]

Analogous procedures for n-point functions = Feynman rules for scalar field theory.

//: ’\
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e Path integrals with fermion fields:

4.6. Fermion fields

Given an antisymmetric matrix A with a’ = (ay,- -, ay)

0= 3 [ G [ e 00 Jan [ o] - Larad] =i

s::l:%
a?’zOforn>1,/daizO;/daiaizl
> Grassmann-Algebra:

e Complex fermion fields:
a;, a;t =4b;,, b;t=---=0: a'!=0,n>1 1
{ (3 J} {za j} ) ? ) /dal/da’{---/daN/da}k\;eXp{—§CLTACL1:detA

> Most general form of function of two Grassmann variables e Functional integrals involving fermion fields:

f(ay,az) = co + cray + caas + c3aias

/ D / DyY* exp l— / dizdta’ w*(x’)A(x’,x)@ZJ(x)} = det A

= Co + Cc1a1 + C2a9 — C30a201
= exp {tr In A]

e Derivative:

0

af = C1 + C3Q9

'a;fl 4.7. Generating functional of QCD

Oas T2 em > Lagrangian density (without gauge fixing):

02 - 0? . 1 -
Oa10as N Oas0ay ﬁQCD — @D [ZVMDM o m} w o ZGZVGZV

e Integration: / > Generating functional:
daldagFE/dal (/da2 F)
, , Zqep[Jin, 0] = /DA/YM/W
/dCL =0 because </da> = —(/da) =0 X exp !z’/d4x(£QCD(JJ) + Al (z) S} () + ¢ (x)n(x) +77(5U)¢(x))]

Definition: / da a = 1 as a normalization e Generate n-point functions by taking functional derivatives with respect to source

fields J(z), n(x) and 7(z).

Technische Universitat Minchen
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Example-1. 2-point functions:

2

. k tor: ———Z
Quark propagator 51(@)07 () QCD

n, n=0

o———>——e = (0|7 ¢(2)¢(y)|0) = iSp(y — x)

Quark
4
_ Z/ d’p e~ (y—z)
(27)* p? —m? + e
52
- Gl tor: Z
uon propagator 513 (2)0.72(y) QCD .

«B000000% = (0|7 Ajj(x) A} (y)|0) = iDjy (y — )

Gluon

N

2m)* @2 +ie

Example-2. 3-point functions:

- Quark-gluon vertex:

572() on(x) () o

o

53
Z
5.2 (x) 6. (x) §.J5 () ~¥P

- 3-gluon vertex:

J=0
P2

D1 = G fabe [g‘“’(pl — )+ cycl.perm.]

p3

e

4.8. Gauge invariance and gauge fixing (Sketch)

Pure gluon theory:
1
Lo=—-G G

4 mY —a

where G}, = 0,A; — 0, A, + g fabCAZAi.

Action functional:

SalA, 0A] = / d's Lo(A, 0A)
Generating functional:
ZalJ] = /DA exp [i/d% (£G+A5Jg)]

Functional integral covers arbitrarily many gauge-equivalent field configurations.

Ar EAM&
“2

- _t
v — U[A“ UT@MU} o U = exp ( - m(:@%)

g

Gauge fixing needs a constraint.

oAl (z) = B*(x)

(In particular Lorenz condition B*(z) = 0)
Insert “unity”:
8
I =det M]] / DO, (0" Al(x) — B(z))
a=1

with Jacobian of gauge transformation:
o (8"AZ($))

M) = 5y

Problem: to calculate Jacobian det M

Technische Universitat Minchen m
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4.9. Faddeev-Popov method (sketch)

e Introduce a set of (unphysical) auxiliary fields: x*(x), x**(x): anticommuting Bose

fields (“ghost fields”)
det M = i/Dx/Dx* exp [Z’/d% 8“X2(x)Dbeb(y)
with gauge covariant derivative:

ab ab abc pc
D = §%, — gfoeA

e Result: Gauge fixing condition = extra term in Lagrangian density.

> QCD Lagrangian including gauge fixing:

1
Locp = —ZG;;V( 2) G (z) — i(@“AZ)Q + Lpp

with Faddeev-Popov term
Lyp = aﬂX*a(x)DZbXb(x)

4.10. Complete generating functional of QCD

(including gauge fixing)

ZoeolJ,n, 157,57

~ [pa [ Do [Do [ Dy [ Dy

X exp [z / d*z(Lqcp + ALY+ N+ + X o + Jax”)

with Loep = ¢ [i, D" — m]4 — ZGZVG’“’ g(aMAg)2 + Lrp

e Additional Feynman rules associated with ghost:

— Ghost propagator in momentum space:

— Ghost-gluon vertex:

104
Qe ——————-— e/
P p? + i€
a
/
/
/
b ——--- :gfabcpu
C,
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