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If fis an isomorphism we call anisometry If g = gg, then we
defineq; L 02 = Qgg, 1B, ON P1 ® P2, andq; ® Gz = Og,eB, ON P1 ® P).
It is easily checked that these definition are unambiguous. ]

2 The hyperbolic functor
Let P be ak-module and define

Bf € Bil((P @ P*) x (P @ P*)) by BE((X1, Y1), (X2, Y2)) = (Y1, X2)p.

and letq® = Ogp be the induced quadratic form:

T (xy) = %p (xePyeP).

Let B = Bf + (Bf)" be the associated bilinear forf} = Bg. Then

BP((X1. Y1), (X2, ¥2)) = (Y1. X2)p + (Y2, X1)p.
If dp : P — P** is the natural map then it is easily checked that
dgr : P& P* = (P® P =P @ P

is represented by the matrix

0 1

d 0/
ConsequentlyBP is non-singular if and only if P is reflexivéf, in this
case, we identifyP = P** then the matrix above becomg§ 5 ).

We will write 141
H(P) = (P& P*.q\)

and call this quadratic module thyperbolic formon P.
Supposéf : P — Qis an isomorphism df-modules. Define

H(f) = f @ (f)1 : H(P) - H(Q).
qRH(F)(x.Y) = q2(Fx, (F)71y) = ((F1)y, fx)q
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=y, f 1 x)p = q°(x,y), SOH(f) is an isometry
If we identify (P1 ® P2)* = P} @ P} so that

(Y1, ¥2), (X1, X2))Ps@P, = (Y1, X1)P; + (Y2, X2)P,

then the natural homomorphism
f: H(P]_) 1 H(Pz) - H(Pl D PZ),

(X1, Y1), (%2.¥2)) = (X1 X2), (Y1.Y2)). is an isometry.

Summarizing the above remark,is a product preserving functor
(in the sense of chaptEr fpm (modules, isomorphisms) to (quadra-
tic modules, isometries,). We now characterize non-singular hyper-
bolic forms.

Lemma 2.1. A non-singular quadratic modul&P, q) is hyperbolic if
and only if P has a direct summand U such thiid ¢ O and U = U+,
In this casg(P, q) ~ H(U) (isometry).

Suppose P is finitely generated and projective. If U is a diseen-
mand such that|ty = 0and[P : kK] < 2[U : K] then(P, g) ~ H(U).

Proof. If (P,q) ~ H(U) = (UsU*, @) then the non-singularity o g)
impliesU is reflexive, and it is easy to check thatc U & U* satisfies
qY|U =0 andU = U+, O

Conversely, suppose given a direct summidnaf P such thaglU =
0 andU = U+. Write g = gg,, SO thatBy = Bp + Bj. According to
LemmaL} we can writ€ = U+ @V = U @ V and By induces a non-
singular pairing orJ x V. Moreover we can arrange thBg(v,v) = 0
forall v e V, i.e. thatqV = 0. Letd : V — U* be the isomorphism
induced byBg; (dv, u)y = By(v,u) forue U,ve V.

Let

f=1yed:P=UosoV ->UasU".

This is an isomorphism, and we want to check that

q” ((u, dv)) = q(u, V) for ueU, veV.g” ((u, dv)) = (dv, upy = Bqy(V, U),
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while q(u,v) = q(u) + q(v) + Bg(u,v) = Bg(u, V), sinceq/U = 0 and
q/V =0.

The last assertion reduces to the preceding ones we shol that
U+. LemmdZLR shows th&i+ is a direct summand of rankJf- : k] =
[P:Kl —[U:K <[U:K], because, by assumptior® [ k] < 2[U : K].
But we also haveg/U = 0 soU c U*, and therefordd = U+, as
claimed.

Lemma 2.2. A quadratic modul€P, g) is non-singular if and only if
provided P is reflexive.

Proof. Preflexive impliesH(P) is non-singular, and hence likewise for43
any orthogonal summand.

Suppose now thaBH( q) is non-singular. Thensoi®(q) L (P,—q) =
(PePor=qL(-0).

LetU = {(x,X)eP @ P|x € P}. Thenq:/U = 0, andU is a direct
summand oP&P, isomorphic toP. If U & U+ we can find a (Qy)eU+,
y # 0. Then, for allx € P,

0 = Bg,((X %), (0,y)) = ou(X, X+ y) — (%, X) = 91(0, y)
=qg(x¥) - q(x+y) +qy)
= —Bq(x’ y)

SinceBy is non-singular this contradicys# 0. Now the Lemma follows
from LemmeZ1L. o

Lemma 2.3. Let P be a reflexive module and (€, g) be a hon-singular
quadratic module with Q finitely generated and projectiveei

H(P) ® (Q.q) ~ H(P® Q).

Proof. The hypothesis o@ permits us to identifyR ® Q)* = P* ® Q*,
so it follows that W, 1) = H(P) ® (Q, g) is non-singular. We shall apply
LemmdZ1L by taking
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U = PeQ c W = (PeQ)®(P*®Q). If 3 Xi®yieU, theng1 (Zx®y;) =
207 (%)) + Zi<j By (X ® Vi, Xj @ Yj) = Yicj BP(%, X))Bq(¥i.yj) = 0,
becauseg®/P = 0 in H(P). ThusU c U*, and to show equality it
sufices clearly to show thatP{ @ Q) N U+ = 0. If Zx ®y € U
andXIw; ® z; € (P*® Q N U* then 0= By, (ZX @Y, ZW; ® ) =
iEJ} BP (%, wj)Bq(¥i. Z)). O

144 Since P* ® Q)* = P® Q* (P is reflexive) the non-singularity af
guarantees that all linear functionals Bhe Q have the forny’; BP(x;,)
Bq(Yi,), sOZw; ® zj is killed by all linear functionals, hence is zero. We
have now showi = U+ so the lemma follows from Lemnia2.1.

A quadratic spacds a non-singular quadratic modul®, ¢) with
P finitely generated and projective, i.€€objP, the category of such

modules. We define the category
Quad= Quadk)
with
objects : quadratic spaces

morphisms . isometries
product L

The discussion at the beginning of this section shows that

H : P — Quad

is a product preserving functor of categories with prodirctlife sense
of chapteil), and Lemnia2.1 shows tliats cofinal. We thus obtain
an exact sequence from TheorEm 4.6 of chdpter 1. We sumntlaisze

Proposition 2.4. The hyperbolic functor
H: P — Quad

is a cofinal functor of categories with product. It therefarduces (The-
orem[4.6 of chaptdi 1) an exact sequence

K1P — KiQuad— Ko®H — KoP — KoQuad— Witt(k) — 0,
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where we define Witk) = coker(KoH).

We close this section with some remarks about the multijiea 145
structures. Tensor products endéiyQuadwith a commutative multi-
plication, and LemmB&2.3 shows that the imageKgil is an ideal, so
Witt (k) also inherits a multiplication. The fliiculty is that, if 2 is not
invertible ink, then these are rings without identity elements. For the
identity should be represented by the fogfx) = x? on k. But then
Bq(X y) = 2xyis not non-singular unless 2 is invertible.

Here is one natural remedy. Let Symbiénote the category of

non-singular symmetric bilinear formsp,B) with Pe objP. If (P, B) €
Symbiland @Q, g)eQuaddefine

(P.B)e(Qa)=(P®Q.B®q), (2.5)

whereB ® q is the quadratic forngggg,, for someBge Bil( Q x Q) such
thatq = gg,. It is easy to see thd@ ® q does not depend on the choice
of Byg. Moreover, the bilinear form associatedB® qis (B® Bp) + (B®
Bo)* = (B® Bp) + (B* ® By) = B® (Bo® Bj) = B® By, becausd = B*.
SinceB andBg are non-singular so iB® By so P ® Q, B® g) € Quad

If aek write (a) for the bilinear modulek, B) with B(x, y) = axyfor
X, yek. If ais a unit thenayeSymbil.

Tensor products in SymhihakeKoSymbila commutative ring, with 146
identity (1), and [Z.b) makeKoQuadaKySymbil-module. The “forget-
ful” functor Quad— Symbil, (P,q) — (P, By), induces &Ko Symbil-

homomorphismKgQuad — KeSymbil, so its image is an ideal. The

hyperbolic forms generate KySymbil submodule, image&oH), of
KoQuad so Witt (k) is a KoSymbilmodule. This follows from an ana-

logue of Lemm&Z]3 for the operatidn(R.5)
Similarly, the hyperbolic forms,R @ P*, BP), generate an ideal in
KoSymbil which annihilatesVitt(k). LemmaZR says thafl) L (1)

also annihilates Wittk).
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