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DISTANCE IN CAYLEY GRAPHS ON PERMUTATION GROUPS
GENERATED BY k£ m-CYCLES

MOHAMMAD HOSSEIN GHAFFARI AND ZOHREH MOSTAGHIM*

Communicated by Ali Reza Ashrafi

ABSTRACT. In this paper, we extend upon the results of B. Suceavd and R. Stong [Amer. Math.
Monthly, 110 (2003) 162-162], which they computed the minimum number of 3-cycles needed to gener-
ate an even permutation. Let QZ,m be the set of all permutations of the form cics - - - ¢ where ¢;’s are
arbitrary m-cycles in S,. Suppose that I'; ,, be the Cayley graph on subgroup of S,, generated by all
permutations in Qf ,,,. We find a shortest path joining identity and any vertex of I'y ,,,, for arbitrary
natural number k, and m = 2, 3, 4. Also, we calculate the diameter of these Cayley graphs. As an
application, we present an algorithm for finding a short expression of a permutation as products of

given permutations.

1. Introduction

Let G be a finite group and €2 a subset of G that generates it. We assume that  does not contain
identity element of G and Q = Q! where Q7! = {s7!|s € Q}. The Cayley graph I' = Cay(G, Q) is
a graph whose vertex set is G and two vertices g and ¢’ are adjacent if and only if ¢’ = gs for some s
in Q. The distance between the vertices g and ¢’ in ', denoted by dr(g,¢’) or briefly d(g,¢’), is the
length of a shortest path joining g and ¢'. Tt is easily seen that d = d(g,¢’) is the least number of
h; € Q so that ¢’ = ghy---hg. So, d(g,9') = d(1,g7'¢'). The diameter of I' is the maximum distance
among the vertices of I'.

For every permutation g, the support of g is the set Supp(g) of points moved by ¢, and the support

size is supp(g) = |Supp(g)|.- Every permutation g may be expressed as a product of disjoint cycles.
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This factorization is unique, ignoring 1-cycles, up to order. For permutation g with e; cycles of length
1 for i =2,3,...,n, the cycle type of g is the formal product 29233 ... n®n,

Finding the distance between two vertices in the Cayley graphs appears in many applications; for
example in network science, computational biology, coding theory and cryptography (see [4], [12], [7],
[9] and [6]). In [10], [5] and [6] authors found algorithms that factor a permutation over a generating
set. Among all types of generating sets for permutation groups, m-cycles play an important role
(see [1] and [2]). Finding and estimating the diameter of Cayley graphs is an active research area in
mathematics (see [3], [2] and [8]). In this paper, we calculate the distance function and the diameter
of some family of Cayley graphs.

For natural numbers n, m and k satisfying mk < n, suppose that sz be the set of all permutations
of the form cicg - - ¢ where ¢;’s are arbitrary m-cycles, and Q" be the set of all permutations with
cycle type m* in S,,. Let G be the subgroup of S,, generated by generating set sz (respectively,
Q ). It is clear that G is a normal subgroup of S, and so G = S,, or A,, (for n = 4, it is easily seen
that G is not isomorphic to the Klein four-group). It is easily seen that G = S, if and only if (m+ 1)k
is an odd integer. We denote the Cayley graph corresponded to the subgroup of 5, generated by all
permutations in Q. (respectively, 27 ) by I'} | (vespectively, I'" ). We will omit superscript when
it is clear from the context. We denote the distance function on Fgm (respectively, T "mk) by dim
(respectively, d,x). In this paper, we find a shortest path joining identity and any vertex of FZW for
m = 2, 3 and 4. As a consequence, we calculate the diameter of these Cayley graphs.

With the purpose of attacking to a cryptosystem, authors in [6] presented an algorithm that can
find a short expression for an arbitrary permutation in terms of given permutations. In Section 4, we

improve their algorithm.

2. Preliminaries

Suppose that g is a non-trivial element of .S,,. The disjoint cycle decomposition of g has the following

form:

t
(2.1) g= Hai,
i=1

where t is a natural number and a;’s are disjoint cycles.
Proposition 2.1. [[11], Theorem 3.1] For g € S, in the form of Equation 2.1 suppose that,
ai:(ail Qo Q3 - - ailai>7 1=1,2,3,...,t.

Then, the following product has the minimum factors in the generating set Q1 o for S,:

(2.2) 9= H(az‘l o) (i1 i) -+ (it Oéiz,li),

=1

and we have,

(2.3) di2(1,g) = supp(g) — t.
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Let h be a non-trivial element of A,. In disjoint cycle decomposition of A we have:

s k
(2.4) h = Hai H bjc;,
=1 j=1

where s and k are non-negative integer numbers, a;’s are odd length cycles with |a;| > 3, and b;’s and
¢;’s are even length cycles. We write the identity of the group as empty product of cycles, i.e. in the

above form, s = k = 0.
Proposition 2.2. [[13], page 162] For h € A,, in the form of Equation 2./ suppose that,

a; = (i1 i gz i, ),
bi = (Bir Biz Bis -+ Bu,)
ci = (v viz Yis - ’Yilci)7

then, the following product has the minimum factors in the generating set €0y 3 for A,

S
h = H(Oéil i az) (@it Qg i) -+ (Qan Quar,, 4 Q)
i1

H (Bi1 Vi1 v52)(Bir Vi1 Biz)

7j=1

Bi1 Bjz Bja) (B Bis Bie) - - (b1 Bty -1 ﬂjzbj)

(
(2.5) (i1 3 via) (Vg1 55 Vg6 ) - - (1 Vite; -1 Vite, )-

k

and we have,
(2.6) di3(1,h) = (supp(h) = ) /2,

where, s is the number of odd length cycles of permutation h in A,.

3. On Cayley graph Iy

In the next theorem we show that it is enough to consider the Cayley graph generated by single
m-cycles; more precisely, we express dj,, as a function of dy ;. Since 7, is a subset of Qk ms the

following theorem finds a lower bound for d,,x(1, g).

Theorem 3.1. In I} =~ we have,

[di,m(1, 9)/k] if 2¢m or2u
dk‘,m(lvg) =
[dim(1,9)/k] +1 if  2|m and 21 u,

where,

= k[dym(1,9)/k] — dim(1,9).
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Proof. We prove the theorem by presenting the desired path in Ly Suppose that g = cicacs - ¢
where ¢;’s are m-cycles and t = dy (1, 9).

Case 1: 2|u. Set y; = ¢; for 1 <i <t. Fort+1<i<t+uif 2|i, then we set y; = ¢; and otherwise
yi = ¢; *. We have, [[:Z%y; = g.

Case 2: 2{w and 2 {m.

Subcase 2-1: w = 1. Since ged(2,m) = 1, there exists an integer number v such that 2v =1 (mod m).
Set y; = ¢; for 1 <i < t, and y; = y411 = ¢}. Therefore, [['Z} yi = g.

Subcase 2-2: 3 < w. Set y; =¢; for 1 < <t and yry1 = Ypi20 = Ct, Y43 = 0;2. Fort+4<i<t+u
if 2|7, then we set y; = ¢; and otherwise y; = ct_l. We hayve, fii‘ Yi = g.

Case 3: 21w and 2|m. Since m-cycles are odd permutations, it is impossible to generate g by ¢ + u
number of m-cycles. We generate g by u+ ¢ + k number of m-cycles. Also note that 21 k. Set y; = ¢;
for 1 <i <t Fort+1<i<t+u+k,if 2|i, then we set y; = ¢ and otherwise y; = ct_l. Thus,
Hziiﬁk Yi=g.

Now, we show that the previous presented products are of minimal length. Suppose that g =
hihohs - -+ h; where h; € sz and | < [t/k] — 1. So, kl < t. This means that g is written by

less than dj ,,(1, g) number of m-cycles, but this is impossible. O

As an immediate consequence of Proposition 2.1 and Theorem 3.1 the following corollary holds.
Corollary 3.2. We have,

des(1, ) = [d12(1,9)/k] if 2lu
[d12(1,9)/k] +1 if 24w,

where,

U = k[dlﬂ(lag)/k—l - d1,2(179> 9 d1,2(17g) = Supp<g> - t,

and t is the number of cycles in the disjoint cycle decomposition of g.
Now, we can find the diameter of F’,;”Q.
Corollary 3.3. We have,

[(n—2)/k] if 2|k

diam(T'}; o) = _
[(n—2)/kl+1 if 21k.

Proof. We find the maximum value of function dj, 2(1, g), denoted by dr, for suitable permutation g
in the group generated by 92,2. For every permutation g, suppose that b, is the remainder of division
di2(1,9) on k. Set ug = k[di2(1,9)/k]|—di2(1,g). We have 2|u, if and only if k|d1 2(1, g) or 2|(k—by).
Also, for k> 1, [(n —2)/k] = [(n—1)/k] if and only if k1 (n — 2).

Case 1: Suppose that 2|k. In this case Iho= Cay(A,, QZQ) For every permutation g in A, we have
2|d12(1,g). So, 2|bg. Since 2|k, we have 2|ug.

Subcase 1-1: 2|n. In this case, it is easily seen that go = (12 --- n — 1) gives dp. By Proposition 2.1,
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we have di2(1,g2) =n — 2. So, diam(I'},) = [(n —2)/k].
Subcase 1-2: 2t n. In this case g1 = (12 --- n) gives dp. By Proposition 2.1, we have d; 2(1, ¢1) = n—1.
Since 2t (n — 2), k1 (n —2). Thus,

n—1 n—2
(1) = | == =[5
iom(r,) = [ .
Case 2: Suppose that 2 { k. In this case I}, = Cay(Sh,,). So, both g1 = (12 ---n) and
g2 = (12 --- n—1) belong to the vertex set of I'; ,.

Subcase 2-1: 2 { ug,. In this case g; gives dr. We have k { (n — 1) and 2 1 (k — by, ). Thus 2|b,, and
1 < by, < k. Hence k1 (bg, — 1) and k1 (n — 2). We have,

diam(I'} ) = {";1] +1= [";2} +1.

Subcase 2-2: 2 ug,. In this case, it is easily seen that go gives dp. So, diam(I'},) = [(n —2)/k] + 1.
Subcase 2-3: 2|ug, and 2|ug,. If we show that k|n — 2, then,
n—1 n—2
(1) = [ == | =[] 1
iam(Iy; ») ’ |t
Suppose that, on the contrary, k { n — 2. Since 2|ugy,, we have 2|k — by,. So, 21k — by, and kjn — 1.
Thus, by, = k — 1; which contradicts 2|k — bg,. O

The following corollaries are immediate consequences of Proposition 2.2 and Theorem 3.1.

Corollary 3.4. By the above notations, we have:

Corollary 3.5. The diameter of T3 is [ | %] /k |.

Suppose that n > 4 and ¢ is an element of S, in the following form:

co(g) clg) e

( (9)
(3.1) g:HOzi Hﬂj HW
=1 =1

j=1
where ¢;(g)’s are non-negative integer numbers, «;’s are 3m-length cycles, §;’s are (3m + 1)-length
cycles with |3;| > 4, v;’s are (3m + 2)-length cycles, and all cycles are disjoint. We write the identity
of the group as empty product of cycles, i.e. ¢o(1) = ¢1(1) = c2(1) = 0. In this section, we consider

the Cayley graph I'y 4.
Lemma 3.6. Let n > 4. For any permutation g in Sy, we have:

di4(1,9) < ra(g),

where 14(g) = 3 if g is a transposition, and

ralg) = Sppl) £ elg) —aly) 1= (—1)(9)

(3.2) 3 5 :

for other permutations.
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Proof. For transposition g = (€1 €2), we have:
g = (€1 €3 €1 65)(€1 €3 €5 €4)(€1 €3 €5 €2).

It is easily seen that g cannot be generated by less than three generators; thus dq 4(1,g) = 3. By the
notations used in Equation 3.1, let

o = (i1 g iz g, ),

Bi = (Bi1 Biz Bis~ - Biig,):

Yi = (v vi2 Yis - Vil )-

In the following order, we rewrite non-transposition g by a product of 4-cycles. In this algorithm, we
may relocate disjoint cycles to put the desired cycles near each other.

Step 1. Until the number of 7;’s is more than 4, replace any ;v by (|| + |v;| + |7¢])/3 + 1 number
of 4-cycles,

Yivive = (Vi1 vi1 ve2 vi2) (Viz iz ve2 i) (Vi1 Vj2 Ve Ve2)

(Iv:]=2)/3 (lvj1=2)/3
H (Vi1 i3t Visi+1 Visi+2) H (751 V531 Visi+1 Vjsi+2)
I=1 I=1

(Ir]=2)/3

(%1 Ye3l V3141 ’Yt3l+2)~
=1

Step 2. Replace any ;v by (|7i| + || + 2)/3 number of 4-cycles,

Yive = (Vi1 e vi2 ve2) (Vi1 YVe1 Yi2 Ve2)

(I7il—=2)/3 (I¢]=2)/3
I Givviss vissen visive) [ (ver ves vesien vesiea)-
=1 I=1

So, after doing this step, there is at most one «; in g.

Step 3. Replace any ;8¢ by (|vi| + |5t|)/3 number of 4-cycles,
YiBt = (Be1 Br2 vi1 vi2)(Be1 Vi1 Bes Bra)

(lvil—=2)/3 (18:1-4)/3
H (Vi1 Yi3j Vizj+1 Vizj+2) H (Bi1 Besi+2 Besi+s Brai+a)-
j=1 =1

Step 4. Replace any v;apaq by (|vi| + |at| 4 |ag| + 1)/3 number of the following 4-cycles,

viowog = (o1 a3 Yiz Vi) (1 Vi ag1 g2) (a1 og3 o 0ug)

|at|/3—1 lag|/3—1
I (e cusjn ausipn cnsins) [ (g1 ogsin gsjve agsjss)
(Iv:|=2)/3

(%’1 Vi35 Vi3j+1 %‘3j+2)-
j=1
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As a result, after doing this step, either we have no ~; in g, or there is at most one «; in g.

Step 5. Replace any v, by (|| + || + 4)/3 number of 4-cycles,

Yioy = (1 o3 Vi1 Yi2) (w1 Yi1 Yiz ae2) (et a3 ag2 Yi2)

loe|/3—1 (lvil=2)/3
H (01 @p3j41 3542 3543) H (Vi1 Vi3t Yisi+1 Vizi2)-
j=1 =1

Step 6. Replace any ajat by (|ag| 4 |ax])/3 number of 4-cycles,

oy = (g1 o oo o 3) (1 1 2 @;3)

lei|/3—1 lat|/3—1
H (01 341 QG342 Q3j43) H (01 3141 Q3142 v 3143)-
j=1 =1

Step 7. Replace any «a; by |a;|/3 + 1 number of 4-cycles,

lai|/3—1
a; = (1 033 0 a;2) (1 3 2 9) H (i1 Q341 342 @i3j43),
J=1
where ¢ is an arbitrary number in the {1,2,...,n}\ {a;1, a2, @is}.

Step 8. Replace any f; by (|5;| — 1)/3 number of 4-cycles,

(18:1-1)/3
Bi = H (Bi1 Bizj—1 Bizj Biszj+1)-

j=1
Step 9. Replace any v; by (|| + 1)/3 number of 4-cycles,

i = (Vi1 Yis Yiz YVia) (Vi1 Vis Vi2 Vi3)
(Ivil—2)/3

(i1 Vi35 Vidj+1 %’3j+2)-
=2

So, we can write any non-transposition permutation g by

c1(g) c2(9)

co(9)
ra(g) = D leal /34 (1= (=1)*°9D) /24 Y (18] = 1)/3+ > (|l +1)/3
i=1 =1 i=1

number of 4-cycles. Since

c2(9)
|7’L ‘ )
1

co(g)

c1(g)
supp(9) = Y laul + > [Bil +
=1 =1

1=

it is easily seen that we have:

di,4(1,9) < ra(g) = supp(9)/3 + (c2(9) — e1(9))/3 + (1 = (=1)°)) /2.

51
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Lemma 3.7. Let X, Y be two finite sets of integer numbers, and c an integer number, such that,

Z:c_c—i—Zy (mod 3).

zeX yey

For j =0,1,2, define
i=[yeYly=i (mod3)}|-|{reX|z=j (mod3)}.

Then, we have:

(1) Yioges = Y= 1X].
(2) ez —en| < |X[+[Y].
(3) ea—e1=c¢ (mod 3).
(4) eo=Y|— |X|+e2—e1 (mod2).
(5) If | X|+ Y| < |c £ 6] and ezactly one of the ¢ and |Y| — | X| is an even integer, then
—ei—c  1—(=1)%
(3.3) J = ma:n{€2 ;1 €4 (2 ) } <1

Proof. The first equation is trivial. Without loss of generality we can replace any x; and y; by their

incongruent modulo 3 in the set {—1,0,1}. Since
c= Zx—ZyE@—al (mod 3),
zeX yey
we have |eg — 1| < |X| + |Y]. Define the functions

o) =1-2, a =" pe =1L

So, fj(t) = 1 if and only if 3|t — j, and f;(t) = 0 if and only if 3 { ¢ — j, for any t € {—1,0,1}. By

definition of £; we have:

g=>_ fily) =D filw), j=012

yey zeX

Since 22 = z (mod 2) for any z € {—1,0,1},

g0 =Y = X[+ 2" =) ¢

zeX yey
=Y|- |X|+Zx—2y (mod 2).
rzeX yey

Thus g = Y| — | X|+e2—e1 (mod 2).
For proving Equation 3.3 in Part 5 of the lemma, note that 21 |Y| — |X| + ¢, and by Part 2 we have
lea —e1| < |ct6]. If eg —e1 = ¢, then 21¢p, and § = 1. If eg — 1 = ¢ £ 3, then 2|y, thus 6 = 1. O

Theorem 3.8. By the above notations, for arbitrary permutation g, we have:

(3.4) d1,4(1,9) =ra(g).



Trans. Comb. 6 no. 3 (2017) 45-59 M. H. Ghaffari and Z. Mostaghim 53

Proof. Let C;(p) be the set of all cycles in disjoint cycle decomposition of permutation p whose lengths
are congruent to ¢ modulo 3. Set ¢; = |Cj].

We prove Equation 3.4 by induction on d(1,g). It is easily seen that r4(g) = 1, for every 4-cycle g
in S,. Suppose that the induction hypothesis is true for every permutation with distance less than 7.
For an arbitrary permutation g with d(1,g) = r > 1 we show that r4(g) = r. It is trivial that there
exist h € S, with d(1,h) = r — 1, and ¢, a 4-cycle in S, such that g = he. By induction hypothesis
we have r4(h) = r — 1. By case-by-case checking of |Supp(h) N Supp(c)| we show that

(3.5) ra(g) —ra(h) < 1.

If Inequality 3.5 holds, then r4(g) < r, and from Lemma 3.6 we have r4(g) = r. From the proof of
Lemma 3.6, for any transposition p, we have d(1,p) = 3. It is enough that we only prove Inequality
3.5 when both h and ¢ are not transpositions. By Equation 3.2, for non-transposition permutations g

and h, we have

sU — supp(h) +e2 —¢ 1—(-1)%
(3.6) ra(g) — ra(h) = pp(9) pgp( )ter—er (2 )
where ¢, = cx(g9) — cx(h), for £ =0,1 and 2.
Case 1: |Supp(h) N Supp(c)| = 0. In this case supp(g) = supp(h) + 4, e1 = 1 and g9 = 2 = 0. So, by
Equation 3.6, we have r4(g) — r4(h) = 1.
Case 2: [Supp(h) N Supp(c)| = 1. In this case supp(g) = supp(h) + 3 and g = ¢; = €2 = 0. Thus,

ra(g) —ra(h) = 1.
Case 3: |Supp(h) N Supp(c)| = 2. In this case supp(g) < supp(h) + 2.
Subcase 3-1: ¢ has some common points with two cycles of h. In this case supp(g) = supp(h) + 2. We

can describe this situation with the following product of permutations
(Il Ll)(IQ L2)(I3 Al I4 LQ) = (Il I4 L9 IQ I3 Ll),

where (;’s are distinct numbers in {1,2,...,n} and [;’s are arbitrary sequences of numbers (maybe

empty) and for ¢ # j, I; and I; are disjoint. Suppose that
(I1 t1) € Cyy, (I212) € Coyy c= (I3 1114 12) € C1, (I1 14121213 11) € Cy,.
Since
(I e)| + [Tz e2)| + |e| =2 = |(I1 Iy 12 I I3 1) ]

we have 1 + z2 = y1 — 2 (mod 3). By Lemma 3.7, for ¢ = =2, X = {z1, 22} and Y = {y1}, we have

ra(g) —ra(h) < 1.
Subcase 3-2: ¢ has two common points with just one cycle of h. We can describe this situation with

the following product of permutations,

(Il L1 .[2 L2)(I3 L1 I4 Lg) = (Il I4 LQ)(Ll I2 Ig),
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where for i # j, I; and I; are disjoint and ¢; # ¢;.
Subcase 3-2-1: If I} U Iy and I» U I3 are non-empty, then

(Il 11 I LQ) € C$17 c= (Ig 11 1a LQ) e (1, (Il Iy Lg) S Cyla (Ll I Ig) € CyQ,

So z1 +2 = y1 +y2 (mod 3), In this case supp(g) = supp(h)+2. By Lemma 3.7, for ¢ = =2, X = {1}
and Y = {y1,y2}, we have r4(g) — ra(h) < 1.

Subcase 3-2-2: At least one of the Iy U I, and I, U I3 is empty; if for example, I; and I; are empty,
then

(Ll I LQ) c lea c= (13 L1 L2) € Cl, (Ll I 13) S Cyl.

Thus, (¢1 I3 t2)(I3 t1 t2) = (11 12 I3), and x1 + 1 = y; (mod 3). In this case supp(g) = supp(h) + 1. By
Lemma 3.7, for c = —1, X = {21} and Y = {y1}, we have r4(g9) — r4(h) < 1.

Case 4: |Supp(h) N Supp(c)| = 3. Using Lemma 3.7 we can prove Inequality 3.5 similar to Case 3 by
checking possible cases. We summarized these cases in Table 1. Note that in this table all I;’s are

non-empty and ¢ = supp(h) — supp(g).

Product c ||X]]]Y]
= (I1 113 tq4 11 I t3) -1
= (I1 e3)(t1 L2 ta) (2 I3) | -1
1112 1o I3 13) (g 11 L3 12) = (11 12 t4) (12 I3) 0

(
(
(
(t1 12 12 13)(ba t1 13 12) = (1112 1g)
(
(
(

I vi Iy 0913 13)(La b1 L2 L3

~— | ~—

It Iz 1213 13) (14 11 L3 L2

Il L1 12 LQ)(I3 L3)(L4 L1 L2 L3) = (11 LQ)(Ll 12 L3 I3 L4) -1
L1 IQ Lg)(lg L3)(L4 L1 L2 L3) = (L1 I2 L3 I3 L4) 0

Iy 1) (12 12) (I3 t3)(tg t1 Lo t3) = (11 o Lo t3 I3 tg 11) | -1
TABLE 1. Case 4 of Theorem 3.8

WIN | N |||
R PRI N PN W=

Case 5: |Supp(h) N Supp(c)| = 4. Similar to Case 4, we can prove Inequality 3.5 by checking possible

cases. We checked these cases in Table 2. Note that in this table all I;’s are non-empty and ¢ =

supp(h) — supp(g).
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Product

X1 Y

Iyvi Iy 0903 031y ta)(La 01 L2 t3) =

(Il Lo 13 L4)(L1 _[2 L3 14)

Iy t1 Iy 19 I3 03 1y tg)(eg 01 tg t2) = (I t3 14 01 I t4) (1o I3)

I Al IQ L9 L3 I4 L4)(L4 L1 L3 LQ) =

(I 314 11 15 14)

I Al [2 Lo Ig L3 I4 L4)(L4 L3 L9 L1) =

(11 va)(e1 I2)(e2 I3)(13 14)

I L1 IQ Lo Ig L3 L4)(L4 L3 L9 Ll) =

(11 ta)(e1 I2) (22 I3)

I L1 IQ L9 L3 L4)(L4 L3 L9 Ll) = (Il L4)(L1 12)

I t1 1o 13 14)(tg tg 1o 1) = (11 ta)

WINN| PR | O~ [OO]ODO] O
[ I e e I [ e sy
N W =N N

L1 L2 L3 L4)(L4 L3 L2 Ll) =

(

(

(

(

(

(

(

(

(11 ¢1)
(It t1) (T2 t2 I3 13 1y 1y
(11 1)
(

(

(

(

(

(

(

(

(

Iv))(I2 to I3 e3 Iy tg)(ea b1 o t3) = (11 tals ta Io 131y 1) 012 1

Y(ea t1tg ta) = Iy e3 Iy 1) (L2 ta)(e2I3) |0 |2 3
I t1)(Ig 19 131y vg)(tg b1 t3 t2) = (11 t3 Iy 1) (12 tg) 112 2
I 1) (eo 3 Iy tg)(tg 11 t3 t2) = (I 1314 11) 2 |1 2
Ity Iy eo)(I3 t3 Iy tg)(eg ey to tg) = (11 t2) (1 Lo t3 1y)(eaI3) |0 |2 3
Iy t1 Iy 00)(e3 Ly ta)(ea b1 b2 t3) = (11 t2)(e1 I t3 1y) 112 2
1112 2)(t3 1 ta)(tg t1 L2 t3) = (01 12 13 1y) 2 12 1
It Iy 00) (I3 t3 1y t4) (g 1 t3 t2) = (I1 131y t1 T2 14 I3 12), 0|2 1
I 1) (T2 19) (I3 13 Iy ta)(ta t1 ta t3) = (11 taIo t3 Iy t1)(tals) |0 |3 2
Iy 1) (12 12)(eg Iy ta)(tg b1 ta t3) = (11 talo 131y 1) 13 1
Iv)(I2 2)(I3 e31g ta)(ta b1 t3t2) = (11 3 Iy t1)(t2loeals) |0 |3 2
I v)(2 to) (I3 e3) (g ta)(ta b1 b2 t3) = (L1 talo ts I3 a Iy 11), |0 | 4 1

TABLE 2. Case 5 of Theorem 3.8

It is easily seen that in the case (¢1 t2 t3 t4)(tq t3 t2 t1) = 1 in Table 2, the desired inequality holds.

As a result, we have r4(g) — r4(h) <1 for all cases. This completes the proof. O

As an immediate consequence of Theorem 3.8 and Theorem 3.1 the following corollary holds.

Corollary 3.9. By the above notations, we have

[ra(9)/k]

dra(l,g9) =
[ra(g)/k] + 1

where u = k[rs(g)/k] — r4(g).
Corollary 3.10. We have

[(n —2)/(2k)]

diam(T}. ;) =

[(n=2)/(2k)] +1

if 2lu
if  2ftu,

if 2|k
if 21k

Proof. We find the maximum value of the function dj 4(1, g), denoted by dr, for suitable permutation

g in the generated group by Q};‘ 4

. For every permutation g, suppose that by is the remainder of r4(g)
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divided by k. It is clear that for uy = k[ra(g)/k] — ra(g), we have 2|u, if and only if k|rs(g) or
2k — by).

Case 1: Suppose that 2|k. In this case I'} ; = Cay(Ap, Q4 ;). For every permutation g in A,, we have
2|r4(g); hence 2|by and 2|u,.

Subcase 1-1: 4|n. In this case it is easily seen that g = (12)(34)--- (n — 1n) gives dp. By Corollary
3.9, dipa(1,g9) = [n/(2k)]. Since 2k {n — 1 and 2k { n — 2, we have [n/(2k)] = [(n —2)/(2k)]. Thus,
diam(I7) = [(n - 2)/(2k)].

Subcase 1-2: Suppose that n =1 (mod 4). In this case it is easily checked that g = (12)(34)--- (n —
2n —1) gives dr. Since 2k {n —2 and dj 4(1,9) = [(n —1)/(2k)], we have

) n n—1 n—2

dian(T) = | 2k [=1 2%k |
Subcase 1-3: Let n =2 (mod 4). Since g = (12)(45) -+ (n — 3 n — 2) gives dr, we have diam(I'} ;) =
[0 — 2)/(28)].
Subcase 1-4: n = 3 (mod 4). In this case it is easily checked that g = (123)(45)--- (n — 1n) gives
dr. Since 2k {n , 2k{n — 1 and 2k { n — 2, we have

. n n+1 n—2

dian(T) = | 2%k [=1 2%k |
Case 2: Suppose that 21 k and 2|n. In this case I'y ; = Cay(Sh, % ;). Let g1 = (12)(34) -+ (n—1n)
and g2 = (12)(34)--- (n —3n —2). Thus, r4(g1) =n/2 and r4(g2) =n/2 — 1.
Subcase 2-1: Let 2 { wug,. In this case it is easily checked that g; gives dr. By Corollary 3.9,
ra(g) = [n/(2k)] + 1. Since 2 { ug,, we have by, # 1 and k t n/2 — 1. So, 2k { n — 2. Thus,
[n/(2k)] = [(n —2)/(2k)].
Subcase 2-2: If 2 { ug, then gs gives dp. By Corollary 3.9, we have r4(g) = [(n — 2)/(2k)] + 1.
Subcase 2-3: Let 2|ug, and 2|ug,. In this case it is easily seen that g; gives dp. If we show that
kln/2 —1 then [n/(2k)] = [(n—2)/(2k)] 4+ 1. Suppose that, on the contrary, k£ {n/2 —1. Since 2|ug,,
21 bg,. Hence 2|by,. So, k|n/2 and by, = 0. Thus, by, = k — 1 and 2|k, which is a contradiction.
Case 3: Suppose that 21 k and 2 { n. In this case I} ; = Cay(S,, Q). Let g3 = (123)(45) -+ (n—1n)
and g4 = (12)(34) -+ (n—2n—1). It is easily checked that r4(g3) = (n+1)/2 and r4(g2) = (n—1)/2.
Subcase 3-1: Let 2 { ug,. In this case it is easily seen that g3 gives dr. By Corollary 3.9, r4(g3) =
[(n+1)/(2k)] + 1. Since 2 { ugy,, we have by, # 1 and k { (n —1)/2. Therefore, 2k t n — 1. Thus,

[(n+1)/(2k)] = [(n —2)/(2k)].
Subcase 3-2: If 2 { ug, then g4 gives dp. Thus,

diam(Ty 4) = r4(g4) = [(n = 1)/(2k)] + 1 = [(n — 2)/(2k)] + 1.

Subcase 3-3: Let 2|ug, and 2|ug,. In this case it is easily checked that g3 gives dr. If we show that
El(n4+1)/2—1 then [(n+1)/(2k)] = [(n—2)/(2k)] + 1. Suppose that, on the contrary, k { (n —1)/2.
Since 2|ug,, we have 2 { by, and 2|bg,. Therefore, k|(n +1)/2 and by, = 0. Thus, by, = k — 1 and 2|k,

which is a contradiction. O
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4. Improvement of an Algorithm

Algorithm 1: An algorithm for finding a short expression of a permutation as products of given

permutations
Input : Permutations si,$2,...,8 in Sy;

permutation s in S, that can be generated by s;’s.
Output: Find a short expression for s.
Step 1: Find a good permutation in (s1,S2,...,S¢t).
foreach 7 € (s1, s2,...,5) do

for m =1 ton do
if 7™ is a good permutation OR ™ and s have same cycle type
then
w—Tm
Go to Step 2.
end

end

end

return fail

Step 2: Find a short expression for the additional good permutations.

Set C as the set of all permutations needed for expressing s as products of the permutations of
the same cycle type of p.

Ao {n}

for | =1 to mazimum-tries do
Al 0
foreach i € {1,2,...,t} each e € {1,—1} and each a € A;_1 do
if s;%ass & Ji_y4; then
Add s; “as§ to A;.
if C CJ_,A; then
| Go to Step 3.

end

end

end

end

return fail

Step 3: Find a short expression for s according to the algorithms presented in the previous

sections using the good permutations in C.

In [6], authors presented an algorithm for expressing a permutation by given generating set of
G =S, or A,. We call a permutation a good permutation if, it is a transposition, 3-cycle or 4-cycle,

The main difference between Algorithm 1 and the algorithm in [6] is in the definition of the good
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permutation. In [6], authors did not consider 4-cycles as a good permutation. By using the algorithm
in the proof of Lemma 3.6 we can express a permutation as products of 4-cycles. According to our
experiments for n = 8,16, 32,64, 128, depending on n, in the more than 35 percent of the cases, Step
1 of the Algorithm 1 returns a 4-cycle, that in general causes a shorter expression. Note that, the
Algorithm 1 as its origin in [6] will not necessarily returns a shortest expression. Unlike the algorithm
in [6], we do not specific the group G in the input of Algorithm 1. It causes shorter runtime in most
cases. If we interested in quicker algorithm rather than shorter result, we can drop 4-cycles from the
definition of good permutation. For the proof and more details of Algorithm 1 we refer the reader to

the proof of the origin algorithm in [6].

5. Conclusion

We find the distance function and the diameter for I';, , a family of Cayley graphs, for m = 2,3, 4.
This problem for I , is an interesting open problem. In Section 4 we improve an algorithm that finds
a short path in the Cayley graphs on permutation groups, which has applications in cryptography and

biological mathematics.
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