
47. Given that φ∗ has already been defined on 0– and 1–forms, and that each p–form on M
is a linear combination (over C∞(M)) of p-fold wedge products of 1–forms, it is clear
we must define

φ∗(fi1...ipdx
i1∧· · ·∧dxip) := φ∗(fi1...ipφ

∗(dxi1)∧· · ·∧φ∗(dxip) = fi1...ip◦φ
∂xi1

∂x′j1
. . .

∂xip

∂x′jp
dx′j1 . . . dx′jp

and extend by linearity. There is no choice about this, so φ∗ is unique.

48. P ∗(ωµ(x) dxµ) = ωµ(−x)∂x
µ◦P
∂xν dxν = −ωµ(−x) dxµ.

Similarly, P ∗(ωµν(x)dxµ dxν) = ωµν(−x) dxµ; dxν

49. d(ωµ dxµ = dωµ ∧ dxµ = ∂νωµ dx
ν ∧ dxµ

50. Any 2–form on R×S is locally 1
2ωµνdx

µ ∧ dxν , where w.lo.g ω is antisymmetric, x0 := t is
the coordinate on R, and xi(i > 0) the coordinates on S. For i > 0, define Ei := ωi,0, and
for i, j > 0 define Bij = ωij .

51. If ω = ωIdx
I , then dω = ∂0ωI dx

0∧dxI +∂iωIdx
i∧dxI , where in the last term summation

is over coordinates of S, i.e. over i > 0.

52. The bilinearity of g ensures the linearity of g(v, ·) : V → R, i.e. if v ∈ V , then Lv :=
g(v, ·) ∈ V ∗. Now non–degeneracy g of immediately implies that kerL = {0}, so that L is
injective. Since dimV = dimV ∗, L is also surjective.

Alternatively, suppose that v∗ ∈ V ∗, and that ei is an orthonormal basis for V w.r.t g. De-
fine v =

∑
i,j g(ei, ej)v∗(ei)ej Note that the product (without summation) g(ei, ej)g(ej , ek)

is = 1 if i = j = k, and is = 0 otherwise. Now observe that g(v, ek) = g(
∑

i,j g(ei, ej)v∗(ei)ej , ek) =∑
i,j g(ei, ej)v∗(ei)g(ej , ek) = v∗(ek). Hence L−1 : V ∗ → V : v∗ 7→ v :=

∑
i,j g(ei, ej)v∗(ei)ej .

53. If v = vµeµ, and ω := g(v, ·), then we can write ω = vνf
ν where the dual basis has

fν(eµ) = δµν . Now

vν = vγf
γ(eν) = ω(eν) = g(v, eν) = vµg(eµ, eν) = gµνv

µ

54. Because of the isomorphism in exercise 52, we need merely show that g(ωνeν , ·) = ωνf
ν ,

where ων := gµνωµ. But g(ωνeν , eγ) = gµνωµg(eν , eγ) = ωµg
µνgνγ = ωγ = ωνf

ν(eγ).

55. Obvious (unless I’m missing something).

56. gµν = gµγgγν = δµν .

57. By definition,

〈eµ1 ∧ · · · ∧ eµp , eν1 ∧ · · · ∧ eνp〉 = det(gµi,νj ) =
∑
σ∈Sp

(−1)σgµ1,νσ(1) · · · · · gµp,νσ(p)

Since gµν = 0 if µ 6= ν, we see that 〈eµ1 ∧ · · · ∧ eµp , eν1 ∧ · · · ∧ eνp〉 6= 0 only when ν1, . . . , νp
is a permutation of µ1, . . . , µp, in which case eν1 ∧ · · · ∧ eνp = ±eµ1 ∧ · · · ∧ eµp , where the
sign is +(−) if that permutation is even (odd).

Now clearly

〈eµ1 ∧ · · · ∧ eµp , eµ1 ∧ · · · ∧ eµp〉 = gµ1,µ1 · · · · · gµp,µp = ε(µ1) · · · · · ε(µp)
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58. We have 〈dxi, dxj〉 = gij = δij so that 〈E,E〉 = EiEj〈dxi, dxj〉 = EiE
i =

∑3
i=1E

2
i .

Similarly,

〈dxi ∧ dxj , dxk ∧ dxl〉 = det
(
gik gil

gjk gjl

)
= gikgjl − gilgjk =


1 if i = k, j = l

−1 if i = l, j = k

0 else

Hence 〈Bx dy∧dz,Bx dy∧dz〉 = B2
x, from which it follows easily that 〈B,B〉 = B2

x+B2
y +

B2
z .

59. Note that 〈dxi ∧ dt, dxj ∧ dt〉 = −δij for i, j > 0. Thus 〈Exi dxi ∧ dt, Exi dxi ∧ dt〉 = −E2
xi

,
from which it follows that 〈E ∧ dt, E ∧ dt〉 = −(E2

x + E2
y + E2

z ). Clearly 〈B,E ∧ dt〉 = 0,
because 〉dxi ∧ dxj , dxk ∧ dt〉 = 0 for all i, j, k > 0. Thus 〈F, F 〉 = 〈B,B〉 + 〈E ∧ dt, E ∧
dt〉+ 〈B,E ∧ dt〉+ 〈E ∧ dt,B〉 = (B2

x + B2
y + B2

z )− (E2
x + E2

y + E2
z ), so that −1

2〈F, F 〉 =
Lagrangian.

60. Let T be transformation which takes ei to eσ(i), where σ is a permutation of 1, 2, . . . , n
(where n is the dimension of the space). Then Tij = 1 if j = σ(i), and Tij = 0 else. Thus
det(T ) =

∑
τ∈Sn(−1)τT1,τ(1) . . . Tn,τ(n) = (−1)σ, as only the term corresponding to τ = σ

is non–zero.

61. I’m not sure if I have interpreted this question correctly. Let V = dx1∧· · ·∧dxn be the stan-
dard volume form on Rn, and let ω be a volume form on M . If for some chart (U,α, ϕα) we
have that ϕ∗α(V ) belongs to the equivalence class of −ω, then we can replace ϕα by a chart
that interchanges to of the coordinates. To be specific, define ψα = (π2, π1, π3, . . . , πn)◦ϕα.
Then ψ∗α(dx1∧ · · ·∧dxn) = ϕ∗α(dx2∧dx1∧dx3∧ · · ·∧dxn) = −ϕ∗α(dx1∧ · · ·∧dxn) belongs
to the equivalence class of ω. Hence we can cover M with charts (Uα, ϕα) such that when
Uα ∩ Uβ 6= ∅, then ϕ∗α(V ), ϕ∗β(V ) have the same orientation, namely that of ω.

62. We need to show that if there are ”orientation–preserving charts” (Uα, ϕα) on M , i.e.
charts such that ϕα ◦ ϕ−1

β are orientation–preserving, then M has a volume form.

Note that if f : (U, y1, . . . , yn) → (V x1, . . . , xn), then f∗(dx1 ∧ · · · ∧ dxn) = f∗(dx1) ∧
· · · ∧ f∗(dxn) = ( ∂f

1

∂yj1
dyj1) ∧ · · · ∧ ( ∂f

n

∂yjn
dyjn) = det( ∂f

i

∂xj
)ij dy1 ∧ · · · ∧ dyn. Thus f is

orientation–preserving iff det( ∂f
i

∂xj
)ij > 0.

To construct a volume form ω on M , start with the volume form V = dx1∧· · ·∧dxn on Rn,
and pull it back to M via the charts. This defines ω locally by ω|Uα = ϕ∗α(V ). If y1, . . . , yn

are the local coordinates of (Uα, ϕα) (i.e. if yi = xi◦ϕα), then ω = ϕ∗α(dx1)∧· · ·∧ϕ∗α(dxn) =
dy1 ∧ · · · ∧ dyn.

The trouble that may arise is that when Uα, Uβ overlap, the orientations of ϕ∗α(V ), ϕ∗β(V )
are opposite, for then the orientation of ω is not well–defined. Now if (Uβ, ϕβ) has coor-
dinates z1, . . . , zn then ϕ∗α(V ) and ϕ∗β(V ) have the same orientation iff dz1 ∧ · · · ∧ dzn is a

positive function times dy1 ∧ · · · ∧ dyn. But dy1 ∧ · · · ∧ dyn = det( ∂y
i

∂zj
)ijdz1 ∧ · · · ∧ dzn, and

det( ∂y
i

∂zj
) > 0, since the transformation z 7→ y(z) is none ϕα ◦ ϕ−1

β , which is orientation–
preserving by assumption.
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63. At p we have ei = T ij dx
j for some invertible matrix T . Hence e1∧· · ·∧en = detT dx1∧· · ·∧

dxn. However, g(ei, ej) = ±δij , and hence T isT
j
t g(dxs dxt) = ±δij , i.e. T isg

stT jt = ±δij .
Taking determinants, we obtain (detT )(det g−1)(detT ) = ±1, i.e. det g = ±(detT )2. But
detT > 0, because it preserves orientation. Hence detT =

√
| det g|, and so e1 ∧ · · · ∧ en =√

|det g| dx1 ∧ · · · ∧ dxn = vol.

64. We have, using exercises 57 and 63,

(ei1∧· · ·∧eip)∧?(ei1∧· · ·∧eip) = 〈ei1∧· · ·∧eip , ei1∧· · ·∧eip〉vol = ε(i1) · . . . ε(ip)e1∧· · ·∧en

It follows immediately that ?(ei1 ∧ · · · ∧ eip) = ±eip+1 ∧ · · · ∧ ein . To determine which sign
(+ or −), just note that

ei1 ∧ · · · ∧ ein = sgn(i1, . . . , in)e1 ∧ · · · ∧ esgn(i1, . . . , in)vol

and hence that the sign is sgn(i1, . . . , in)ε(i1) . . . ε(ip), as asserted.

65. If ω := ωx dx+ωy dy+ωz dz, then dω = (∂zωx− ∂xωz) dz ∧ dx+ (∂xωy − ∂yωx) dx∧ dy+
(∂yωz − ∂zωy) dy ∧ dz, so that

?dω = (∂yωz−∂zωy) dx− (∂xωz−∂zωx) dy+ (∂xωy−∂yωx) dz =

∣∣∣∣∣∣
dx dy dz
∂x ∂y ∂z
ωx ωy ωz

∣∣∣∣∣∣ = “curl” ω

66. Looking at just one term: ?d ? (ωx dx) = ?d(ωx dy ∧ dz) = ?(∂xωx dx ∧ dy ∧ dz) = ∂xωx.
Hence

?d ? ω = “div” ω

67. I’ll do a few: ?dt = sgn(0, 1, 2, 3)ε(0) dx ∧ dy ∧ dz = − dx ∧ dy ∧ dz.
?dx = sgn(1, 0, 2, 3)ε(1) dt ∧ dy ∧ dz = − dt ∧ dy ∧ dz.
?(dt ∧ dy) = sgn(0, 2, 1, 3)ε(0)ε(2) dx ∧ dz = dx ∧ dz
?(dx ∧ dz) = sgn(1, 3, 0, 2)ε(1)ε(3) dt ∧ dy = dt ∧ dy
?(dt ∧ dx ∧ dz) = sgn(0, 1, 3, 2)ε(0) . . . ε(1)ε(3) = dy.
The second part of this exercise is generalized in the next.

68. Clearly ?2 takes a p–form to a p−−form, and ?2ω = ±ω for all ω. To determine the sign,
note that

?2(dxi1 ∧ · · · ∧ dxip) = sgn(i1, . . . , in)sgn(ip+1, . . . , in, i1, . . . , ip)ε(1) . . . ε(n)dxi1 ∧ · · · ∧ dxip

Now
sgn(i1, . . . , in) = (−1)psgn(ip+1, i1, . . . , ip, ip+2 . . . in)

= (−1)2psgn(ip+1, ip+2, i1 . . . , ip, ip+3, . . . , in)
= . . .

= sgn(−1)p(n−p)sgn(ip+1, . . . , in, i1, . . . , ip)

which yields

sgn(i1, . . . , in)sgn(ip+1, . . . , in, i1, . . . , ip)ε(1) . . . ε(n) = (−1)p(n−p)+s
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69. Note that εi1...i
p

j1...jn−p
= gi1k1 . . . gipkpεk1...kpj1...jn−p = ε(i1) . . . ε(ip)sgn(i1 . . . ipj1 . . . jn−p).

70. ?S dS ?S Ex dx = ?S dS ?S Ex dy ∧ dz = ?S∂xEx dx ∧ dy ∧ dz = ∂xEx.
Similarly ?S dS ?S Bx dy ∧ dz = ?S dSBx dx = ?S(∂zBx dz ∧ dx − ∂yBx dx ∧ dy) =
∂zBx dy − ∂yBx dz

71. ?F = ?(Bx dy ∧ dz + · · ·+ Ex dx ∧ dt+ . . . ) = (Bx dt ∧ dx+ . . . )− (Ex dy ∧ dz + . . . )
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